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369 Epidemics and rumours in complex networks, M. DRAIEF & L. MASSOULIÉ
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Preface

The workshop Variational Problems in Differential Geometry was held at the
University of Leeds from March 30 to April 2nd, 2009.

The aim of the meeting was to bring together researchers working on
disparate geometric problems, all of which admit a variational formulation.
Among the topics discussed were recent developments in harmonic maps and
morphisms, minimal and CMC surfaces, extremal Kähler metrics, the Yam-
abe functional, Hamiltonian variational problems, and topics related to gauge
theory and to the Ricci flow.

The meeting incorporated a special session in honour of John C. Wood, on
the occasion of his 60th birthday, to celebrate his seminal contributions to the
theory of harmonic maps and morphisms.

The following mathematicians gave one-hour talks: Bernd Ammann, Clau-
dio Arezzo, Paul Baird, Olivier Biquard, Christoph Boehm, Francis Burstall,
Josef Dorfmeister, Akito Futaki, Mark Haskins, Frederic Helein, Nicolaos
Kapouleas, Mario Micallef, Frank Pacard, Simon Salamon, Lorenz Schwach-
hoefer, Peter Topping, Richard Wentworth, and Jon Wolfson.

There were about 50 participants from the UK, US, Japan and several Euro-
pean countries. The schedule allowed plenty of opportunities for discussion
and interaction between official talks and made for a successful and stimulat-
ing meeting.

The workshop was financially supported by the London Mathematical Soci-
ety, the Engineering and Physical Sciences Research Council of Great Britain
and the School of Mathematics, University of Leeds.

The articles presented in this volume represent the whole spectrum of the
subject.

The supremum of first eigenvalues of conformally covariant operators in a
conformal class by Ammann and Jammes is concerned with the first eigenvalues
of the Yamabe operator, the Dirac operator, and more general conformally

xi



xii Preface

covariant elliptic operators on compact Riemannian manifolds. It is well known
that the infimum of the first eigenvalue in a given conformal class reflects a rich
geometric structure. In this article, the authors study the supremum of the first
eigenvalue and show that, for a very general class of operators, this supremum
is infinite.

The article, K-Destabilizing test configurations with smooth central fiber
by Arezzo, Della Vedova, and La Nave is concerned with the famous Tian-
Yau-Donaldson conjecture about existence of constant scalar curvature Kähler
metrics. They construct many new families of K-unstable manifolds, and,
consequently, many new examples of manifolds which do not admit Kähler
constant scalar curvature metrics in some cohomology classes.

As has been now understood, a very natural extension of Einstein metrics
are the Ricci solitons. These are the subject of Paul Baird’s article Explicit
constructions of Ricci solitons, in which he does precisely that: he constructs
many explicit examples, including some in the more exotic geometries Sol3,
Nil3, and Nil4.

Josef Dorfmeister is concerned with a more classical topic: that of constant
mean curvature and Willmore surfaces. In recent years, many new examples of
such surfaces were constructed using loop groups. The method relies on finding
“Iwasawa-like” decompositions of loop groups and the article Open Iwasawa
cells in twisted loop groups and some applications to harmonic maps discusses
such decompositions and their singularities.

The currently extremely important notions of K-stability and K-
polystability are the topic of the paper by Futaki and Sano Multiplier ideal
sheaves and geometric problems. This is an expository article giving state-of-
the-art presentation of the powerful method of multiplier ideal sheaves and
their applications to Kähler-Einstein and Sasaki-Einstein geometries.

Multisymplectic formalism and the covariant phase space by Frédéric Hélein
takes us outside Riemannian geometry. The author presents an alternative (in
fact, two of them) to the Feynman integral as a foundation of quantum field
theory.

Lorenz Schwachhöfer’s Nonnegative curvature on disk bundles is a survey of
the glueing method used to construct Riemannian manifolds with nonnegative
sectional curvature - one of the classical problems in geometry.

Morse theory and stable pairs by Wentworth and Wilkin introduces new
techniques to compute equivariant cohomology of certain natural moduli
spaces. The main ingredient is a version of Morse-Atiyah-Bott theory adapted
to singular infinite dimensional spaces.

The final article, Manifolds with k-positive Ricci curvature, by Jon Wolf-
son, is a survey of results and conjectures about Riemannian n-manifolds with



Preface xiii

k-positive Ricci curvature. These interpolate between positive scalar curva-
ture (n-positive Ricci curvature) and positive Ricci curvature (1-positive Ricci
curvature), and the author shows how the results about k-positive Ricci curva-
ture, 1 < k < n, also interpolate, or should do, between what is known about
manifolds satisfying those two classical notions of positivity.

We would like to extend our thanks to our colleague John Wood for his help
and assistance in preparing these proceedings.

R. Bielawski
K. Houston
J.M. Speight
Leeds, UK
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The supremum of first eigenvalues of
conformally covariant operators

in a conformal class

bernd ammann and pierre jammes

Abstract

Let (M,g) be a compact Riemannian manifold of dimension≥ 3. We show that
there is a metric g̃ conformal to g and of volume 1 such that the first positive
eigenvalue of the conformal Laplacian with respect to g̃ is arbitrarily large.
A similar statement is proven for the first positive eigenvalue of the Dirac
operator on a spin manifold of dimension ≥ 2.

1.1 Introduction

The goal of this article is to prove the following theorems.

Theorem 1.1.1 Let (M,g0, χ ) be compact Riemannian spin manifold of
dimension n ≥ 2. For any metric g in the conformal class [g0], we denote
the first positive eigenvalue of the Dirac operator on (M,g, χ ) by λ+1 (Dg).
Then

sup
g∈[g0]

λ+1 (Dg)Vol(M,g)1/n = ∞.

Theorem 1.1.2 Let (M,g0, χ ) be compact Riemannian manifold of dimension
n ≥ 3. For any metric g in the conformal class [g0], we denote the first positive
eigenvalue of the conformal Laplacian Lg := �g + n−2

4(n−1) Scalg (also called

Yamabe operator) on (M,g, χ ) by λ+1 (Lg). Then

sup
g∈[g0]

λ+1 (Lg)Vol(M,g)2/n = ∞.

The Dirac operator and the conformal Laplacian belong to a large fam-
ily of operators, defined in details in subsection 1.2.3. These operators are

1



2 B. Ammann and P. Jammes

called conformally covariant elliptic operators of order k and of bidegree
((n− k)/2, (n+ k)/2), acting on manifolds (M,g) of dimension n > k. In
our definition we also claim formal self-adjointness.

All such conformally covariant elliptic operators of order k and of bidegree
((n− k)/2, (n+ k)/2) share several analytical properties, in particular they are
associated to the non-compact embedding Hk/2 → L2n/(n−k). Often they have
interpretations in conformal geometry. To give an example, we define for a
compact Riemannian manifold (M,g0)

Y (M, [g0]) := inf
g∈[g0]

λ1(Lg)Vol(M,g)2/n,

where λ1(Lg) is the lowest eigenvalue of Lg . If Y (M, [g0]) > 0, then the
solution of the Yamabe problem [29] tells us that the infimum is attained and
the minimizer is a metric of constant scalar curvature. This famous problem
was finally solved by Schoen and Yau using the positive mass theorem.

In a similar way, for n = 2 the Dirac operator is associated to constant-mean-
curvature conformal immersions of the universal covering into R3. If a Dirac-
operator-analogue of the positive mass theorem holds for a given manifold
(M,g0), then the infimum

inf
g∈[g0]

λ+1 (Dg)Vol(M,g)1/n

is attained [3]. However, it is still unclear whether such a Dirac-operator-
analogue of the positive mass theorem holds in general.

The Yamabe problem and its Dirac operator analogue, as well as the
analogues for other conformally covariant operators are typically solved by
minimizing an associated variational problem. As the Sobolev embedding
Hk/2 → L2n/(n−k) is non-compact, the direct method of the calculus of variation
fails, but perturbation techniques and conformal blow-up techniques typically
work. Hence all these operators share many properties.

However, only few statements can be proven simultaneously for all confor-
mally covariant elliptic operators of order k and of bidegree ((n− k)/2, (n+
k)/2). Some of the operators are bounded from below (e.g. the Yamabe and
the Paneitz operator), whereas others are not (e.g. the Dirac operator). Some
of them admit a maximum principle, others do not. Some of them act on func-
tions, others on sections of vector bundles. The associated Sobolev space Hk/2

has non-integer order if k is odd, hence it is not the natural domain of a dif-
ferential operator. For Dirac operators, the spin structure has to be considered
in order to derive a statement as Theorem 1.1.1 for n = 2. Because of these
differences, most analytical properties have to be proven for each operator
separately.
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We consider it hence as remarkable that the proof of our Theorems 1.1.1
and 1.1.2 can be extended to all such operators. Our proof only uses some few
properties of the operators, defined axiomatically in 1.2.3. More exactly we
prove the following.

Theorem 1.1.3 Let Pg be a conformally covariant elliptic operator of order
k, of bidegree ((n− k)/2, (n+ k)/2) acting on manifolds of dimension n > k.
We also assume that Pg is invertible on Sn−1 × R (see Definition 1.2.4). Let
(M,g0) be compact Riemannian manifold. In the case that Pg depends on
the spin structure, we assume that M is oriented and is equipped with a spin
structure. For any metric g in the conformal class [g0], we denote the first
positive eigenvalue of Pg by λ+1 (Pg). Then

sup
g∈[g0]

λ+1 (Pg)Vol(M,g)k/n = ∞.

The interest in this result is motivated by three questions. At first, as already
mentioned above the infimum

inf
g∈[g0]

λ+1 (Dg)Vol(M,g)1/n

reflects a rich geometrical structure [3], [4], [5], [7], [8], similarly for the
conformal Laplacian. It seems natural to study the supremum as well.

The second motivation comes from comparing Theorem 1.1.3 to results
about some other differential operators. For the Hodge Laplacian �gp acting
on p-forms, we have supg∈[g0] λ1(�gp)Vol(M,g)2/n = +∞ for n ≥ 4 and 2 ≤
p ≤ n− 2 ([19]). On the other hand, for the Laplacian�g acting on functions,
we have

sup
g∈[g0]

λk(�
g)Vol(M,g)2/n < +∞

(the case k = 1 is proven in [20] and the general case in [27]). See [25] for a
synthetic presentation of this subject.

The essential idea in our proof is to construct metrics with longer and longer
cylindrical parts. We will call this an asymptotically cylindrical blowup. Such
metrics are also called Pinocchio metrics in [2, 6]. In [2, 6] the behavior of Dirac
eigenvalues on such metrics has already been studied partially, but the present
article has much stronger results. To extend these existing results provides the
third motivation.

Acknowledgments We thank B. Colbois, M. Dahl, and E. Humbert for
many related discussions. We thank R. Gover for some helpful comments on
conformally covariant operators, and for several references. The first author
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wants to thank the Albert Einstein institute at Potsdam-Golm for its very kind
hospitality which enabled to write the article.

1.2 Preliminaries

1.2.1 Notations

In this article By(r) denotes the ball of radius r around y, Sy(r) = ∂By(r)
its boundary. The standard sphere S0(1) ⊂ Rn in Rn is denoted by Sn−1, its
volume is ωn−1. For the volume element of (M,g) we use the notation dvg . In
our article, �(V ) (resp. �c(V )) always denotes the set of all smooth sections
(resp. all compactly supported smooth sections) of the vector bundle V → M .

For sections u of V → M over a Riemannian manifold (M,g) the Sobolev
norms L2 and Hs , s ∈ N, are defined as

‖u‖2
L2(M,g) :=

∫
M

|u|2 dvg

‖u‖2
Hs (M,g) := ‖u‖2

L2(M,g) + ‖∇u‖2
L2(M,g) + · · · + ‖∇su‖2

L2(M,g).

The vector bundle V will be suppressed in the notation. If M and g

are clear from the context, we write just L2 and Hs . The completion of
{u ∈ �(V ) | ‖u‖Hs (M,g) <∞} with respect to the Hs(M,g)-norm is denoted
by �Hs (M,g)(V ), or if (M,g) or V is clear from the context, we alternatively
write �Hs (V ) or Hs(M,g) for �Hs (M,g)(V ). The same definitions are used for
L2 instead of Hs . And similarly �Ck(M,g)(V ) = �Ck (V ) = Ck(M,g) is the set
of all Ck-sections, k ∈ N ∪ {∞}.

1.2.2 Removal of singularities

In the proof we will use the following removal of singularities lemma.

Lemma 1.2.1 (Removal of singularities lemma) Let � be a bounded open
subset of Rn containing 0. Let P be an elliptic differential operator of order k
on �, f ∈ C∞(�), and let u ∈ C∞(� \ {0}) be a solution of

Pu = f (1.1)

on � \ {0} with

lim
ε→0

∫
B0(2ε)−B0(ε)

|u|r−k = 0 and lim
ε→0

∫
B0(ε)

|u| = 0 (1.2)
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where r is the distance to 0. Then u is a (strong) solution of (1.1) on �. The
same result holds for sections of vector bundles over relatively compact open
subset of Riemannian manifolds.

Proof We show that u is a weak solution of (1.1) in the distributional sense, and
then it follows from standard regularity theory, that it is also a strong solution.
This means that we have to show that for any given compactly supported smooth
test function ψ : �→ R we have∫

�

uP ∗ψ =
∫
�

fψ.

Let η : �→ [0, 1] be a test function that is identically 1 on B0(ε), has
support in B0(2ε), and with |∇mη| ≤ Cm/εm. It follows that

sup |P ∗(ηψ)| ≤ C(P,�,ψ)ε−k,

on B0(2ε) \ B0(ε) and sup |P ∗(ηψ)| ≤ C(P,�,ψ) on B0(ε) and hence∣∣∣∣∫
�

uP ∗(ηψ)

∣∣∣∣ ≤ Cε−k ∫
B0(2ε)\B0(ε)

|u| + C
∫
B0(ε)

|u|

≤ C
∫
B0(2ε)\B0(ε)

|u|r−k + C
∫
B0(ε)

|u| → 0.
(1.3)

We conclude ∫
�

uP ∗ψ =
∫
�

uP ∗(ηψ)+
∫
�

uP ∗((1− η)ψ)

=
∫
�

uP ∗(ηψ)︸ ︷︷ ︸
→0

+
∫
�

(Pu)(1− η)ψ︸ ︷︷ ︸
→∫

�
fψ

(1.4)

for ε→ 0. Hence the lemma follows. �

Condition (1.2) is obviously satisfied if
∫
�
|u|r−k <∞. It is also satisfied if∫

�

|u|2r−k <∞ and k ≤ n, (1.5)

as in this case(∫
B0(2ε)\B0(ε)

|u|r−k
)2

≤
∫
�

|u|2r−k
∫
B0(2ε)\B0(ε)

r−k︸ ︷︷ ︸
≤C

.
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1.2.3 Conformally covariant elliptic operators

In this subsection we present a class of certain conformally covariant elliptic
operators. Many important geometric operators are in this class, in particular
the conformal Laplacian, the Paneitz operator, the Dirac operator, see also
[18, 21, 22] for more examples. Readers who are only interested in the Dirac
operator, the Conformal Laplacian or the Paneitz operator, can skip this part
and continue with section 1.3.

Such a conformally covariant operator is not just one single differential oper-
ator, but a procedure how to associate to ann-dimensional Riemannian manifold
(M,g) (potentially with some additional structure) a differential operator Pg
of order k acting on a vector bundle. The important fact is that if g2 = f 2g1,
then one claims

Pg2 = f −
n+k

2 Pg1f
n−k

2 . (1.6)

One also expresses this by saying that P has bidegree ((n− k)/2, (n+ k)/2).
The sense of this equation is apparent if Pg is an operator from C∞(M)

to C∞(M). If Pg acts on a vector bundle or if some additional structure (as
e.g. spin structure) is used for defining it, then a rigorous and careful defini-
tion needs more attention. The language of categories provides a good formal
framework [30]. The concept of conformally covariant elliptic operators is
already used by many authors, but we do not know of a reference where a
formal definition is carried out that fits to our context. (See [26] for a similar
categorial approach that includes some of the operators presented here.) Often
an intuitive definition is used. The intuitive definition is obviously sufficient if
one deals with operators acting on functions, such as the conformal Laplacian
or the Paneitz operator. However to properly state Theorem 1.1.3 we need the
following definition.

Let Riemn (resp. Riemspinn) be the category n-dimensional Riemannian
manifolds (resp. n-dimensional Riemannian manifolds with orientation and
spin structure). Morphisms from (M1, g1) to (M2, g2) are conformal embed-
dings (M1, g1) ↪→ (M2, g2) (resp. conformal embeddings preserving orienta-
tion and spin structure).

Let Laplacenk (resp. Diracnk ) be the category whose objects are

{(M,g), Vg, Pg}
where (M,g) in an object of Riemn (resp. Riemspinn), where Vg is a vector
bundle with a scalar product on the fibers, where Pg : �(Vg) → �(Vg) is an
elliptic formally self-adjoint differential operator of order k.
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A morphism (ι, κ) from {(M1, g1), Vg1 , Pg1} to {(M2, g2), Vg2 , Pg2} consists
of a conformal embedding ι : (M1, g1) ↪→ (M2, g2) (preserving orientation
and spin structure in the case of Diracnk ) together with a fiber isomorphism
κ : ι∗Vg2 → Vg1 preserving fiberwise length, such that Pg1 and Pg2 sat-
isfy the conformal covariance property (1.6). For stating this property pre-
cisely, let f > 0 be defined by ι∗g2 = f 2g1, and let κ∗ : �(Vg2 ) → �(Vg1 ),
κ∗(ϕ) = κ ◦ ϕ ◦ ι. Then the conformal covariance property is

κ∗Pg2 = f −
n+k

2 Pg1f
n−k

2 κ∗. (1.7)

In the following the maps κ and ι will often be evident from the context
and then will be omitted. The transformation formula (1.7) then simplifies
to (1.6).

Definition 1.2.2 A conformally covariant elliptic operator of order k and of
bidegree ((n− k)/2, (n+ k)/2) is a contravariant functor from Riemn (resp.
Riemspinn) to Laplacenk (resp. Diracnk ), mapping (M,g) to (M,g, Vg, Pg) in
such a way that the coefficients are continuous in the Ck-topology of metrics
(see below). To shorten notation, we just write Pg or P for this functor.

It remains to explain the Ck-continuity of the coefficients.
For Riemannian metrics g, g1, g2 defined on a compact set K ⊂ M we set

d
g

Ck (K)(g1, g2) := max
t=0,...,k

‖(∇g)t (g1 − g2)‖C0(K).

For a fixed background metric g, the relation dg
Ck (K)( · , · ) defines a distance

function on the space of metrics on K . The topology induced by dg is inde-
pendent of this background metric and it is called the Ck-topology of metrics
on K .

Definition 1.2.3 We say that the coefficients of P are continuous in the Ck-
topology of metrics if for any metric g on a manifold M , and for any compact
subset K ⊂ M there is a neighborhood U of g|K in the Ck-topology of met-
rics on K , such that for all metrics g̃, g̃|K ∈ U , there is an isomorphism of
vector bundles κ̂ : Vg|K → Vg̃|K over the identity of K with induced map
κ̂∗ : �(Vg|K ) → �(Vg̃|K ) with the property that the coefficients of the differ-
ential operator

Pg − (κ̂∗)−1Pg̃κ̂∗

depend continuously on g̃ (with respect to the Ck-topology of metrics).
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1.2.4 Invertibility on Sn−1 × R

Let P be a conformally covariant elliptic operator of order k and of bide-
gree ((n− k)/2, (n+ k)/2). For (M,g) = Sn−1 × R, the operator Pg is a
self-adjoint operator Hk ⊂ L2 → L2 (see Lemma 1.3.1 and the comments
thereafter).

Definition 1.2.4 We say that P is invertible on Sn−1 × R if Pg is an invertible
operator Hk → L2 where g is the standard product metric on Sn−1 × R. In
order words there is a constant σ > 0 such that the spectrum ofPg : �Hk (Vg) →
�L2 (Vg) is contained in (−∞,−σ ] ∪ [σ,∞) for any g ∈ U . In the following,
the largest such σ will be called σP .

We conjecture that any conformally covariant elliptic operator of order k
and of bidegree ((n− k)/2, (n+ k)/2) with k < n is invertible on Sn−1 × R.

1.2.5 Examples

Example 1: The Conformal Laplacian
Let

Lg := �g + n− 2

4(n− 1)
Scalg,

be the conformal Laplacian. It acts on functions on a Riemannian manifold
(M,g), i.e. Vg is the trivial real line bundle R. Let ι : (M1, g1) ↪→ (M2, g2)
be a conformal embedding. Then we can choose κ := Id : ι∗Vg2 → Vg1 and
formula (1.7) holds for k = 2 (see e.g. [15, Section 1.J]). All coefficients of
Lg depend continuously on g in the C2-topology. Hence L is a conformally
covariant elliptic operator of order 2 and of bidegree ((n− 2)/2, (n+ 2)/2).

The scalar curvature of Sn−1 × R is (n− 1)(n− 2). The spectrum of Lg on
Sn−1 × R ofLg coincides with the essential spectrum ofLg and is [σL,∞) with
σL := (n− 2)2/4. Hence L is invertible on Sn−1 × R if (and only if) n > 2.

Example 2: The Paneitz operator
Let (M,g) be a smooth, compact Riemannian manifold of dimension n ≥ 5.

The Paneitz operator Pg is given by

Pgu = (�g)
2u− divg(Ag du)+ n− 4

2
Qgu

where

Ag := (n− 2)2 + 4

2(n− 1)(n− 2)
Scalgg − 4

n− 2
Ricg,

Qg = 1

2(n− 1)
�gScalg + n

3 − 4n2 + 16n− 16

8(n− 1)2(n− 2)2
Scal2g −

2

(n− 2)2
|Ricg|2.
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This operator was defined by Paneitz [32] in the case n = 4, and it was general-
ized by Branson in [17] to arbitrary dimensions ≥ 4. We also refer to Theorem
1.21 of the overview article [16]. The explicit formula presented above can
be found e.g. in [23]. The coefficients of Pg depend continuously on g in the
C4-topology

As in the previous example we can choose for κ the identity, and then the
Paneitz operator Pg is a conformally covariant elliptic operator of order 4 and
of bidegree ((n− 4)/2, (n+ 4)/2).

On Sn−1 × R one calculates

Ag = (n− 4)n

2
Id+ 4πR > 0

where πR is the projection to vectors parallel to R.

Qg = (n− 4)n2

8
.

We conclude

σP = Q = (n− 4)n2

8

and P is invertible on Sn−1 × R if (and only if) n > 4.
Examples 3: The Dirac operator.
Let g̃ = f 2g. Let �gM resp. �g̃M be the spinor bundle of (M,g) resp.

(M, g̃). Then there is a fiberwise isomorphism βgg̃ : �gM → �g̃M , preserving
the norm such that

Dg̃ ◦ βgg̃ (ϕ) = f − n+1
2 β

g
g̃ ◦Dg

(
f

n−1
2 ϕ
)
,

see [24, 14] for details. Furthermore, the cocycle conditions

β
g
g̃ ◦ βg̃g = Id and βĝg ◦ βg̃ĝ ◦ βgg̃ = Id

hold for conformal metrics g, g̃ and ĝ. We will hence use the map βgg̃ to identify
�gM with �g̃M . Hence we simply get

Dg̃ϕ = f − n+1
2 ◦Dg

(
f

n−1
2 ϕ
)
. (1.8)

All coefficients of Dg depend continuously on g in the C1-topology. Hence
D is a conformally covariant elliptic operator of order 1 and of bidegree
((n− 1)/2, (n+ 1)/2).

The Dirac operator on Sn−1 × R can be decomposed in a partDvert deriving
along Sn−1 and a partDhor deriving along R,Dg = Dvert +Dhor, see [1] or [2].
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Locally

Dvert =
n−1∑
i=1

ei · ∇ei

for a local frame (e1, . . . , en−1) of Sn−1. Here · denotes the Clifford multi-
plication TM ⊗�gM → �gM . Furthermore Dhor = ∂t · ∇∂t , where t ∈ R is
the standard coordinate of R. The operators Dvert and Dhor anticommute. For
n ≥ 3, the spectrum of Dvert coincides with the spectrum of the Dirac operator
on Sn−1, we cite [12] and obtain

specDvert =
{
±
(
n− 1

2
+ k

)
| k ∈ N0

}
.

The operator (Dhor)2 is the ordinary Laplacian on R and hence has spectrum
[0,∞). Together this implies that the spectrum of the Dirac operator on Sn−1 ×
R is the set (−∞,−σD] ∪ [σD,∞) with σD = n−1

2 .
In the case n = 2 these statements are only correct if the circle Sn−1 = S1

carries the spin structure induced from the ball. Only this spin structure extends
to the conformal compactification that is given by adding one point at infinity
for each end. For this reason, we will understand in the whole article that all
circles S1 should be equipped with this bounding spin structure. The exten-
sion of the spin structure is essential in order to have a spinor bundle on the
compactification. The methods used in our proof use this extension implicitly.

Hence D is invertible on Sn−1 × R if (and only if) n > 1.
Most techniques used in the literature on estimating eigenvalues of the

Dirac operators do not use the spin structure and hence these techniques cannot
provide a proof in the case n = 2.

Example 4: The Rarita-Schwinger operator and many other Fegan type
operators are conformally covariant elliptic operators of order 1 and of bide-
gree ((n− 1)/2, (n+ 1)/2). See [21] and in the work of T. Branson for more
information.

Example 5: Assume that (M,g) is a Riemannian spin manifold that carries
a vector bundle W → M with metric and metric connection. Then there is a
natural first order operator �(�gM ⊗W ) → �(�gM ⊗W ), the Dirac opera-
tor twisted byW . This operator has similar properties as conformally covariant
elliptic operators of order 1 and of bidegree ((n− 1)/2, (n+ 1)/2). The meth-
ods of our article can be easily adapted in order to show that Theorem 1.1.3
is also true for this twisted Dirac operator. However, twisted Dirac operators
are not “conformally covariant elliptic operators” in the above sense. They
could have been included in this class by replacing the category Riemspinn by
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Figure 1.1 Asymptotically cylindrical metrics gL (alias Pinocchio metrics) with
growing nose length L.

a category of Riemannian spin manifolds with twisting bundles. In order not to
overload the formalism we chose not to present these larger categories.

The same discussion applies to the spinc-Dirac operator of a spinc-manifold.

1.3 Asymptotically cylindrical blowups

1.3.1 Convention

From now on we suppose that Pg is a conformally covariant elliptic operator of
order k, of bidegree ((n− k)/2, (n+ k)/2), acting on manifolds of dimension
n and invertible on Sn−1 × R.

1.3.2 Definition of the metrics

Let g0 be a Riemannian metric on a compact manifold M . We can suppose
that the injectivity radius in a fixed point y ∈ M is larger than 1. The geodesic
distance from y to x is denoted by d(x, y).

We choose a smooth function F∞ : M \ {y} → [1,∞) such such that
F∞(x) = 1 if d(x, y) ≥ 1, F∞(x) ≤ 2 if d(x, y) ≥ 1/2 and such that F∞(x) =
d(x, y)−1 if d(x, y) ∈ (0, 1/2]. Then for L ≥ 1 we define FL to be a smooth
positive function on M , depending only on d(x, y), such that FL(x) = F∞(x)
if d(x, y) ≥ e−L and FL(x) ≤ d(x, y)−1 = F∞(x) if d(x, y) ≤ e−L.

For any L ≥ 1 or L = ∞ set gL := F 2
Lg0. The metric g∞ is a complete

metric onM∞.
The family of metrics (gL) is called an asymptotically cylindrical blowup,

in the literature it is denoted as a family of Pinocchio metrics [6], see also
Figure 1.1.

1.3.3 Eigenvalues and basic properties on (M,gL)

For the P -operator associated to (M,gL), L ∈ {0} ∪ [1,∞) (or more exactly
its self-adjoint extension) we simply write PL instead of PgL . AsM is compact
the spectrum of PL is discrete.
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We will denote the spectrum of PL in the following way

. . . ≤ λ−1 (PL) < 0 = 0 . . . = 0 < λ+1 (PL) ≤ λ+2 (PL) ≤ . . . ,

where each eigenvalue appears with the multiplicity corresponding to the
dimension of the eigenspace. The zeros might appear on this list or not, depend-
ing on whether PL is invertible or not. The spectrum might be entirely positive
(for example the conformal Laplacian Yg on the sphere) in which case λ−1 (PL)
is not defined. Similarly, λ+1 (PL) is not defined if the spectrum of (PL) is
negative.

1.3.4 Analytical facts about (M∞, g∞)

The analysis of non-compact manifolds as (M∞, g∞) is more complicated than
in the compact case. Nevertheless (M∞, g∞) is an asymptotically cylindrical
manifold, and for such manifolds an extensive literature is available. One pos-
sible approach would be Melrose’s b-calculus [31]: our cylindrical manifold is
such a b-manifold, but for simplicity and self-containedness we avoid this the-
ory. We will need some few properties that we will summarize in the following
proposition.

We assume in the whole section that P is a conformally covariant elliptic
operator that is invertible on Sn−1 × R, and we writeP∞ := Pg∞ for the operator
acting on sections of the bundle V over (M∞, g∞).

Proposition 1.3.1 P∞ extends to a bounded operator from

�Hk(M∞,g∞)(V ) → �L2(M∞,g∞)(V )

and it satisfies the following regularity estimate

‖(∇∞)su‖L2(M∞,g∞) ≤ C(‖u‖L2(M∞,g∞) + ‖P∞u‖L2(M∞,g∞)) (1.9)

for all u ∈ �Hk(M∞,g∞)(V ) and all s ∈ {0, 1, . . . , k}. The operator

P∞ : �Hk(M∞,g∞)(V ) → �L2(M∞,g∞)(V )

is self-adjoint in the sense of an operator in �L2(M∞,g∞)(V ).

The proof of the proposition will be sketched in the appendix.

Proposition 1.3.2 The essential spectrum of P∞ coincides with the essen-
tial spectrum of the P -operator on the standard cylinder Sn−1 × R. Thus the
essential spectrum of P∞ is contained in (−∞,−σP ] ∪ [σP ,∞).
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This proposition follows from the characterization of the essential spectrum
in terms of Weyl sequences, a well-known technique which is for example
carried out and well explained in [13].

The second proposition states that the spectrum of P∞ in the interval
(−σP , σP ) is discrete as well. Eigenvalues of P∞ in this interval will be called
small eigenvalues of P∞. Similarly to above we use the notation λ±j (P∞) for
the small eigenvalues of P∞.

1.3.5 The kernel

Having recalled these well-known facts we will now study the kernel of con-
formally covariant operators.

If g and g̃ = f 2 are conformal metrics on a compact manifoldM , then

ϕ �→ f −
n−k

2 ϕ

obviously defines an isomorphism from kerPg to kerPg̃ . It is less obvious that
a similar statement holds if we compare g0 and g∞ defined before:

Proposition 1.3.3 The map

kerP0 → kerP∞

ϕ0 �→ ϕ∞ = F−
n−k

2∞ ϕ0

is an isomorphism of vector spaces.

Proof Suppose ϕ0 ∈ kerP0. Using standard regularity results it is clear that
sup |ϕ0| <∞. Then∫
M∞
|ϕ∞|2 dvg∞ ≤

∫
M\By (1/2)

|ϕ∞|2 dvg∞ + sup |ϕ0|2
∫
By (1/2)

F−(n−k)
∞ dvg∞

≤ 2k
∫
M\By (1/2)

|ϕ0|2 dvg0 + sup |ϕ0|2ωn−1

∫ 1/2

0

rn−1

rk
dr <∞.

(1.10)

Here we used that up to lower order terms dvg∞ coincides with the product
measure of the standard measure on the sphere with the measure d(log r) =
1
r
dr . Furthermore, formula (1.6) implies P∞ϕ∞ = 0. Hence the map is well-

defined. In order to show that it is an isomorphism we show that the obvious

inverse ϕ∞ �→ ϕ0 := F
n−k

2∞ ϕ∞ is well defined. To see this we start with an
L2-section in the kernel of P∞.
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We calculate ∫
M

Fk∞|ϕ0|2 dvg0 =
∫
M∞
|ϕ∞|2 dvg∞ .

Using again (1.6) we see that this section satisfies P0ϕ0 = 0 onM \ {y}. Hence
condition (1.5) is satisfied, and together with the removal of singularity lemma
(Lemma 1.2.1) one obtains that the inverse map is well defined. The proposition
follows. �

1.4 Proof of the main theorem

1.4.1 Stronger version of the main theorem

We will now show the following theorem.

Theorem 1.4.1 Let P be a conformally covariant elliptic operator of order
k, of bidegree ((n− k)/2, (n+ k)/2), on manifolds of dimension n > k. We
assume that P is invertible on Sn−1 × R.

If lim infL→∞ |λ±j (PL)| < σP , then

λ±j (PL) → λ±j (P∞) ∈ (−σP , σP ) for L→∞.
In the case Spec(Pg0 ) ⊂ (0,∞) the theorem only makes a statement about

λ+j , and conversely in the case that Spec(Pg0 ) ⊂ (−∞, 0) it only makes a
statement about λ−j .

Obviously this theorem implies Theorem 1.1.3.

1.4.2 The supremum part of the proof of Theorem 1.4.1

At first we prove that

lim sup
L→∞

(λ+j (PL)) ≤ λ+j (P∞). (1.11)

Let ϕ1, . . . , ϕj be sequence of L2-orthonormal eigenvectors of P∞ to
eigenvalues λ+1 (P∞), . . . , λ+j (P∞) ∈ [−λ̄, λ̄], λ̄ < σP . We choose a cut-off
function χ : M → [0, 1] with χ (x) = 1 for − log(d(x, y)) ≤ T , χ (y) = 0
for − log(d(x, y)) ≥ 2T , and |(∇∞)sχ |g∞ ≤ Cs/T s for all s ∈ {0, . . . , k}.

Let ϕ be a linear combination of the eigenvectors ϕ1, . . . , ϕj . From Propo-
sition 1.3.1 we see that

‖(∇∞)sϕ‖L2(M∞,g∞) ≤ C‖ϕ‖L2(M∞,g∞)
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where C only depends on (M∞, g∞). Hence for sufficiently large T

‖P∞(χϕ)− χP∞ϕ‖L2(M∞,g∞) ≤ kC/T ‖ϕ‖L2(M∞,g∞) ≤ 2kC/T ‖χϕ‖L2(M∞,g∞)

as ‖χϕ‖L2(M∞,g∞) → ‖ϕ‖L2(M∞,g∞) for T →∞. The section χϕ can be inter-
preted as a section on (M,gL) if L > 2T , and on the support of χϕ
we have gL = g∞ and P∞(χϕ) = PL(χϕ). Hence standard Rayleigh quo-
tient arguments imply that if P∞ has m eigenvalues (counted with mul-
tiplicity) in the interval [a, b] then PL has m eigenvalues in the interval
[a − 2kC/T , b + 2kC/T ]. Taking the limit T →∞ we obtain (1.11).

By exchanging some obvious signs we obtain similarly

lim sup
L→∞

(−λ−j (PL)) ≤ −λ−j (P∞). (1.12)

1.4.3 The infimum part of the proof of Theorem 1.4.1

We now prove

lim inf
L→∞

(±λ±j (PL)) ≥ ±λ±j (P∞). (1.13)

We assume that we have a sequence Li →∞, and that for each i we have a
system of orthogonal eigenvectors ϕi,1, . . . , ϕi,m of PLi , i.e. PLiϕi,� = λi,�ϕi,�
for � ∈ {1, . . . , m}. Furthermore we suppose that λi,�→ λ̄� ∈ (−σP , σP ) for
� ∈ {1, . . . , m}.

Then

ψi,� :=
(
FLi

F∞

) n−k
2

ϕi,�

satisfies

P∞ψi,� = hi,�ψi,� with hi,� :=
(
FLi

F∞

)k
λi,�.

Furthermore

‖ψi,�‖2
L2(M∞,g∞) =

∫
M

(
FLi

F∞

)−k
|ϕi,�|2 dvgLi

≤ sup
M

|ϕi,�|2
∫
M

(
FLi

F∞

)−k
dvgLi

Because of ∫
M

(
FLi

F∞

)−k
dvgL ≤ C

∫
rn−1−k dr <∞
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(for n > k) the norm ‖ψi,�‖L2(M∞,g∞) is finite as well, and we can renormalize
such that

‖ψi,�‖L2(M∞,g∞) = 1.

Lemma 1.4.2 For any δ > 0 and any � ∈ {0, . . . , m} the sequence(‖ψi,�‖Ck+1(M\By (δ),g∞)
)
i

is bounded.

Proof of the lemma. After removing finitely many i, we can assume that λi ≤
2λ̄ and e−Li < δ/2. Hence FL = F∞ and hi = λi onM \ By(δ/2). Because of∫

M\By (δ/2)
|(P∞)sψi |2 dvg∞ ≤ (2λ̄)2s

∫
M\By (δ/2)

|ψi |2 dvg∞ ≤ (2λ̄)2s

we obtain boundedness of ψi in the Sobolev space Hsk(M \ By(3δ/4), g∞),
and hence, for sufficiently large s boundedness in Ck+1(M \ By(δ), g∞). The
lemma is proved. �

Hence after passing to a subsequenceψi,� converges inCk,α(M \ By(δ), g∞)
to a solution ψ̄� of

P∞ψ̄� = λ̄�ψ̄�.

By taking a diagonal sequence, one can obtain convergence in Ck,αloc (M∞) of
ψi,� to ψ̄�. It remains to prove that ψ̄1, . . . ,ψ̄m are linearly independent, in
particular that any ψ̄� �= 0. For this we use the following lemma.

Lemma 1.4.3 For any ε > 0 there is δ0 and i0 such that

‖ψi,�‖L2(By (δ0),g∞) ≤ ε‖ψi,�‖L2(M∞,g∞)

for all i ≥ i0 and all � ∈ {0, . . . , m}. In particular,

‖ψi,�‖L2(M\By (δ0),g∞) ≥ (1− ε)‖ψi,�‖L2(M∞,g∞).

Proof of the lemma. Because of Proposition 1.3.1 and

‖P∞ψi,�‖L2(M∞,g∞) ≤ |λ̄�| ‖ψi,�‖L2(M∞,g∞) = |λ̄�|
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we get

‖(∇∞)sψi,�‖L2(M∞,g∞) ≤ C

for all s ∈ {0, . . . , k}. Let χ be a cut-off function as in Subsection 1.4.2 with
T = − log δ. Hence

‖P∞
(
(1− χ )ψi,�

)− (1− χ )P∞(ψi,�)‖L2(M∞,g∞) ≤ C
T
= C

− log δ
. (1.14)

On the other hand (By(δ) \ {y}, g∞) converges for suitable choices of base
points for δ→ 0 to Sn−1 × (0,∞) in the C∞-topology of Riemannian man-
ifolds with base points. Hence there is a function τ (δ) converging to 0 such
that

‖P∞
(
(1− χ )ψi,�

)‖L2(M∞,g∞) ≥ (σp − τ (δ))‖(1− χ )ψi,�‖L2(M∞,g∞). (1.15)

Using the obvious relation

‖(1− χ )P∞(ψi,�)‖L2(M∞,g∞) ≤ |λi,�| ‖(1− χ )ψi,�‖L2(M∞,g∞)

we obtain with (1.14) and (1.15)

‖ψi,�‖L2(By (δ2),g∞) ≤ ‖(1− χ )ψi,�‖L2(M∞,g∞)

≤ C

| log δ|(σP − τ (δ)− |λi,�|) .

The right hand side is smaller than ε for i sufficiently large and δ suffi-
ciently small. The main statement of the lemma then follows for δ0 := δ2.
The Minkowski inequality yields.

‖ψi,�‖L2(M\By (δ2),g∞) ≥ 1− ‖ψi,�‖L2(By (δ2),g∞) ≥ 1− ε. �

The convergence in C1(M \ By(δ0)) implies strong convergence in L2(M \
By(δ0), g∞) of ψi,� to ψ̄�. Hence

‖ψ̄�‖L2(M\By (δ0),g∞) ≥ 1− ε,

and thus ‖ψ̄�‖L2(M∞,g∞) = 1. The orthogonality of these sections is pro-
vided by the following lemma, and the inequality (1.13) then follows
immediately.

Lemma 1.4.4 The sections ψ̄1, . . . , ψ̄m are orthogonal.
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Proof of the lemma. The sections ϕi,1, . . . , ϕi,� are orthogonal. For any fixed
δ0 (given by the previous lemma), it follows for sufficiently large i that∣∣∣∫

M\By (δ0)
〈ψi,�, ψi,�̃〉 dvg∞

∣∣∣ = ∣∣∣∫
M\By (δ0)

〈ϕi,�, ϕi,�̃〉 dvgLi
∣∣∣

=
∣∣∣∫
By (δ0)

〈ϕi,�, ϕi,�̃〉 dvgLi
∣∣∣

=
∣∣∣∫
By (δ0)

(
FLi

F∞

)k
︸ ︷︷ ︸

≤1

〈ψi,�, ψi,�̃〉 dvg∞
∣∣∣

≤ ε2

(1.16)

Because of strong L2 convergence onM \ By(δ0) this implies∣∣∣∫
M\By (δ0)

〈ψ̄�, ψ̄�̃〉 dvg∞
∣∣∣ ≤ ε2 (1.17)

for �̃ �= �, and hence in the limit ε→ 0 (and δ0 → 0) we get the orthogonality
of ψ̄1, . . . , ψ̄m. �



Appendix A Analysis on (M∞, g∞)

The aim of this appendix is to sketch how to prove Proposition 1.3.1. All
properties in this appendix are well-known to experts, but explicit references
are not evident to find. Thus this summary might be helpful to the reader.

The geometry of (M∞, g∞) is asymptotically cylindrical. The metric g∞
is even a b-metric in the sense of Melrose [31], but to keep the presentation
simple, we avoid the b-calculus.

If (r, γ ) ∈ R+ × Sn−1 denote polar normal coordinates with respect to the
metric g0, and if we set t := − log r , then (t, γ ) defines a diffeomorphism α :
B

(M,g0)
y (1/2) \ {y} → [log 2,∞)× Sn−1 such that (α−1)∗g∞ = dt2 + ht for a

family of metrics such that (α−1)∗g∞, all of its derivatives, its curvature, and all
derivatives of the curvature tend to the standard metric on the cylinder, and the
speed of the convergence is majorised by a multiple of et . Thus the continuity
of the coefficients property implies, that P∞ extends to a bounded operator
from �Hk(M∞,g∞)(V ) → �L2(M∞,g∞)(V ).

The formal self-adjointness of P∞ implies that∫
M∞
〈ψ,P∞ϕ〉 =

∫
M∞
〈P∞ψ, ϕ〉 (A.18)

holds for ϕ,ψ ∈ �c(V ) and as �c(V ) is dense in Hk , property (A.18) follows
all Hk-sections ϕ,ψ .

To show Proposition 1.3.1 it remains to prove the regularity estimate and
then to verify that the adjoint of P∞ : �Hk(M∞,g∞)(V ) → �L2(M∞,g∞)(V ) has
domain �Hk(M∞,g∞)(V ).

For proving the regularity estimate we need the following local estimate.

Lemma A.1 Let K be a compact subset of a Riemannian manifold (U, g).
Let P be an elliptic differential operator on U of order k ≥ 1. Then there is a

19
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constant C = C(U,K,P, g) such that

‖u‖Hk (K,g) ≤ C
(‖u‖L2(U,g) + ‖Pu‖L2(U,g)

)
. (A.19)

Here the Hk(K, g)-norm is defined via the Levi-Civita connection for g.
This estimate holds uniformly in an ε-neighborhood of P and g in the

following sense. Assume that P̃ is another differential operator, and that the
C0-norm of the coeffcients of P̃ − P is at most ε, where ε is small. Also
assume that g̃ is ε-close to g in the Ck-topology. Then the estimate (A.19)
holds for P̃ instead of P and for g̃ instead of g and again for a constant
C = C(U,K,P, g, ε).

Proof of the lemma. We cover the compact set K by a finite number of
coordinate neighborhoods U1, . . . , Um. We choose open sets Vi ⊂ Ui such that
the closure of Vi is compact in Ui and such that K ⊂ V1 ∪ . . . ∪ Vm. One can
choose compact sets Ki ⊂ Vi such that K = K1 ∪ . . . ∪Km. To prove (A.19)
it is sufficient to prove ‖u‖Hk (Ki,g) ≤ C(‖u‖L2(Vi ,g) + ‖Pu‖L2(Vi ,g)) for any i.

We write this inequality in coordinates. As the closure of Vi is a compactum
in Ui , the transition to coordinates changes the above inequality only by a
constant. The operator P , written in a coordinate chart is again elliptic.

We have thus reduced the prove of (A.19) to the prove of the special case
that U and K are open subsets of flat Rn.

The proof of this special case is explained in detail for example in in [33,
Corollary III 1.5]. The idea is to construct a parametrix for P , i.e. a pseudodif-
ferential operator of order−k such that S1 := QP − Id and S2 := PQ− Id are
infinitely smoothing operators. ThusQ is bounded from L2(U ) to the Sobolev
space Hk(U ), in particular ‖Q(P (u))‖Hk ≤ C‖P (u)‖L2 . Smoothing operators
map the Sobolev space L2 continuously to Hk . We obtain

‖u‖Hk(K) ≤ ‖u‖Hk (U ) ≤ ‖Q(P (u))‖Hk(U ) + ‖S1(u)‖Hk(U )

≤ C ′(‖P (u)‖L2(U ) + ‖u‖L2(U )
)
.

See also [28, III §3] for a good presentation on how to construct and work with
such a parametrix.

To see the uniformicity, one verifies that∣∣∣∣‖u‖Hk (K,g̃)

‖u‖Hk (K,g)
− 1

∣∣∣∣ ≤ C ‖g̃ − g‖Ck ≤ Cε
and ∣∣∣∣‖P̃ (u)‖L2(U )

‖P (u)‖L2(U )
− 1

∣∣∣∣ ≤ Cε‖u‖Hk (U ).

The unformicity statement thus follows. �
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Proof of the regularity estimate in Proposition 1.3.1. We write M∞ as MB ∪
([0,∞)× Sn−1), such that the metric g∞ is asymptotic (in theC∞-sense) to the
standard cylindrical metric. The metric g∞ restricted to [R − 1, R + 2]× Sn−1

then converges in the Ck-topology to the cylindrical metric dt2 + σn−1 on
[0, 3]× Sn−1 for R→∞. As the coefficients of Pg depend continuously on
the metric, the P -operators on [R − 1, R + 2]× Sn−1 is in an ε-neighborhood
of P , for R ≥ R0 = R0(ε). Applying the preceding lemma for K = [R,R +
1]× Sn−1 and U = (R − 1, R + 2)× Sn−1 we obtain

‖∇su‖L2([R,R+1]×Sn−1,g∞) ≤ C
(‖u‖L2((R−1,R+2)×Sn−1,g∞)

+ ‖P∞u‖L2((R−1,R+2)×Sn−1,g∞)
)
. (A.20)

Similarly, applying the lemma to K = MB ∪ ([0, R0]× Sn−1) and U =
MB ∪ ([0, R0 + 1)× Sn−1) gives

‖∇su‖L2(MB∪([0,R0]×Sn−1),g∞) ≤ C
(‖u‖L2(MB∪([0,R0+1)×Sn−1),g∞)

+ ‖P∞u‖L2(MB∪([0,R0+1)×Sn−1),g∞)
)
. (A.21)

Taking the sum of estimate (A.21), of estimate (A.20) for R = R0, again
estimate (A.20) but for R = R0 + 1, and so for all R ∈ {R0 + 2, R0 + 3, . . .}
we obtain (1.9), with a larger constant C. �

Now we study the domain D of the adjoint of

P∞ : �Hk(M∞,g∞)(V ) → �L2(M∞,g∞)(V ).

By definition a section ϕ : �L2(M∞,g∞)(V ) is in D if and only if

�Hk(M∞,g∞)(V ) � u �→
∫
M∞
〈P∞u, ϕ〉 (A.22)

is bounded as a map from L2 to R. For ϕ ∈ �Hk(M∞,g∞)(V ) we know that
P∞ϕ is L2 and thus property (A.18) directly implies this boundedness. Thus
�Hk(M∞,g∞)(V ) ⊂ D.

Conversely assume the boundedness of (A.22). Then there is a v ∈
�L2(M∞,g∞)(V ) such that

∫
M∞
〈u, v〉 = ∫

M∞
〈P∞u, ϕ〉, or in other words P∞ϕ =

v holds weakly. Standard regularity theory implies

ϕ ∈ �Hk(M∞,g∞)(V ).

We obtain �Hk(M∞,g∞)(V ) = D, and thus the self-adjointness of P∞ follows.
Proposition 1.3.1 is thus shown.
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K-Destabilizing test configurations with
smooth central fiber

claudio arezzo, alberto della vedova, and
gabriele la nave

Abstract

In this note we point out a simple application of a result by the authors in
[2]. We show how to construct many families of strictly K-unstable polarized
manifolds, destabilized by test configurations with smooth central fiber. The
effect of resolving singularities of the central fiber of a given test configuration
is studied, providing many new examples of manifolds which do not admit
Kähler constant scalar curvature metrics in some classes.

2.1 Introduction

In this note we want to speculate about the following Conjecture due to Tian-
Yau-Donaldson ([23], [24], [25], [7]):

Conjecture 2.1.1 A polarized manifold (M,A) admits a Kähler metric of
constant scalar curvature in the class c1(A) if and only if it is K-polystable.

The notion of K-stability will be recalled below. For the moment it suffices to
say, loosely speaking, that a polarized manifold, or more generally a polarized
variety (V,A), is K-stable if and only if any special degeneration or test
configuration of (V,A) has an associated non positive weight, called Futaki
invariant and that this is zero only for the product configuration, i.e. the trivial
degeneration.

We do not even attempt to give a survey of results about Conjecture 2.1.1, but
as far as the results of this note are concerned, it is important to recall the reader
that Tian [24], Donaldson [7], Stoppa [22], using the results in [3] and [4], and
Mabuchi [17] have proved the sufficiency part of the Conjecture. Destabilizing
a polarizing manifold then implies non existence results of Kähler constant
scalar curvature metrics in the corresponding classes.

24
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One of the main problems in this subject is that under a special degeneration
a smooth manifold often becomes very singular, in fact just a polarized scheme
in general. This makes all the analytic tool available at present very difficult to
use.

Hence one naturally asks which type of singularities must be introduced to
make the least effort to destabilize a smooth manifold without cscK metrics.

The aim of this note is to provide a large class of examples of special
degenerations with positive Futaki invariant and smooth limit. In fact we want to
provide a “machine” which associates to any special degeneration of a polarized
normal variety (V,A) with positive Futaki invariant a special degeneration for
a polarized manifold (M̃, Ã) with smooth central fiber and still positive Futaki
invariant.

To the best of our knowledge, before this work the only known examples of
special degeneration with non negative Futaki invariant and smooth central fiber
are the celebrated example of Mukai-Umemura’s Fano threefold ([18]) used
by Tian in [24] to exhibit the first examples of Fano manifolds with discrete
automorphism group and no Kähler-Einstein metrics (other Fano manifolds
with these properties have been then produced in [1]). In this case there exist
non trivial special degenerations with smooth limit and zero Futaki invariant
(hence violating the definition of K-stability). It then falls in the borderline
case, making this example extremely interesting and delicate. We stress that
our “machine” does not work in this borderline case, because a priori the Futaki
invariant of the new test configuration is certainly small (by [2]) but we cannot
control its sign.

To state our result more precisely we now recall the relevant definitions:

Definition 2.1.2 Let (V,A) be a n-dimensional polarized variety or scheme.
Given a one-parameter subgroup ρ : C∗ → Aut(V ) with a linearization on A
and denoted byw(V,A) the weight of the C∗-action induced on

∧top
H 0(V,A),

we have the following asymptotic expansions as k � 0:

h0(V,Ak) = a0k
n + a1k

n−1 +O(kn−2) (2.1)

w(V,Ak) = b0k
n+1 + b1k

n +O(kn−1) (2.2)

The (normalized) Futaki invariant of the action is the rational number

F (V,A, ρ) = b1

a0
− b0 a1

a2
0

.

Definition 2.1.3 A test configuration (X,L) for a polarized variety (V,A)
consists of a scheme X endowed with a C∗-action that linearizes on a line
bundle L over X, and a flat C∗-equivariant map f : X→ C (where C has the
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usual weight one C∗-action) such that L|f −1(0) is ample on f −1(0) and we have
(f −1(1), L|f −1(1)) � (V,Ar ) for some r > 0.

When (V,A) has a C∗-action ρ : C∗ → Aut(V ), a test configuration where
X = V × C and C∗ acts on X diagonally through ρ is called product configu-
ration.

Given a test configuration (X,L) we will denote by F (X,L) the Futaki
invariant of the C∗-action induced on the central fiber (f −1(0), L|f −1(0)).
If (X,L) is a product configuration as above, clearly we have F (X,L) =
F (V,A, ρ).

Definition 2.1.4 The polarized manifold (M,A) is K-stable if for each test
configuration for (M,A) the Futaki invariant of the induced action on the central
fiber (f −1(0), L|f −1(0)) is less than or equal to zero, with equality if and only if
we have a product configuration.

A test configuration (X,L) is called destabilizing if the Futaki invariant of
the induced action on (f −1(0), L|f −1(0)) is greater than zero.

Test configurations for an embedded variety V ⊂ PN endowed with the hyper-
plane polarization A can be constructed as follows. Given a one-parameter
subgroup ρ : C∗ → GL(N + 1), which induces an obvious diagonal C∗-action
on PN × C, it clear that the subscheme

X = {(z, t) ∈ PN × C | t �= 0, (ρ(t−1)z, t) ∈ V } ⊂ PN × C,

is invariant and projects equivariantly on C. Thus considering the relatively
ample polarizationL induced by the hyperplane bundle gives test configuration
for (V,A). On the other hand, given a test configuration (X,L) for a polarized
variety (V,A), the relative projective embedding given byLr , with r sufficiently
large, realizes X as above (see details in [21]).

We can now describe our “machine”: consider a test configuration (X,L)
for a polarized normal variety (V,A) with F (X,L) > 0. Up to raise L to a
suitable power – which does not affect the Futaki invariant – we can suppose
being in the situation above withX ⊂ PN × C invariantly, andL induced by the
hyperplane bundle of PN . At this point we consider the central fiber X0 ⊂ PN ,
which is invariant with respect to ρ, and we apply the (equivariant) resolution of
singularities [14, Corollary 3.22 and Proposition 3.9.1]. Thus there is a smooth
manifold P̃ acted on by C∗ and an equivariant map

β : P̃ → PN

which factorizes through a sequence of blow-ups, such that the strict transform
X̃0 ofX0 is invariant and smooth. The key observation is that the strict transform
X̃1 of the fiberX1 ⊂ X degenerate toX0 under the given C∗ action on P̃ , thus it
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must be smooth. This gives an invariant family X̃ ⊂ P × C and an equivariant
birational morphism

π : X̃→ X.

Some comments are in order:

1 all the fibers of X̃ are smooth, but π is never a resolution of singularities of
X (except the trivial case when the central fiber of X was already smooth)
since it fails to be an isomorphism on the smooth locus of X;

2 L̃ = π∗L is not a relatively ample line bundle any more, but just a big and nef
one. It is not then even clear what it means to compute its Futaki invariant;

3 the fiber over the generic point of C of the new (big and nef) test configuration
(X̃, L̃) is different from V ;

4 the family X̃ is not unique since the resolution β it is not.

The issue raised at point (2) was addressed in [2] and it was proved that the
following natural (topological) definition makes the Futaki invariant a continu-
ous function around big and nef points in the Kähler cone. We will give simple
self-contained proofs in the cases of smooth manifolds and varieties with just
normal singularities in Section 2.

Definition 2.1.5 Let V be a projective variety or scheme endowed with a C∗-
action and let B be a big and nef line bundle on V . Choosing a linearization of
the action on B gives a C∗-representation on

⊕dimV
j=0 Hj (V,Bk)(−1)j (here the

E−1 denotes the dual ofE). We setw(V,Bk) = trAk , whereAk is the generator
of that representation. As k→+∞ we have the following expansion

w(V,Bk)

χ (V,Bk)
= F0k + F1 +O(k−1),

and we define

F (V,B) = F1

to be the Donaldson–Futaki invariant of the chosen action on (V,B)

The existence of the expansion involved in definition above follows from the
standard fact that χ (V,Bk) is a polynomial of degree dimV , whose proof (see
for example [11]) can be easily adapted to show that w(V,Bk) is a polynomial
of degree at most dimV + 1.
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The key technical Theorem proved in [2] is then the following:

Theorem 2.1.6 Let B,A be linearized line bunldes on a scheme V acted on
by C∗. Suppose that B is big and nef and A ample. We have

F (V,Br ⊗ A) = F (V,B)+O
(

1

r

)
, as r →∞.

Having established a good continuity property of the Futaki invariant up to these
boundary point, we need to address the question of the effect of a resolution
of singularities of the central fiber. This is a particular case of the following
non trivial extension of previous analysis by Ross and Thomas [21] which was
proved in [2] where the general case of birational morphisms has been studied:

Theorem 2.1.7 Given a test configuration f : (X,L) → C as above, let f ′ :
(X′, L′) → C be another flat equivariant family with X′ normal and let β :
(X′, L′) → (X,L) be a C∗-equivariant birational morphism such that f ′ =
f ◦ β and L′ = β∗L. Then we have

F (X′, L′) ≥ F (X,L),

with strict inequality if and only if the support of β∗(OX′ )/OX has codimension
one.

The proof of these results uses some heavy algebraic machinery, yet their proof
when (V,A) or the central fiber of (X,L) have only normal singularities (a
case largely studied) is quite simple and we give it in Section 2.

The Corollary of Theorem 2.1.6 and Theorem 2.1.7 we want to point out in
this note is then the following:

Theorem 2.1.8 Let (X,L) be a test configuration for the polarized normal
variety (V,A) with positive Futaki invariant. Let moreover (X̃, L̃) be a (big
and nef) test configuration obtained from (X,L) as above and let (M̃, B̃) be
the smooth (big and nef) fiber over the point 1 ∈ C. Let R be any relatively
ample line bundle over X̃.

Then (X̃, L̃r ⊗ R) is a test configuration for (M̃, B̃r ⊗ R|M̃ ) with following
properties:

1 smooth central fiber;
2 positive Futaki invariant for r sufficiently large.

In particular M̃ does not admit a constant scalar curvature Kähler metric in
any class of the form c1(B̃r ⊗ R|M̃ ), with r large enough.
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While this Theorem clearly follows from Theorems 2.1.6 and Theorem 2.1.7,
but for the specific case of central fiber with normal singularities it follows
from the much simpler Proposition 2.2.1 and Theorem 2.2.3.

The range of applicability of the above theorem is very large. We go through
the steps of the resolution of singularities in an explicit example by Ding-
Tian [6] of a complex orbifold of dimension 2. In this simple example explicit
calculations are easy to perform, yet we point out that the final example is
somehow trivial since it ends on a product test configuration. On the other
hand abundance of similar examples even in dimension 2 can be obtained by
the reader as an exercise using the results of Jeffres [12] and Nagakawa [19],
in which cases we loose an explicit description of the resulting destabilized
manifold, but we get new nontrivial examples. In fact in higher dimensions one
can use the approach described in this note to test also the Arezzo-Pacard blow
up theorems [3] [4], when the resolution of singularities requires a blow up of
a scheme of positive dimension.

2.2 The case of normal singularities

In this section we give simple proofs of the continuity of the Futaki invariant
at boundary points for smooth manifolds or varieties with normal singularities.
More general results of this type have been proved in [2] but we want to stress
that under these assumptions proofs become much easier.

The fundamental continuity property we will need, and proved in Corollary
2.1.6, can be stated in the following form for smooth bases:

Proposition 2.2.1 Let A, L be respectively an ample and a big and nef line
bundle on a smooth projective manifold M . For every C∗-action on M that
linearizes to A and L, as r →+∞ we have

F (M,Lr ⊗ A) = F (M,L)+O
(

1

r

)
.

Proof The result is a simple application of the equivariant Riemann-Roch
Theorem. We present here the details of the calculations involved, since we
could not find precise references for them.

Fix an hermitian metrics on A that is invariant with respect to the action of
S1 ⊂ C∗ and suppose that the curvature ω is a Kähler metric. Since L is nef,
for each r > 0 we can choose an invariant metric on L whose curvature ηr
satisfy rηr + ω > 0. In other words rηr + ω is a Kähler form which coincides
with the curvature of the induced hermitian metric on the line bundle Lr ⊗ A.
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Setting n = dim(M), by Riemann–Roch for each r > 0 we have:

χ (M,Lrk ⊗ Ak) = (rk)n
∫
M

(ηr + 1
r
ω)n

n!

+ (rk)n−1
∫
M

(ηr + 1
r
ω)n−1 ∧ Ric(ηr + 1

r
ω)

2(n− 1)!
+O(kn−2).

Now let v be the holomorphic vector field on M generating the given C∗-
action. Let f and gr be smooth S1-invariant functions on M such that
ivω + ∂̄f = 0 and ivηr + ∂̄gr = 0. They exist since the given C∗-action on
M lifts to A and Lr ⊗ A (see [7, pag. 294]). Applying, in a similar fashion,
the equivariant Riemann-Roch theorem, the weight of the induced action on⊗n
j=0 detHj (M,Lrk ⊗ Ak)(−1)j is calculated as:

w(M,Lrk ⊗ Ak) = (rk)n+1
∫
M

(
gr + 1

r
f

)
(ηr + 1

r
ω)n

n!

+ (rk)n
∫
M

(
gr + 1

r
f

)
(ηr + 1

r
ω)n−1 ∧ Ric(ηr + 1

r
ω)

2(n− 1)!

+O(kn−1).

As r →+∞ we have expansions:∫
M

(ηr + 1
r
ω)n

n!
= c1(Lr ⊗ A)n

n! rn
= c1(L)n

n!
+O

(
1

r

)
∫
M

(ηr + 1
r
ω)n−1 ∧ Ric(ηr + 1

r
ω)

2(n− 1)!
= c1(Lr ⊗ A)n−1c1(M)

2(n− 1)! rn−1
+O

(
1

r

)
= c1(L)n−1c1(M)

2(n− 1)!
+O

(
1

r

)
∫
M

(
gr + 1

r
f

)
(ηr + 1

r
ω)n

n!
= cT1 (Lr ⊗ A)n+1

(n+ 1)! rn+1

= cT1 (L)n+1

(n+ 1)!
+O

(
1

r

)
∫
M

(
gr + 1

r
f

)
(ηr + 1

r
ω)n−1 ∧ Ric(ηr + 1

r
ω)

2(n− 1)!
= cT1 (Lr ⊗ A)ncT1 (M)

2 n! rn

= cT1 (L)ncT1 (M)

2 n!
+O

(
1

r

)
,
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where cT1 denotes the equivariant first Chern class. Thus we have:

F (M,Lr ⊗ A) =
cT1 (L)ncT1 (M)

2n! · c1(L)n

n! − cT1 (L)n+1

(n+1)! · c1(L)n−1c1(M)
2(n−1)!(

c1(L)n

n!

)2 +O
(

1

r

)
.

and the thesis follows applying again the (equivariant) Riemann-Roch theorem
to L. �

The following has essentially been proved by Paul-Tian ([20]); here we give a
simple self-contained proof.

Proposition 2.2.2 Let (V,L) be a polarized normal projective variety endowed
with a C∗-action. Let π : Ṽ → V be an equivariant resolution of singularities.
We have

F (V,L) = F (Ṽ , π∗L).

Proof By Zariski’s Main theorem we have an equivariant isomorphism
π∗OṼ � OV , moreover normality of V implies dim SuppRqπ∗(OṼ ) ≤ n− 1
for all q > 0, where n+ 1 = dimV = dim Ṽ . In fact, since π is an isomor-
phisms outside the singularities of V , SuppRqπ∗(OṼ ) is contained in the
singular locus of V , which by normality has dimension less than or equal to
n− 1.

Thus the projection formula yields:

χ (Ṽ , π∗Lk) = χ (V,Rπ∗(OṼ )⊗ Lk) = χ (V,Lk)+O(kn−2),

and by the same token:

w(Ṽ , π∗Lk) = w(V,Lk)+O(kn−1).

The thesis follows by definition 2.1.5. �

Combining Propositions 2.2.1 and 2.2.2 we get the following result, which
explains the behaviour for normal varieties of the Futaki invariant under Hiron-
aka’s resolution of singularities process:

Theorem 2.2.3 Let (V,L) be a polarized normal variety endowed with a
C∗-action. Let π : Ṽ → V be an equivariant resolution of singularities with
exceptional divisor E. Then we have

F
(
Ṽ , π∗Lr ⊗O (−E)

) = F (V,L)+O
(

1

r

)
as r →+∞.
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In particular, if F (V,L) �= 0, then Ṽ admits no cscK metrics in the classes
rπ∗c1(L)− E for r � 0.

Proof Since π is a sequence of blow-ups along smooth centers, π∗L is big and
nef, moreover there exists r0 > 0 such that π∗Lr0 ⊗O(−E) is ample. Thus, as
r →+∞ we obtain:

F
(
Ṽ , π∗Lr ⊗O (−E)

) = F (Ṽ , π∗Lr−r0 ⊗ π∗Lr0 ⊗O (−E)
)

= F (Ṽ , π∗Lr−r0)+O (1

r

)
= F (V,L)+O

(
1

r

)
,

where the second and third equalities follow from Propositions 2.2.1 and 2.2.2
respectively. �

2.3 Proof of Theorem 2.1.8 and examples

Proof of Theorem 2.1.8 On each fiber of X̃→ C the restrictions of L̃r and R
are nef and ample line bundles respectively, thus L̃r ⊗ R is relatively ample and
gives, together with X, a test configuration for (M̃, B̃r ⊗ R), where B̃ = L̃|M̃ .

All the fibers of that test configuration are smooth by construction thus
point (1) is proved. Moreover by Theorem 2.1.6 (or Proposition 2.2.1 since the
central fiber of X̃ is smooth) we have the asymptotic expansion as r →+∞

F (X̃, L̃r ⊗ R) = F (X̃, L̃)+O
(

1

r

)
. (2.3)

On the other hand, the morphism π : X̃→ X is equivariant and birational, and
L̃ = π∗L, so by Theorem 2.1.7 we get

F (X̃, L̃) ≥ F (X,L) > 0. (2.4)

Thus point (2) follows readily from (2.3) and (2.4). �

Let us now see an explicit appearance of the phenomenon described in Theorem
2.1.8. We constructK-destabilizing degenerations with smooth central fiber of
a smooth surface obtained by resolution of singularities of a mild singular
unstable cubic surface found by Ding-Tian ([6]).

Let us the look at Xf ⊂ P3 be the zero locus of f = z0z
2
1 + z2z3(z2 − z3).
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Let us collect some elementary facts that the reader can easily verify:

1 Xf is singular only at p0 = (1 : 0 : 0 : 0).
2 Having set (x, y, z) affine co-ordinates centered on (1 : 0 : 0 : 0), let

C ′ = {((x, y, z), (l0 : l1 : l2)) ∈ C3 × P2 |
xl1 − yl0 = xl2 − zl0 = yl2 − zl1 = 0}

be the blow-up of C3 at the origin with exceptional divisor E � P2 and X′f
the proper transform of Xf , then X′f is singular at points

(0 : 1 : 0), (0 : 0 : 1), (0 : 1 : 1) ∈ E.
3 Having set X̃f the proper transform of X′f under the blow-up C̃ of C ′ at

points (0 : 1 : 0), (0 : 0 : 1), (0 : 1 : 1) ∈ E and E1 the exceptional divisor
over (0 : 1 : 0), then X̃f is smooth around E1. Analogously, if E2 is the
exceptional divisor over (0 : 0 : 1) and E3 the one over (0 : 1 : 1), then X̃f
is smooth around E2 and E3 too. For future reference let E0 be the proper
transform of E under the second blow up.

4 X̃f is smooth.
5 Consider now the C∗-action on P3 defined by

t · (z0, z1, z2, z3) = (tα0z0, t
α1z1, t

α2z2, t
α3z3)

with αj ∈ Z and α0 + · · · + α3 = 0, thus

(t · f )(z) = t−(α0+2α1)z0z
2
1 + t−(2α2+α3)z2

2z3 − t−(α2+2α3)z2z
2
3,

and f is semi-invariant if and only if

α0 + 2α1 = 2α2 + α3 = α2 + 2α3,

hence

(α0, . . . , α3) = (−7β, 5β, β, β),

with β ∈ Z, and f has weight −3β.
6 The monomials of degree three in the variables z0, . . . , z3 are a basis of

semi-invariants for the fixed C∗-action on C[z0, . . . , z3]3. In particular fix
β = −1, then the subspace spanned by monomials with weight greater or
equal to 4 is

V = span{z3
1, z

2
1z2, z

2
1z3, z1z

2
2, z1z2z3, z1z

2
3}

Thus the hypersurfaces that degenerate toXf under the fixed C∗-action (with
β = −1) are of the form

Xg = {f + g = 0},
where g ∈ V .
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7 The general Xg has a rational double point at p0 = (1 : 0 : 0 : 0) and is
smooth elsewhere.

8 X̃f is the flat limit of X̃g in P̃ , the iterated blow-up of P3 as described
(locally) above.

Thus X̃f is the central fiber of the special degeneration of X̃g given by the chosen
C∗-action. Denoted by π : P̃ → P3 the blow-up map, let Ar be the restriction
of π∗OP3 (r)⊗O

(−∑4
�=0 Ej

)
to X̃f . By Theorem 2.2.3, F (X̃f , Ar ) has the

same sign of F (Xf ,OXf (1)) when r is large enough. But thanks to [6] (see also
[16]), with our sign convention, (Xf ,OXf (1)) has positive Futaki invariant, then

X̃g polarized with the restriction ofπ∗OP3 (r)⊗O
(−∑4

�=0 Ej
)

isK-unstable.
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Explicit constructions of Ricci solitons

paul baird

Abstract

We describe methods for constructing explicit examples of Ricci solitons. An
improved version of an anzatz of the author and L. Danielo for 3-dimensional
solitons is given which we extend to higher dimensions. The soliton structure
on the 4-dimensional geometry Nil4 is analysed in detail, in particular its
uniqueness is established and its relation to the natural Riemannian projection
Nil4 → Nil3 is discussed.

3.1 Introduction

The Ricci flow is the evolution equation:

∂g

∂t
= −2Ricci (g) (3.1)

for a time-dependent Riemannian metric g = g(t) defined on an n-dimensional
manifold Mn, subject to some initial condition g(0) = g0. This equation has
received a considerable amount of attention recently due to the work of G.
Perelman [14] which has advanced Hamilton’s program for resolving the
geometrization conjecture. An essential part of this story are Ricci solitons,
which correspond to fixed points, up to scaling and diffeomorphism. Specifi-
cally, if g(t) = c(t)ψ∗t (g0) is a solution of (3.1) on some time interval [0, δ),
where c(t) is a family of positive scalars such that c(0) = 1 and ψt is a family
of diffeomorphisms satisfying ψ0 = id, then on calculating g′(0) and applying
(3.1) we obtain the equation:

2Ricci (g)+ LEg + 2Ag = 0 , (3.2)

37



38 P. Baird

where we now write g = g0, and where 2A = c′(0) and E is the vector field
(called the soliton flow) determined at each x ∈ M by E(x) = d

dt ψt (x)|t=0.
Conversely, on a complete manifold, any solution g0 of (3.2) determines
a solution of (3.1) of the form g(t) = c(t)ψ∗t (g0) for some small time t
(see [5]).

Equation (3.2) is known as the soliton equation and solutions play a fun-
damental role in the study of the Ricci flow: they occur as rescaled limits at
singularity formation and as asymptotic limits of immortal solutions, that is
solutions that exist for all future time [13]. Both of these limits are interpreted
in terms of Cheeger-Gromov-Hamilton pointed convergence of Ricci flows [9].
In the case when E = grad f is the gradient of a function, then the soliton is
said to be of gradient type, in which case (3.2) becomes

Ricci (g)+ ∇2f + Ag = 0 , (3.3)

since LEg = 2∇2f where ∇2f denotes the Hessian of f . A soliton defined by
(3.2) is called shrinking, steady or expanding according as the constant A is
negative, zero or positive, respectively.

At singularity formation, it is only gradient solitons of a specific type which
occur, moreover, a gradient soliton is also a critical metric for Perelman’s
entropy functional [14]. Non-gradient solitons are important in the study of the
long-term behaviour of solutions and it is only recently that the first examples
were found [2, 13]. The existence of such solitons also has important conse-
quences for the stability of the Ricci flow about non-Ricci flat metrics [8]; see
also [7, 15] for the Ricci-flat case.

Clearly the soliton flow E is only defined up to addition of a Killing vector
field and if it is itself Killing, then equation (3.2) becomes the equation for
an Einstein metric. These solutions are referred to as the trivial Ricci solitons.
In dimension 3, any compact soliton is trivial [10]. The greater flexibility in
equation (3.2) makes the problem of finding non-trivial Ricci solitons both
rich and challenging. Even in dimension 2, the complete solitons are not yet
classified; see [5] Chapter 1, for a discussion.

One way to find explicit solutions to (3.2) is to suppose that the metric is
sufficiently symmetric that the equations reduce to an ODE. The best-known
example of such a construction is given by the Bryant soliton, which, in dimen-
sion two corresponds to the Hamilton cigar. In this case one considers a warped
product metric of the formg = dr2 + F (r)2gSn , wheregSn is the standard metric
on the n-sphere. One looks for a gradient soliton with soliton flow E = grad f
with f depending only on the parameter r . The system of equations to solve
then becomes a dynamical system in R2. An orbit emanating from one of the
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fixed points gives a complete metric of positive sectional curvature [4] (see Sec-
tion 3.4). This procedure was generalized by T. Ivey to construct solitons from
doubly warped product metrics of the type dr2 + a(r)2g1 + b(r)2g2, where
g1 and g2 are metrics on a sphere and an Einstein manifold, resp. [11]. In
Section 3.2, we make a further generalization which leads to a dynamical sys-
tem. Here we no longer insist that the soliton be of gradient type and neither
do we require that the soliton flow depend on a single parameter. The proce-
dure picks up solitons of Sol-type, as well as a curious example on a surface.
Although the soliton metric is neither complete nor compact, it factors and then
extends by the addition of two points to a non-standard (complete) metric on
the 2-sphere (Example 3.2.6).

In [2], the author and L. Danielo devised a procedure for constructing
solitons in dimension 3, by reducing the number of variables to two, so that
(3.2) becomes a system of equations on a Riemannian surface. It is important
to note that the method does not consist simply of supposing quantities depend
on two independent variables, rather, having solved the system of equations
on the surface one is then required to solve an exterior differential equation in
dimension 3 in order to obtain the 3-dimensional soliton metric. In particular,
the metric itself and the soliton flow may depend on all three coordinates. In
Section 3.3, we give an improved version of this ansatz and describe how
the soliton structure on Nil3 arises. Then in Section 3.4, we generalize the
construction to more general dimensions.

On Rn there are the well-known Gaussian solitons with flow E =
grad(−A

2 |x − a|2), where a ∈ Rn is some arbitrary point and A is an arbi-
trary constant. This shows that a soliton structure may not be unique. However,
it is not known whether there are other examples of Riemannian manifolds
which support more than one soliton structure. One way to test this for a given
manifold, is to solve the equation (3.2) directly. This requires sufficient sym-
metry of the metric in order that the system of equations is managable. In [2],
this was done for the 3-dimensional geometries and uniqueness was established
in all cases except R3, where one readily sees that the only examples are the
Gaussian solitons. In Section 3.5, we do this for the 4-dimensional geometry
Nil4, to obtain the soliton structure whose existence was demonstrated by J.
Lauret [12] by Lie group methods and is described more explicitly by J. Lott
[13]. We further show uniqueness of this structure and discuss its relation to
the one on Nil3: the geometry Nil4 naturally admits a harmonic Riemannian
fibration to Nil3, which allows us to relate their respective soliton structures.

The author thanks the Agence Nationale de Recherche project: Flots et
opérateurs géométriques no: ANR-07-BLAN-0251-01 for financial support
during the preparation of this paper.
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3.2 Solitons from a dynamical system

Let us consider a 3-dimensional metric g = gijdxidxj , which, in coordinates
(x1, x2, x3) is of diagonal form:

(gij ) =
⎛⎝ 1 0 0

0 a2 0
0 0 b2

⎞⎠ (3.4)

where the functions a, b both depend on x1 only. As we shall see, the vector
field E defining the soliton flow may also depend on the variable x3. Then the
components of the Ricci curvature are given by the formula:

Rjk = ∂l�ljk − ∂j�llk + �llm�mjk − �ljm�mlk ,
and we find that the Ricci curvature is also diagonal with components:

R11=−(u′+v′+u2+v2), R22=−a2(v′+uv+v2), R33=−b2(u′+u2+uv).

In order to obtain a dynamical system, we suppose that the soliton flow E in
(3.2) has the form:

E = X + fU (3.5)

where U = 1
b
∂3 and f is some function. We suppose further that X = gradβ,

where β = β(x1, x2). This is not the same as supposing that E is of gradient
type, but rather that it is of gradient type modulo a component in the direction
of the vector fieldU . The reason that we make this decomposition is that, by an
application of the Poincaré Lemma, it is possible to eliminate the function f
from (3.2), so reducing the number of unknown parameters by one. A further
useful consequence is to essentially fix a gauge for E, since in general, the
soliton flow is defined only up to addition of a Killing vector field. We find that
orbits of our dynamical system are independent of any freedom that remains in
the choice of E. The following theorem is proved in [1]

Theorem 3.2.1 Let A and k be constants and consider the 3-dimensional
autonomous dynamical system:⎧⎨⎩

u′ = uρ − k
v′ = vρ + A
ρ ′ = u2 + v2 − A .

(3.6)

Then each orbit t �→ (u(t), v(t), ρ(t)) determines a Ricci soliton metric of the
form g = (dx1)2 + a(t)2(dx2)2 + b(t)2(dx3)2 via the correspondence: t = x1,
u = b′/b, v = a′/a. The soliton is shrinking, steady or expanding, according



Explicit constructions of Ricci solitons 41

as A < 0,= 0,> 0, respectively. Up to addition of a Killing vector field, the
soliton flow is given by:

E = (ρ + u+ v)
∂

∂x1
− (k + A)x3 ∂

∂x3
; (3.7)

it is of gradient type if and only if either k + A = 0, or b′ = 0 (u = 0) .

A first observation is that the constant A in (3.6) can be normalized by
permitting a homothetic change of the metric g. More precisely, set s = ct (c
constant), so that

g = ds2

c2
+ a(t)2(dx2)2 + b(t)2(dx3)2

= 1

c2

(
ds2 + ã(s)2(dx2)2 + b̃(s)2(dx3)2)

where we have written ã(s) = ca(s/c), b̃(s) = cb(s/c). If we define ũ(s) =
b̃′(s)/b̃(s) = u(t)/c, ṽ(s) = ã′(s)/̃a(s) = v(t)/c. Then

ũ′(s) = 1

c2
u′(t) = 1

c2
(uρ − k) = ũρ̃ − k

c2

where we have defined ρ̃(s) = ρ(s/c)/c. Similarly for the other derivatives and
the dynamical system (3.6) now becomes:⎧⎨⎩

ũ′(s) = ũρ̃ − k
c2

ṽ′(s) = ṽρ̃ + A
c2

ρ̃ ′(s) = ũ2 + ṽ2 − A
c2

(3.8)

By choosing c appropriately, we can now normalise the constant A to be−2, 0
or 2.

We now show how a number of solitons metrics, some trivial, some non-
trivial, arise as orbits of (3.6).

Example 3.2.2 (The geometry Sol) For A > 0, the equilibrium points are
given by (

±k√A√
k2 + A2

,
∓A√A√
k2 + A2

,±
√
k2 + A2

√
A

)
.

This gives the metric ⎛⎜⎜⎝
1 0 0

0 e
2A
√

A

k2+A2 t 0

0 0 e
−2k

√
A

k2+A2 t

⎞⎟⎟⎠
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But after normalisation of the constant A, we may suppose that

A

√
A

k2 + A2
= 1.

Now write λ = k/A to give the form:⎛⎝ 1 0 0
0 e2t 0
0 0 e−2λt

⎞⎠
where λ is an arbitrary parameter. In the case when λ = 1 this gives the metric
for the geometry Sol, in particular, Sol is one of a 1-parameter family of soliton
metrics.

Example 3.2.3 (Constant curvature examples) The sphere S3 arises by setting
A = −2, k = 2, a = sin t and b = cos t . Then u = − tan t , v = cot t and the
corresponding orbit of (3.6) is given by setting ρ = 1

sin t cos t − 2 cot t .
In a similar fashion, hyperbolic 3-space occurs by setting A = 2, k = −2,

a = sinh t and b = cosh t . Then u = tanh t , v = coth t and the corresponding
orbit occurs by setting ρ = − 1

sinh t cosh t − 2 tanh t .
Note that in both cases, the orbits are not defined for all time. Also, in both

cases, with reference to Theorem 3.2.1, we have k + A = 0.

Example 3.2.4 (Product examples) Examples of the form � × R occur when
b ≡ 1. Then u ≡ 0 and we obtain the 2-dimensional dynamical system:{

v′ = vρ + A
ρ ′ = v2 − A .

But this is precisely the system that occurs in the construction of a 2-
dimensional Ricci soliton with metric of the form: h = (dx1)2 + a(x1)2(dx2)2.
For example, Hamilton’s 2-dimensional cigar is given by the metric: h =
(dx1)2 + tanh2 t(dx2)2. Then it is easily seen that the above equations are
satisfied with A = 0. This example is a complete steady gradient soliton; for
more details, see for example [6].

Example 3.2.5 (Warped product examples) We consider the special case when
a ≡ b, which can be considered as a warped product of the real line with
standard Euclidean 2-space. Now our system can be viewed as the sub-system
of the dynamical system (3.6) given by the orbits passing through the axis
u = v = 0 whenA+ k = 0. It is easily seen that the plane u = v is an invariant
subspace, so the orbits remain in this plane. This then leads to the 2-dimensional
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dynamical system: {
u′ = uρ + A
ρ ′ = 2u2 − A .

By eliminating ρ, we see that u is given as a solution to the second order ODE:

u′′u− (u′)2 + Au′ + Au2 − 2u4 = 0.

A particular solution when A = 0 is given by u = ± 1√
2
t−1, which yields

the metric g = dt2 + t±
√

2((dx2)2 + (dx3)2). This singular metric of negative
scalar curvature was also noticed in [2]. It corresponds to a steady gradient 3-
dimensional soliton. If we don’t insist on completeness, this example provides
an answer to Problem 1.88 of [5]; by the expressions for the components of the
Ricci curvature, we see that the Ricci tensor is positive whatever sign is taken
in the expression for u, as is required – cf. the discussion in [5].

Example 3.2.6 (Non-standard structure over S2) Let us make the orthogonal
substitution:

ξ = Au+ kv√
k2 + A2

, η = −ku+ Av√
k2 + A2

which puts (3.6) into the form:⎧⎨⎩
ξ ′ = ξρ
η′ = ηρ +√k2 + A2

ρ ′ = ξ 2 + η2 − A .
(3.9)

We study the orbit with initial condition (ξ (0), η(0), ρ(0)) = (0, 0, 0), so that
ξ (t) = 0 for all t , and we now have the reduced system:{

η′ = ηρ +√k2 + A2

ρ ′ = η2 − A . (3.10)

IfA > 0, the fixed points are given by

(
±
√
A,∓

√
k2 + A2

A

)
, otherwise there

are none unlessA = k = 0 in which case the whole axis η = 0 consists of fixed
points. We study the case A = 0, k �= 0; for the other cases, see [1].

The dynamical system (3.10) now takes the form{
η′ = ηρ + k
ρ ′ = η2 .

(3.11)

On replacing η with −η, it is no loss of generality to suppose that k > 0. We
consider the orbit with initial condition (η(0), ρ(0)) = (0, 0). Then there exists
a T > 0 such that η(t), ρ(t) →∞ as t → T −. In [1] it is shown that this orbit
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determines a steady soliton metric g of non-constant curvature on the surface
(0, 2T )× R. The soliton is of non-gradient type and its flow is given by the
vector field

E = (η − ρ)
∂

∂r
− kx3 ∂

∂x3
,

where r = T − t . In fact limr→0+ (η(r)− ρ(r)) = limr→2T −(η(r)− ρ(r)) = 0.
The metric g factors to a metric on the cylinder (0, 2T )× S1 and then by the
cylinder to ball rule, extends to a C2 metric on the sphere S2.

3.3 Reduction of the equations to a 2-dimensional system

In [2], an ansatz is given for constructing a soliton metric on a 3-manifoldM3

from data on a surfaceN2. The basis of this ansatz is the relation between objects
onN2 andM3 given that there exists a semi-conformal mapping ϕ : M3 → N2.
In this section we give an improved version of this ansatz which highlights
how the soliton equation onM3 corresponds to a “deformed” soliton equation
on N2.

A smooth map ϕ : (Mm, g) → (Nn, h) between manifolds M,N with
respective Riemannian metrics g, h is said to be semi-conformal if, for each
x ∈ M where dϕx �= 0, the restriction dϕx |Hx

: Hx → Tϕ(x)N is conformal and
surjective, where Hx = (ker dϕx)⊥. Thus there exists a number λ = λ(x) > 0
such that ϕ∗h(X, Y ) = λ(x)2g(X, Y ) for allX, Y ∈ Hx . Setting λ = 0 at points
x ∈ M where dϕx = 0, we obtain a continuous function λ : M → R (≥ 0)
called the dilation of ϕ; it has the property that λ2 = 1

n
||dϕ||2 is smooth,

where ||dϕ|| denotes the Hilbert-Schmidt norm of the derivative at each
point. The fundamental equation of a semi-conformal submersion relates
the tension field, the dilation and the mean curvature μ of fibres by the
formula [3]:

τ (ϕ) = −(n− 2)dϕ(grad ln λ)− (m− n)dϕ(μ).

If we now suppose that dimM = dimN + 1 with both M and N oriented (or
simply, the fibres of ϕ are oriented) and that ϕ is submersive, then it follows
that the metric g has the form

g = ϕ
∗h
λ2

+ θ2

for some 1-form θ onM , non-vanishing on ker dϕ.
Let ϕ : (M3, g) → (N2, h) be a semi-conformal submersion. Then there

are three quantities that come into play when setting up a correspondence
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as described in the opening paragraph: the dilation λ : M3 → R (> 0); the
mean-curvature of the fibres μ : M → TM; the integrability tensor of the hor-
izontal distribution I : TM × TM → TM given by I (X, Y ) = V[HX,HY ],
where H and V are orthogonal projection onto the horizontal and vertical
spaces, respectively. We impose further restrictions by supposing that μ is the
gradient of a function and that the above three quantities are basic: λ = λ ◦ ϕ,
μ = grad ρ with ρ = ρ ◦ ϕ, ψ := ||I ||2 =∑a,b ||I (ea, eb)||2 = ψ ◦ ϕ, where
{ea} is an orthonormal basis for TxM at each x ∈ M and where we place a
“bar” over corresponding quantities on N2.

The two most important objects to express on M3 are its metric g and its
Ricci curvature Ricci (g). Then, as above,

g = ϕ
∗h
λ2

+ θ2 ,

where θ = g(U, · ) with U a unit tangent to the fibres of ϕ. For the Ricci
curvature, we obtain [2]:

Ricci (g) = {
λ2KN +� ln λ+ μ(ln λ)

}
(g − θ2)− 1

4
||I ||2g + 1

2
Lμg

− (μ� + dV ln λ)2 − (dV ln λ)2 +�θ � θ, (3.12)

where KN is the Gauss curvature of N , �θ = (dd∗ + d∗d)θ is the Laplacian
on forms and � denotes the symmetrized tensor product.

We now consider the soliton flow, which, as in Section 3.2, we suppose has
a decomposition of the form:

E = X + fU,

where g(X,U ) = 0 and f is to be determined. In essence, one of the compo-
nents of the soliton equation becomes d(fρ) = . . . where the right hand-side
is independent of f , so that the existence of f becomes an application of the
Poincaré Lemma (see [2] for details). We then make the assumption that X is
a gradient with basic potential: X = grad ln ν, where ν = ν ◦ ϕ.

It is a straightforward calculation to show that � := dθ = −g(U, I )−
μ� ∧ θ and, under the assumption that μ is a gradient, the 2-form �̃ =
−g(U, I ) is always basic (cf. [2] Lemma 3.1). Specifically, �̃ = ϕ∗�, where

� = (
√

2ψ/λ
2
)μN and where μN is the volume form on N . Thus in order to

construct θ we are required to solve the exterior differential equation:

dθ + μ� ∧ θ = �̃ .

We are now ready to state an improved version of the ansatz given in [2].
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Theorem 3.3.1 Let (N2, h) be a Riemannian surface and let ρ, ν, ζ : N → R

satisfy the following system of equations:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(i) Ricci N +∇2 ln ν − (d ln ρ)2 + (A− ζ 2

)h = 0

(ii) � ln ρ − h(grad ln ρ, grad ln ν)+ ζ 2 + B = 0

(iii) � ln(ρ2νζ
−1

)+ |grad ln ρ|2 − |grad ln ζ |2
+h(grad ln ζ , grad ln ν)+ ζ 2 + A = 0

(3.13)

where A and B are constants and where equation (iii) is vacuous if ζ ≡ 0. Set
M = N × (−δ, δ) for some δ > 0, and let ϕ : M → N be the canonical pro-
jection. Let � = √2 ζμN, �̃ = ϕ∗�, ρ = ρ ◦ ϕ. Let θ be a 1-form satisfying

dθ + d ln ρ ∧ θ = �̃, (3.14)

which is non-vanishing on ker dϕ. Write g = ϕ∗h+ θ2. Then (M3, g) is a Ricci
soliton.

Proof : By [2], it is sufficient to prove the equivalence of the above system with
the following set of equations:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(i)′(a) KN + 1
2

(
�N ln(λ

2
ν)− |grad ln ρ|2

)
+ A−ψ

λ
2 = 0

(i)′(b) ∇2 ln ν + 2d ln λ� d ln ν − (d ln ρ)2 = αh (some α : N → R)

(ii)′ λ
2
{
�N ln ρ − h(grad ln ρ, grad ln ν)+ ψ+A

λ
2

}
= const.

(iii)′ �N ln(ρ2νψ
−1/2

)+ |grad ln ρ|2 − 1
4 |grad lnψ |2

+ 1
2h(grad lnψ, grad ln ν)+ ψ+A

λ
2 = 0 , (3.15)

where (iii)′ is vacuous whenever ψ ≡ 0. However, this system is conformally

invariant (see [2]), and so we can replace h by h̃ = λ−2
h and so, without loss

of generality, we can suppose that λ ≡ 1. Note that by doing this we break the

conformal invariance. We also replaceψ ≥ 0 by ζ determined by ζ
2 = ψ (now

there is no restriction on the sign of ζ ). We claim that (i) is equivalent to (i)′(a)
and (i)′(b).

Since Ricci N = KNh, then (i)⇒(i)′(b) with α = ζ 2 − A−KN . Now the
trace of (i) implies that

2KN + δ ln ν − |grad ln ρ|2 + 2A− 2ζ

which is equivalent to (i)′(a). Thus (i) implies (i)′(a) and (b). Conversly, given
(i)′(a) and (b), taking the trace of (i)′(b) gives

2α = � ln ν − |grad ln ρ|2 ,
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which by (i)′(a) equals −2KN − 2A+ 2ζ
2
, so that

∇2 ln ν − (d ln ρ)2 +KNh+ AH − ζ 2
h = 0,

which is precisely (i). �

Example 3.3.2 (Case of integrable horizontal distribution) If ζ ≡ 0, then the
horizontal distribution of ϕ is integrable and equation (3.13)(iii) becomes vac-
uous (cf. [2]). We then have the following coupled system to solve:{

(i) Ricci N +∇2 ln ν − (d ln ρ)2 + Ah = 0
(ii) � ln ρ − h(grad ln ρ, grad ln ν)+ B = 0 .

For example, the dynamical system of Theorem 3.2.1 can be seen to arise this
way.

Example 3.3.3 (Case of minimal fibres–the geometry Nil) The fibres of ϕ
are minimal if and only if ρ = const. In this case equation (ii) implies that

ζ
2 = −B is constant and (i) becomes:

Ricci N +∇2 ln ν + (A− B)h = 0 ,

which is the equation for a gradient soliton on the surface (N2, h). If ζ = 0,
then the horizontal distribution is integrable and we locally have a product
structureM3 = � × R, where � is a 2-dimensional gradient soliton.

If on the other hand ζ �= 0, then equation (iii) implies that

� ln ν + ζ 2 + A = 0 ,

which combined with the trace of (i) gives the identity:

2KN + A− 3ζ
2 = 0 ,

so that in particular the curvatureKN must be constant. If we takeN = R2 with
its canonical metric and coordinates (x, y) and set ζ = 1/

√
2, then, applying

the construction of Theorem 3.3.1, we obtain �̃ = dx ∧ dy. To find θ we are
required to solve

dθ = dx ∧ dy .

so that, up to a diffeomorphism, we can take θ = xdy + dz (recalling that θ
must not vanish on vertical vectors). This then gives the soliton metric:

g = dx2 + dy2 + (xdy + dz)2 ,

which is the metric of the geometry Nil. It is easy to calculate the soliton flow,
which is given by

E = −x ∂
∂x
− y ∂

∂y
− 2z

∂

∂z
.

This is not a gradient with respect to the metric g [2].
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3.4 Higher dimensional Ricci solitons via projection

In general dimensions, the problem of understanding the soliton equations
in terms of the parameters of a semi-conformal submersion ϕ : Mm→ Nn

become more difficult. This is because the fundamental tensors of a submersion
come into play when expressing the Ricci curvature onMm in terms of that on
Nn, see [3]. However, provided the fibres have dimension 1 and ϕ is harmonic,
i.e. a harmonic morphism, then we still obtain a manageable expression.

Proposition 3.4.1 Let ϕ : Mn+1 → Nn be a submersive harmonic morphism,
then

RicciM = ϕ∗Ricci N +� ln λgH − n(n− 2)

2
d ln λ2

+
(
n d(U (ln λ))+ d∗�+ n(n− 2)U (ln λ)d ln λ

)
� θ

−
(
n2

2
U (ln λ)2 + 1

4
||�||2

)
θ2 − 1

2
�(ei, · )�(ei, · ) ,

where {ei} is an orthonormal basis of the horizontal space (ker dϕ)⊥ and
gH = ϕ∗h/λ2 is the horizontal part of the metric.

Proof : As before, let U be a unit vector field tangent to the fibres of ϕ and let
θ = g(U, · ). If one rescales: V = λn−2U , θ̃ = λ−n+2θ , �̃ = dθ̃ , then in [3],
the Ricci curvature is computed on components as follows; here we suppose
that X, Y are orthogonal to U :

RicciM (U,U ) = −(n− 2)� ln λ+ 2(n− 2)U (U (ln λ))
− n(n− 1)||Vgrad ln λ||2 + 1

4λ
2n−4||�̃||2

RicciM (X,U ) = (n− 1)X(U (ln λ))
+ 1

2λ
n−2

{
d∗�̃(X)− 2(n− 2)�̃(grad ln λ,X)

}
RicciM (X, Y ) = Ricci N (dϕ(X), dϕ(Y ))+ 〈X, Y 〉� ln λ

− (n− 1)(n− 2)X(ln λ)Y (ln λ)− 1
2λ

2n−4〈iX�̃, iY �̃〉 ,
where iX denotes contraction with respect to the vector X. Now

� = λn−2�̃+ (n− 2)d ln λ ∧ θ ,
from which, after some calculation, we obtain

d∗� = λn−2d∗�̃− (n− 2)λn−2�̃(grad ln λ, · )
+ (n− 2)

{(
−� ln λ− nU (ln λ)2 + (n− 2)||Hgrad ln λ||2

)
θ

+ d(U (ln λ))
}
.
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On substituting this and evaluating on different combinations of horizontal and
vertical vectors, the formula of the proposition follows. �

We are now able to obtain the soliton equations in terms of the parameters
of a semi-conformal submersion as expressed by the following theorem.

Theorem 3.4.2 Let ϕ : Mn+1 → Nn be a submersive harmonic morphism.
ThenMn+1 admits a soliton structure with flowE = X + fU where g(X,U ) =
0 and with constant A if and only if:

0 = ϕ∗Ricci N +
(
� ln λ− fU (ln λ)

)
gH − n(n− 2)

2
d ln λ2

+ {nd(U (ln λ))+d∗�+n(n−2)U (ln λ)d ln λ+df − (n−2)f d ln λ
}� θ

+
{

(n− 2)fU (ln λ)− n
2

2
U (ln λ)2 − 1

4
||�||2

}
θ2

−1

2
�(ei, · )�(ei, · )+ 1

2
LXg + Ag ,

where {ei} is an orthonormal basis for (ker dϕ)⊥.

In order to obtain the above formula, it suffices to note that

LfUg=−2fU (ln λ)gH+2(df − (n−2)f d ln λ)� θ+2(n−2)fU (ln λ)θ2 ,

and to then apply the soliton equation (3.2).

Example 3.4.3 (The Bryant solitons) We considerMn+1 = Nn × J endowed
with a metric of warped propduct type: g = (h/λ2)+ dt2, where J is an open
interval in R with its coordinate t and where λ = λ(t). We take ϕ to be the
canonical projection ϕ : M → N . Then the fibres are geodesic and ϕ is both
semi-conformal and harmonic. Note also that the horizontal distribution is
integrable, so that � vanishes. We will suppose that the horizontal component
X of the soliton flow E vanishes and that N is Einstein, with Ricci N = ah, so
that ϕ∗Ricci N = aλ2gH. Then the equation of the above theorem is equivalent
to the pair of equations{

0 = aλ2 +� ln λ− fU (ln λ)+ A
0 = U (f )+ nU (U (ln λ))− nU (ln λ)2 + A .

Now suppose that t denotes a unit speed parameter along the fibres, so that
U = ∂/∂t and θ = dt , then a necessary consequence of the equations is that
f = f (t). There are product solutions given by λ =const. If, on the other hand,
we suppose that λ is non-constant and work on a neighbourhood where λ′ �= 0,
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then, on letting {ea} denote a local orthonormal frame, we obtain

� ln λ = Tr∇2 ln λ = d ln λ(∇ea ea)+ U (U (ln λ) = −n((ln λ)′)2 + (ln λ)′′ .

We thereby obtain the system:{
0 = λ2a + (ln λ)′′ − n((ln λ)′)2 − f (ln λ)′ + A
0 = f ′ + n(ln λ)′′ − n((ln λ)′)2 + A

One can eliminate f from these equations to obtain a 3rd order ODE in
λ, solutions of which correspond to soliton metrics (see [2] for the three-
dimensional case). The Bryant solitons arise by taking A = 0 and making the
substitutions: ρ = 1/λ, x = ρ ′, y = ρf + nρ ′, ds = dt/ρ, thus leading to a
system of the form: x ′(s) = F (x, y), y ′(s) = G(x, y) for appropriate F and
G. In particular, on taking N to be the n-sphere with its canonical metric, one
obtains a solution corresponding to a complete rotationally symmetric steady
soliton [4].

3.5 The 4-dimensional geometry Nil4

If a metric has sufficient symmetry, it may be possible to solve the soliton equa-
tions directly. This was done in [2] in order to show non-existence of any soliton
structure on the geometry S̃L2(R) and uniqueness on the other 3-dimensional
geometries. Here we perform the calculations for the 4-dimensional geometry
Nil4 and so produce an explicit coordinate expression for the soliton flow as
well as showing its uniqueness.

The geometry Nil4 can be identified with R4 endowed with the metric

g = dx1
2 + dx3

2 + (dx2 + x1dx3)2 +
(

dx4 + x1dx2 + x1
2

2
dx3

)2

.

This can be calculated from its characterisation as a left-invariant metric with
respect to the group structure of Nil4. There is a natural harmonic Rieman-
nian submersion (x1, x2, x3, x4) → (x1, x2, x3) onto (R3, h = dx1

2 + dx3
2 +

(dx2 + x1dx3)2) = Nil3.
The components of the inverse matrix (gij ) = (gij )−1 are given by⎛⎜⎜⎜⎜⎜⎝

1 0 0 0

0 1+ x1
2 −x1 −x1

(
1+ x1

2

2

)
0 −x1 1 x1

2

2

0 −x1

(
1+ x1

2

2

)
x1

2

2

(
1+ x1

2

2

)2

⎞⎟⎟⎟⎟⎟⎠
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from which we can compute the non-zero Christofell symbols:

�1
22 = −x1, �1

23 = − 1
2

(
1+ 3x1

2

2

)
, �1

24 = − 1
2 , �1

33 = −x1

(
1+ x1

2

2

)
,

�1
34 = − x1

2 , �2
13 = 1

2

(
1− x1

2

2

)
, �2

14 = 1
2 , �3

12 = 1
2 ,

�3
13 = x1

2 , �4
12 = 1

2

(
1− x1

2

2

)
, �4

14 = − x1
2 ,

Then we compute the Ricci curvature, which is given by:

Ricci = −dx1
2 − 1

2
dx3

2 + 1

2

(
x1dx2 + x1

2

2
dx3 + dx4

)2
.

We now introduce the soliton flow E = α∂1 + β∂2 + γ ∂3 + f ∂4, compute
LEg and substitute into the soliton equation (3.2). We omit the details of this
latter calculation. When we equate the different coefficients to zero, we obtain
the following set of equations to solve:

dx1
2 : −2+ 2∂1α + 2A = 0

dx1dx2 : 2∂2α + 2(1+ x1
2)∂1β + 2x1

(
1+ x1

2

2

)
∂1γ + 2x1∂1f = 0

dx1dx3 : 2∂3α + 2x1

(
1+ x1

2

2

)
∂1β + 2

(
1+ x1

2

2

)2
∂1γ + x1

2∂1f = 0

dx1dx4 : 2∂4α + 2x1∂1β + x1
2∂1γ + 2∂1f = 0

dx2
2 : x1

2 + 2x1α + 2(1+ x1
2)∂2β + 2x1

(
1+ x1

2

2

)
∂2γ

+ 2x1∂2f + 2(1+ x1
2)A = 0

dx2dx3 : x3
1 + (2+ 3x1

2)α + 2(1+ x1
2)∂3β + 2x1

(
1+ x1

2

2

)
∂3γ + 2x1∂3f

+ 2x1

(
1+ x1

2

2

)
∂2β+2

(
1+ x1

2

2

)2
∂2γ+x1

2∂2f+2A(2x1+x1
3)=0

dx2dx4 : 2x1 + 2α + 2(1+ x1
2)∂4β + 2x1

(
1+ x1

2

2

)
∂4γ + 2x1∂4f

+ 2x1∂2β + x1
2∂2γ + 2∂2f + 4x1A = 0

dx3
2 : −1+ x1

4

4 + 2x1

(
1+ x1

2

2

)
α + 2x1

(
1+ x1

2

2

)
∂3β

+ 2
(

1+ x1
2

2

)2
∂3γ + x1

2∂3f + 2A
(

1+ x1
2

2

)2
= 0

dx3dx4 : x1
2 + 2x1α + 2x1

(
1+ x1

2

2

)
∂4β + 2

(
1+ x1

2

2

)
∂4γ + x1

2∂4f

+ 2x1∂3β + x1
2∂3γ + 2∂3f + 2Ax1

2 = 0

dx4
2 : 1+ 2x1∂4β + x1

2∂4γ + 2∂4f + 2A = 0 .
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We now make the substitution:⎛⎝ uv
w

⎞⎠ =
⎛⎜⎝2x1

(
1+ x1

2

2

)
2
(

1+ x1
2

2

)2
x1

2

2x1 x1
2 2

1 x1 0

⎞⎟⎠
⎛⎝ βγ
f

⎞⎠⇒
⎛⎝ βγ
f

⎞⎠ = 1

4

⎛⎜⎝−2x1 x1
3 4+ 4x1

2

2 −x1
2 −4x1

x1
2 2− x1

4

2 −4x1 − 2x1
3

⎞⎟⎠
⎛⎝ uv
w

⎞⎠
This leads to the revised set of equations:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(i) ∂1α − 1+ A = 0
(ii) 2∂2α + x1∂1v + 2∂1w − u+ 1

2x1
2v = 0

(iii) 2∂3α + ∂1u− x1u− x1

(
1− x1

2

2

)
v − (2− x1

2)w = 0

(iv) 2∂4α + ∂1v − 2w = 0
(v) x1∂2v + 2∂2w + 2x1α + x1

2 + 2(1+ x1
2)A = 0

(vi) x1∂3v + 2∂3w + ∂2u+ x1
3 + (2+ 3x1

2)α + 2x1(2+ x1
2)A = 0

(vii) x1∂4v + ∂2v + 2∂4w + 2α + 2x1 + 4Ax1 = 0

(viii) ∂3u+ x1(2+ x1
2)α − 1+ x1

4

4 + 2
(

1+ x1
2

2

)2
A = 0

(ix) ∂4u+ ∂3v + 2x1α + x1
2 + 2Ax1

2 = 0
(x) ∂4v + 1+ 2A = 0

Then (i), (ii), (iv) and (x) give

α = (1− A)x1 + p
v = −(1+ 2A)x4 + q
w = ∂4α + 1

2
∂1v = ∂4p + 1

2
∂1q

u = 2∂2α + x1∂1v + 2∂1w + 1

2
x1

2v

= 2∂2p + x1∂1q + ∂11q − 1

2
x1

2x4(1+ 2A)+ x1
2

2
q ,

where p = p(x2, x3, x4) and q = q(x1, x2, x3). The remaining equations now
impose the following conditions on p and q:

(a) ∂111q − 2x1∂2p + 2∂3p − (2− x1
2)∂4p = 0

(b) 2∂24p + ∂12q + x1∂2q + 2x1p + 3x1
2 + 2A = 0

(c) ∂112q + x1∂12q + ∂13q + 2∂22p + 2∂34p + x1
2

2 ∂2q

+x1∂3q + (2+ 3x1
2)p + 2x1 + 4x1

3 + (2x1 − x1
3)A = 0

(d) 2∂44p + ∂2q + 2p + 3x1 = 0

(e) ∂113q + 2∂23p + x1∂13q + x1
2

2 ∂3q + x1(2+ x1
2)p − 1

+2x1
2 + 5x1

2

4 +
(

2− x1
4

2

)
A = 0

(f) 2∂24p + ∂3q + 2x1p + 5
2x1

2 − x1
2A = 0 .
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We obtain the following consequences:

(f) : ∂3q + 2x1p + 5
2x1

2 − x1
2A = −2∂24p

∂1(d) : ∂12q + 3 = 0 (⇒ ∂112q = 0)
∂1(b) : ∂112q + x1∂12q + ∂2q + 2p + 6x1 = 0 ⇒ ∂2q + 2p + 3x1 = 0
(d) : ∂44p = 0 ⇒ p = x4s + t ,

where s = s(x2, x3) and t = t(x2, x3). Then

(b) : 2∂2s = 3− 2A⇒ s =
(

3− 2A

2

)
x3 + ξ ,

where ξ = ξ (x3). Also

∂24p = ∂2s = 3− 2A

2
⇒ ∂3q = 2A− 3− 2x1p − 5

2
x1

2 + x1
2A

⇒ ∂13q = −2p − 5x1 + 2x1A→ ∂113q = −5+ 2A .

Then (e) is equivalent to

2∂23t − 6− 9x1
2

2
+ 4A+ 3x1

2A = 0 .

Taking ∂1 of this then yields A = 3/2 so that s = ξ (x3) and ∂23t = 0. We
therefore have

∂2t = σ (x2), p = x4ξ (x3)+ t(x2, x3) .

for a function σ = σ (x2). Equation (c) now shows that σ ′ = −ξ ′ = a constant,
so that

σ = ax2 + b, ξ = −ax3 + c, ∂2t = ax2 + b⇒ t = ax2
2

2
+ bx2 + e(x3) ,

for constants a, b, c and for some function e = e(x3). We now have

p = x4(−ax3 + c)+ ax2
2

2
+ bx2 + e(x3)

∂3q = 2A− 3− 2x1p − 5

2
x1

2 + x1
2A

∂2q = −2p − 3x1 .

Then ∂23q = ∂32q ⇒ x1∂2p = ∂3p⇔ x1(ax2 + b) = −ax4 + e′(x3) ⇔ a =
b = 0 and e′ = const. Thus

p = cx4 + e and ∂2q = −2p − 3x1 = −2cx4 − 2e − 3x1 .

But since q is independent of x4, we must have c = 0 so that p = e. Also

∂2q = −3x1 − 2e⇒ q = −3x1x2 − 2ex2 + ρ(x1, x3) ,
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for some function ρ = ρ(x1, x3), so that

∂3q = ∂3ρ = −2ex1 − x1
2 ⇒ ρ = −2ex1x3 − x1

2x3 + r(x1) ,

for some function r = r(x1). But now

(a) : ∂111q = 0 ⇒ r ′′′ = 0 ⇒ r = ax1
2

2
+ bx1 + c ,

for some (new) constants a, b, c. We conclude that

p = e
q = −3x1x2 − x1

2x3 − 2ex2 − 2ex1x3 + ax1
2

2 + bx1 + c
α = − x1

2 + e
v = −4x4 − 3x1x2 − x1

2x3 − 2ex2 − 2ex1x3 + ax[
2

2 + bx1 + c
w = 1

2 (−3x2 − 2x1x3 − 2ex3 + ax1 + b)
u = x1(−3x2 − 2x1x3 − 2ex3 + ax1 + b)− 2x3 + a − 2x1

2x4

+ x1
2

2 (−3x1x2 − x1
2x3 − 2ex2 − 2ex1x3 + ax[

2

2 + bx1 + c) ,

for constants a, b, c, e, which gives

β = −3x2

2
+ a x1

2
− 2ex3 + b

γ = −x3 + a
2

f = −2x4 − ex2 .

It is easily seen that the arbitrary constants correspond to the addition of a
Killing vector field to E, so we can summarize the above calculations in the
following theorem.

Theorem 3.5.1 The geometry Nil4 admits a unique soliton structure, with flow
defined up to addition of a Killing vector field, given by

E = −x1

2
∂1 − 3x2

2
∂2 − x3∂3 − 2x4∂4 .

This result is confirmed by Theorem 3.4.2, where we take ϕ : Nil4 → Nil3
to be the natural projection and exploit the soliton structure on Nil3 given
by Example 3.3.3; indeed, we apply Theorem 3.4.2 with λ ≡ 1, θ = dx4 +
x1dx2 + x1

2

2 dx3 and X = − x1
2 ∂1 − 3x2

2 ∂2 − x3∂3. However, 3.4.2 does not
establish uniqueness.
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Open Iwasawa cells and applications
to surface theory

josef f. dorfmeister

4.1 Introduction

In recent years, many surfaces of a special type, like surfaces of constant mean
curvature (CMC) in R3, Willmore surfaces in Sn or spacelike mean curvature
surfaces in Minkowski space L3, have been constructed using loop groups.
The procedure in all these cases is fairly similar: one considers a ‘Gauss type
map’ from a Riemann surface M to some real symmetric space G/K , like
the classical Gauss map or a conformal Gauss map, and characterizes a class
of surfaces by the harmonicity (or the conformal harmonicity) of this Gauss
map. Lifting the Gauss map to a map F from the universal cover M̃ into G
we obtain a ‘moving frame’. It has been shown in [7] how all such frames
can be constructed from holomorphic data: considering the moving frame for
each member of the associated family one obtains an ‘extended frame’ Fλ and
one can show that it suffices to construct all such extended frames, since, as an
added feature, for all these special surface classes there exists a simple formula,
‘Sym type formula’, which reconstructs the given immersion from its extended
frame.

The heart of the loop group method for the construction of surfaces thus
is a procedure that produces all extended frames of all surfaces of the special
classes to which this method applies. This procedure involves loop group
decompositions. For simplicity, let’s consider conformal immersions like CMC
and spacelike CMC from some simply connected domain D ⊂ C into R3 and
L3 respectively. Then the extended frame F has, for all z ∈ D \ S, S a discrete
subset of D, a ‘Birkhoff decomposition’ F = F−L+. (Here F− only contains
non-positive powers of λ and starts with I and L+ only contains non-negative
powers of λ in a Fourier expansion.) The matrix function F− maps into GC

and is meromorphic with poles at the points of S. The Maurer-Cartan form
η = F−1

− dF− ofF− is a meromorphic (1, 0)− form and is called the ‘normalized

56
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potential’ for the given immersion. It is of the form η = λ−1η−1(z)dz and has
values in pC, where g = k + p is the Cartan decomposition of the symmetric
space G/K . As a consequence, if one wants to construct an extended frame
for a surface in one of the classes under consideration, one will start with
some normalized potential η = λ−1η−1(z)dz, a meromorphic (1, 0)−form with
values in pC, which has a meromorphic solution to the ODE dF− = F−η. In
the next step one decomposes F− in the form F− = FW+, with F ∈ G. IfG is
maximal compact in the complex Lie groupGC, then this decomposition always
exists and is called ‘Iwasawa decomposition’. But in many cases relevant to
surface theoryG is non-compact. In the finite dimensional case such a situation
has been investigated by Aomoto, Matsuki and Rossman [1], [13], [15]. In the
(infinite dimensional) loop group case similar results have been obtained by
Kellersch [10], [11]. It turns out that a decomposition of the form F− = FW+
only exists away from a singular set S. This singular set may consist of points,
but may also contain curves. The matrix function F is, where defined, the
extended frame of a harmonic map associated with surfaces of our class. Then
a ‘Sym formula’ produces the actual surface. More precisely, the Sym formula
produces a map, called here ‘weak immersion’, which is an immersion of the
desired surface type, wherever its differential has rank two.

In the construction outlined above, three types of singularities occur: firstly,
poles in the normalized potential. Secondly, singularities due to the non-global
Iwasawa splitting and, thirdly, branch points or branching curves, where the
differential of the mapping defined by the Sym formula drops rank.

The first kind of singularities can be taken care of by considering a slightly
different construction, producing holomorphic potentials (with a less trivial
Fourier expansion). The last kind of singularities is sometimes unavoidable
and will not be discussed in this note.

Singularities of the second kind, stemming from the non-globality of the
Iwasawa splitting for non-compact G, have been investigated by a few authors
only so far and for G = Sl(2,R) only, to the best of our knowledge. It turns
out [2] that the coefficients of the frame F have strong singularities along the
singular set S, while the actual weak immersion may be smooth across S with
a differential of rank lower than two.

To understand this behaviour better, we consider general symmetric spaces
G/K and the corresponding Iwasawa decompositions LGC

σ =
⋃
δ∈� LGσ · δ ·

L+GC
σ , where � is a set of representatives for the obvious action of LGσ ×

L+GC
σ on LGC

σ . These cosets will be called ‘Iwasawa cells’. Similar to what
was found in the Sl(2,R) case one also finds, for general realG, that in general
several open Iwasawa cells exist. Clearly, considering F− as above, we obtain
a well-behaved extended frame of some harmonic map as long as F− stays in
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an open Iwasawa cell. We are therefore interested in a description of the open
Iwasawa cells and their boundary.

As main result of this paper we prove a first step in this direction:

Theorem 4.1.1 (1) The union of all open Iwasawa cells is dense in LGC
σ .

(2) There exists a line bundle L∗ over LGC
σ and a real analytic section α∗

of L∗ such that some g ∈ LGC
σ is in an open Iwasawa cell only if α∗(g) �= 0.

In applications to surface theory we will find real analytic, complex valued
functions (not only sections of some bundle) such that these functions do not
vanish if F−(z, λ) is in an open Iwasawa cell.

4.2 Basic notation and the Birkhoff decomposition

LetG be a real form of the simply connected, complex, semi-simple, matrix Lie
group GC. Then we consider the group LGC of loops in GC, i.e. the set of all
maps from the unit circle S1 into GC , where we assume that each matrix entry
has a Fourier expansion for which the sum of absolute values of its coefficients,
multiplied with a weight, converges (weighted Wiener topology). For more
details we refer to [4].

Let τ denote the anti-holomorphic involution of GC with G = Fix(τ ).
In this paper we consider exclusively inner symmetric spacesG/K . We can

assume that there exists a holomorphic involution σ such that K = Fix(σ )
and that σ and τ commute. For a description of harmonic maps into symmetric
spaces it is advantageous to use ‘twisted loop groups’.

The following groups will be used throughout this paper.

1 LGC
σ = {g ∈ LGC; σ (g(λ)) = g(−λ)},

2 L+GC
σ = {g ∈ LGC

σ ; g has a holomorphic extension to the open unit disk},
3 L+∗G

C
σ = {g ∈ LGC

σ ; g has a holomorphic extension to the open unit disk
and g(0) = I },

4 L−GC
σ = {g ∈ LGC

σ ; g has a holomorphic extension to the upper
hemisphere},

5 L−∗G
C
σ = {g ∈ LGC

σ ; g has a holomorphic extension to the upper hemisphere
and g(∞) = I },

6 LGσ = {g ∈ LGC; g(λ) ∈ G for all λ ∈ S1}.

Note, we identify the unit disk with the lower hemisphere of the Riemann
sphere S2. And holomorphicity in the upper hemisphere means that after chang-
ing λ→ λ−1 one has a holomorphic quantity on the open unit disk.
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Using this notation we can state the first important decomposition theorem
(see e.g. [14],[3]).

Theorem 4.2.1 (Birkhoff decomposition Theorem)

LGC

σ =
⋃
ω∈�

L−GC

σ · ω · L+GC

σ (4.1)

In particular, every g ∈ LGC
σ can be written in the form

g = g−ωg+ (4.2)

for some g∗ ∈ L∗GC
σ and ω ∈ �. The set � for the disjoint union above is

closely related to the Weyl group of LGC
σ (see e.g. [14]).

Moreover, the group multiplication L−GC
σ × L+GC

σ → LGC
σ is an analytic

diffeomorphism onto an open dense subset of LGC
σ .

Remark 4.2.2 (1) The Birkhoff decomposition for g in the ‘big (left Birkhoff)
cell’
L−GC

σ · L+GC
σ can be made unique if one requires g− ∈ L−∗GC

σ or g+ ∈
L+∗G

C
σ .

(2) For the other cells one can also formulate a condition that makes the
representation unique [9],[14].

4.3 Iwasawa decomposition

Let GC, τ and G be as before. Then we consider the group action

(LGσ × L+GC

σ )× LGC

σ → LGC

σ , where (g, v+).h = ghv+−1 (4.3)

Let � denote a set of representatives for the orbits (= double cosets) of
this group action. Then we obtain a general form (i.e. without any precise
description of �) of the “Iwasawa decomposition”.

Theorem 4.3.1 (Iwasawa Decomposition)

LGC

σ =
⋃
δ∈�
LGσ · δ · L+GC

σ (4.4)

In particular, every g ∈ LGC
σ can be written in the form

g = hδg+ (4.5)

for some h ∈ LGσ , g+ ∈ L+GC
σ and δ ∈ �.
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Remark 4.3.2 (1) The finite dimensional case of an Iwasawa decomposition
for any real form G of some complex semisimple Lie group GC has been
investigated by Aomoto [1]. More general situations have been considered by
Matsuki [13] and Rossman [15]

(2) The case of untwisted loop groups has been investigated by Kellersch
[10], [11].

4.4 Iwasawa decomposition via Birkhoff decomposition

Assume that G is maximal compact in GC, then the Iwasawa Decomposition
in LGC is global, i.e. for every g ∈ LGC there exist h ∈ LG and v+ ∈ L+GC

such that g = hv+. This is equivalent to that for every g ∈ LGC there exists
some v+ ∈ L+GC

σ such that τ (g)−1g = τ (v+)−1v+ holds. In particular, for
every g ∈ LGC the matrix τ (g)−1g is in the big Birkhoff cell.

What we just explained works equally well in the case of twisted loop
groups.

The trick to consider a Birkhoff decomposition of τ (g)−1g also works (to
some extent–see below) in the case of arbitrary real forms G of GC. However,
in the general case it is not possible to prove that τ (g)−1g is in the big Birkhoff
cell for every g ∈ LGC

σ . And even if τ (g)−1g is in the big Birkhoff cell, it does
not follow that τ (g)−1g = τ (v+)−1v+ holds for some v+ ∈ L+GC

σ .
Below we will discuss this situation for twisted loop groups. The case of

an untwisted loop group is very similar. Since it has been investigated in much
detail by Kellersch [10],[11] we will not address it in this note.

Starting from the expression τ (g)−1g one tries to simplify it by trans-
formations of the type τ (g)−1g→ τ (v+)(τ (g)−1g)v+−1 as much as possi-
ble (we will explain below how we interpret this statement). Once one has
obtained this way an expression, say β, that cannot be simplified any more, one
writes β = τ (δ)−1δ (what can be done by construction) and altogether obtains
gv+−1δ−1 = τ (gv+−1δ−1). Calling this expression h one obtains the Iwasawa
decomposition g = hδv+ of g.

In view of the equality τ (v+) · (τ (g)−1g) · v+−1 = β we consider decompo-
sitions of the form τ (g)−1g = τ (v+)−1 · β · v+. This reminds one of a Birkhoff
decomposition. However, since we require here that the element in L−GC

σ is
related to the element in L+GC

σ , it is, a priori, not clear, that β can be chosen
as a representative of a Weyl group element.

Theorem 4.4.1 ([10],[11], Theorem 3.64) LetGC be a simply-connected, semi-
simple, complex matrix Lie group and τ an anti-holomorphic involution with
fixed point group G. Assume that G/K is an inner symmetric space, where
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K = Fix(σ ) for some inner involution σ of G. Let U be a maximal compact
subgroup ofGC which is invariant under σ and τ and T a maximal torus in U
which is fixed pointwise by σ . Let N denote the group of Laurent polynomials
in LGC

σ which normalize T .
Then for every g ∈ LGC

σ there exists some v+ ∈ L+GC
σ and some n ∈ N

such that

τ (g)−1g = τ (v+)−1 · n · v+. (4.6)

In particular, we have n ∈ LGC
σ .

In [10],[11] and in the untwisted case the corresponding result is Proposition
3.36 and the choice of n is specified much further. In the twisted case no similar
detailed description of the ‘middle term’ � has been given yet in a general
setting. However, we will make a first step towards a detailed description of the
open Iwasawa cells.

For this we note that Lemma 4.37, Proposition 4.38 and Proposition 4.39 of
[10],[11] still hold in the twisted case.

Theorem 4.4.2 With the notation of the last theorem we can assume w.l.g.
that n has the form n = qt , where q is in the normalizer of T in U and t is a
homomorphism from S1 into T . In particular, n is a representative of a Weyl
group element of the twisted loop group LGC

σ .

Proof Consider the automorphism σ̂ of LGC given by σ̂ (g)(λ) = σ (g(−λ)).
Clearly, LGC

σ = Fix(σ̂ ). Kellersch’s result above, Theorem 4.1, simply states
that the stated decompositions are valid with all occurring matrices fixed by σ̂ .

It thus suffices to verify that the three results quoted above and proven in
[10],[11] for the untwisted case still hold with all occurring matrices fixed under
σ̂ . For the generalization of loc.cit Lemma 4.37 one observes that n = σ̂ (n) =
σ̂ (q) · σ̂ (exp(H−)) · σ̂ (t) and that σ̂ maps q, exp(H−) and t onto matrices with
the same properties as stated in loc.cit. Therefore, by the uniqueness result for
the representation (in the untwisted case), we obtain that q, exp(H−) and t
are fixed under σ̂ . The equations of loc.cit. Proposition 4.38 are valid anyway
for q, exp(H−) and t . And the same statement holds for the proof of loc.cit
Proposition 4.39. �

Corollary 4.4.3 An element g ∈ LGC
σ is in the open Iwasawa cell LGσ ·

L+GC
σ if and only if t(λ) ≡ I and q = τ (b)−1b for some b ∈ KC.

Proof Note that g = hv+ is equivalent with τ (g)−1g = τ (v+)−1v+. The real-
ization τ (g)−1g = τ (v+)−1 · qt · v+ shows that g is as required only if τ (g)−1g

is in the big Birkhoff cell. This happens only if qt(λ) ∈ KC. Since this matrix
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is in particular independent of λwe obtain t(λ) ≡ I and q ∈ KC ∩ U . Now the
claim follows. �

4.5 A function defining the open Iwasawa cells

The main goal of this section is to prove that there exists a real analytic section
of some line bundle L∗ overLGC

σ which contains the union of all open Iwasawa
cells in its non-vanishing set. In geometric applications we usually use loop
matrices which are real analytic on S1. But in our general setting we have only
considered loop matrices in some Banach algebra defined by some weighted
Wiener norm. In particular, until now the Wiener norm, given by the sum of all
absolute values of all Fourier coefficients, worked for us.

For the result below, however, we need a weighted Wiener norm, where the
weight is of the form w(r) = (1+ |nr)m with 0 < m, n.

Theorem 4.5.1 There exists a real analytic line bundle L∗ over LGC
σ and a

real analytic section α∗ of this bundle such that some g ∈ LGC
σ is in an open

Iwasawa cell only if α∗(g) �= 0.

Proof In this proof we use substantially ideas and results from [16]. First we
consider the Grassmannian Gr (n) and the group Aut(Gr (n))) of holomorphic
automorphisms of Gr (n), where n is given by the realization GC ⊂ Gl(n,C).
Let p : LGC → Aut(Gr (n))) denote the map associating with a loop matrix
A(λ) =∑

Z
Ajλ

j the infinite matrix which has in the j−th parallel to the
diagonal the string of matrices which are all equal to Aj . Note that this is a
linear mapping. Moreover, using a weighted Wiener norm on the loop groups
and an appropriate norm onGr (n) and onAut(Gr (n))), this linear map induces a
holomorphic map ([4], section 3) fromLGC

σ toAut(Gr (n))). As a consequence,
the map A(λ) → p(τ (A)−1A)) is real analytic. Applying the image of this
map to the base point H+ of Gr (n) we obtain a real analytic map f (A) =
p(τ (A)−1A)).H+ from LGC

σ to Gr (n), since the automorphism group of Gr (n)

acts holomorphically. Next we use the holomorphic section α of the Det∗

bundle over Gr (n) introduced in [16]. Pulling back the Det∗ bundle along f
we obtain the real analytic bundle L∗ = f ∗Det∗ over LGC

σ and a real analytic
section α∗ of this pull back bundle. We know (see e.g. [7]) that α∗ has a non-zero
value exactly at all A(λ) for which τ (A)−1A is in the big Birkhoff cell.

Now assume that g is in an open Iwasawa cell LGσ · δ · L+GC
σ . Then

not only for the given g, but for all b in this open cell, we obtain τ (b)−1b =
τ (u+)−1 · ω · u+ for some u+ ∈ L+GC

σ and ω = τ (δ)−1δ. Assume one such
element is not in the big Birkhoff cell. Then we can assume ω = qt with
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non-trivial homomorphism t from S1 to T . Therefore all these elements are
not in the big Birkhoff cell and therefore α∗ vanishes for each such b. But then
the real analytic section α∗ vanishes on an open subset of LGC

σ . Since σ is
inner, the twisted loop group LGC

σ is isomorphic with the untwisted loop group
LGC. And since we have assumed that GC is simply-connected, the untwisted
loop group is connected. As a consequence, α∗ vanishes on the full group. This
is a contradiction, since α∗ does not vanish at I ∈ LGC

σ . Therefore t ≡ I and
ω = q ∈ KC ∩ U follows. �

Proposition 4.5.2 With the notation of the preceding Theorem, assume
α∗(g) �= 0. Then τ (δ)−1δ = q ∈ KC ∩ U . Moreover, if in addition LgC

σ =
Lgσ + δ−1L+gC

σ δ, then δ defines an open Iwasawa cell.

Proof Consider the infinitesimal stabilizer of the action of LGσ × L+GC
σ on

δ. We obtain the equation hδ − δw+ = 0. This implies h = δ−1w+δ, and, since
both sides are fixed by τ , a simple calculation shows that this equation is
equivalent with τ (w+) = q−1w+q. As a consequence, w+ does not contain
any λ and thus w+ = w0 ∈ KC. But then w0 = x + iy with x, y ∈ Lie(K)
and τ (w0) = q−1w0q is equivalent with q−1xq = x and q−1yq = −y. Since
Ad(q) only has the eigenvalues ±1, it follows that the stabilizer of the group
action on δ has the dimension of K . This is clearly also the dimension of the
action of the same group on I . For the latter case it is easy to see that the orbit
is open in LGC

σ .
In view of our assumption we can conclude from the equality of the dimen-

sions of the stabilizers that also the orbit through δ is open in LGC
σ . �

The proofs just given show moreover:

Corollary 4.5.3 (1) An Iwasawa cell LGσ · δ · L+GC
σ is open in LGC

σ only if
the element τ (δ)−1δ is in the big Birkhoff cell. Under the additional assumption
in the last proposition, the converse also holds.

(2) If q is as above, then {τ (w)−1 · q · w;w ∈ KC} always has dimension
dimK .

Even if the union of all open Iwasawa cells is not equal to the non-vanishing
set of the real analytic section discussed above, we still obtain

Proposition 4.5.4 The union of all open Iwasawa cells is dense in LGC
σ .

Proof If the union of all open Iwasawa cells is not dense, then there exists an
open set inGC

−σ of the complement of this union such that the section α∗ does
not vanish anywhere on this open set. To each such point there corresponds
some q as in Proposition 4.2.
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We note that every such q can be written in the form q = aρ, where a ∈ T
and ρ is a once and for all fixed representative of the Weyl group ofKC relative
to T . Thus freedom can only come from the fact that some q = aρ, but also
some q̂ = âρ occurs. If the claim of the proposition is wrong, then there exists
some q to which uncountably many q̂ ′s belong. But then one of the a’s would
be a cluster point. Now (2) in the corollary above shows that this is not possible
for q ′s representing different Iwasawa cells. �

Remark 4.5.5 (1) In the finite dimensional case, Aomoto [1] has given a very
satisfactory description of all occurring cells. A fairly complete description of
all Iwasawa cells has been given in the untwisted case by Kellersch [10],[11].
For the twisted case much remains to be done.

4.6 Applications to surface theory

For the general procedure we refer to the introduction. We will list a few
concrete examples.

Example 1: We consider space like surfaces in Minkowski space L3 with
inner product 〈x, y〉 = −x0y0 + x1y1 + x2y2. For each such immersion one
also considers a ‘Gauss map’, the future pointing unit normal vector. One
can show that the spacelike immersion has constant mean curvature (CMC) if
and only if the Gauss map is harmonic. If the immersion is defined on some
simply connected domain D, we thus need to construct all harmonic maps
from D to H2 = {v ∈ L; 〈v, v〉 = −1, v0 > 0}. Since H2 ∼= SU (1, 1)/K , where
K ∼= U (1), is realized by the diagonal matrices in SU (1, 1), is a symmetric
space, the loop group method is applicable.

The complex Lie group thus isGC = Sl(2, C) with real formG = SU (1, 1)
and stabilizer groupK for the symmetric space under consideration. The com-
plex anti-linear involution τ is given by τ (g) = σ3(ḡt )−1σ3, where σ3 denotes
the diagonal matrix with entries 1 and −1. The involution σ , defining the
symmetric space, is given by conjugation by σ3.

As outlined already in the introduction, each spacelike CMC immersion can
be constructed from some “potential” η. In our case, η can be chosen of the form
η = λ−1η−1, where η−1 is off-diagonal and meromorphic and we can assume
that the solution to the ODE dC = Cη is also meromorphic. For convenience
we choose a base point z∗ and assume C(z∗, λ) = I . Moreover, to make the
presentation somewhat smoother we assume that C is holomorphic in D.

Until now the setting does not only apply to spacelike CMC surfaces, but also
to CMC surfaces in R3 and timelike constant negative Gauss curvature surfaces
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in L3. The distinction happens, when one applies the Iwasawa decomposition
to C.

In the case of CMC surfaces in R3 the Iwasawa decomposition is global and
thus does not introduce any new singularity. But in the case under consideration,
the Iwasawa splitting is not global. As a matter of fact, fitting to the result in the
last section we have two open Iwasawa cells, defined by q = I and q = −I .

(The corresponding δ is δ = I in the first case and in the second case the
off-diagonal matrix with (1, 2) – entry λ and (2, 1) – entry −λ−1, see e.g. [2].)

Clearly, we expect problems, where C crosses from one open cell to the
other one. We obtain in this example that the boundary between these two
cells is given by the vanishing set of the section α∗. One can describe this here
in more detail: We consider the map D → LSl(2, C)σ , z→ C(z, λ) and pull
back the bundle L∗. Since D is contractible, this pull back bundle is trivial and
the section α∗ corresponds to a real analytic function F : D → C. Hence the
points in D, where the matrix function C(z, λ) touches the boundary between
the open Iwasawa cells, are exactly the points where the function F vanishes.

Let’s start now with C at z∗. Then C = C(z, λ) starts at I . As long as z
varies such that C(z, λ) stays inside the same open Iwasawa cell as I we can
decompose C = FV+ with F ∈ LSU (1, 1)σ and V+ ∈ L+Sl(2, C)σ .

In [2], the behaviour of F has been investigated, when z approaches the
set F ≡ 0. It was shown there that the coefficients of F behave singularly.
However, at least in some cases, the actual immersion, obtained from F by a
Sym type formula does not necessarily behave very singularly: in some cases
it stays real analytic when crossing certain parts of the set F ≡ 0, but its
differential drops rank, so that it is no longer an immersion outside of the open
Iwasawa cells.

Remark 4.6.1 In the case of quantum cohomology of CP 1, naturally a har-
monic map of a spacelike CMC surface in L3 occurs. The main interest in this
context is to choose this surface such that its frame never leaves the open cell
it starts in.

More generally, such a requirement is imposed in t t∗−geometry [5].

Example 2: In this example we consider Willmore surfaces in Sn. To keep
the presentation short we will be quite sketchy here. Let’s start with some con-
formal immersion y : D → Sn. Then one constructs canonically some “confor-
mal Gauss map” f : D → Gr1,3(Ln+2), the Grassmannian of four-dimensional
subspaces of Ln+2 with induced Minkowski metric (thus of signature (1, 3).

It is well known that the conformal Gauss map is conformally harmonic if
and only if the original conformal immersion y is a Willmore surface. Thus we
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need to consider conformally harmonic maps from D into the symmetric space
Gr1,3(Ln+2) ∼= SO(1, n+ 1)/SO(1, 3)× SO(n− 2). As a consequence, the
loop group method is applicable.

In this case the complex Lie group GC is SO(n+ 2,C) with real form
G ∼= SO(1, n+ 1), given by the involution τ (X) = T0X̄T0, where T0 is the
diagonal matrix with diagonal entries −1, 1, 1, . . . and the symmetric space
structure is given by the involution σ (B) = SBS, where S is a diagonal matrix,
with the first four entries equal to −1 and all other entries equal to 1.

Thus KC = SO(4, C)× SO(n− 2,C). The general theory we have pre-
sented in this paper does allow for many open Iwasawa cells and we believe
that they actually exist and will give rise to many effects for general Willmore
surfaces in Sn. (We have not yet computed all Iwasawa cells in this example.)

However, fortunately, for the case of Willmore spheres things are very
simple. It turns out [8] that in this case the corresponding conformal harmonic
maps are of ‘finite uniton number’ and therefore the corresponding normalized
potentials can be represented as upper triangular matrices. As a consequence,
the Iwasawa splittings can be carried out explicitly and it seems that in this
case of Willmore spheres the matrix function C(z, λ) always stays in the open
Iwasawa cells which contains I . Hence the problems discussed in Example 1
will not occur for Willmore spheres (but possibly for Willmore tori).

Remark 4.6.2 Investigating CMC surfaces in H3 with mean curvature H
satisfying −1 < H < 1, see [6], one encounters a situation which is similar to
the one encountered in this note, but definitly different: the involution τ used
in [6] is not induced from an involution of some finite dimensional Lie group
(hence it is an intrinsically loop group involution). In particular, neither the work
of Kellersch nor any result of this note can be applied directly. Nevertheless one
can compute all Iwasawa cells explicitly and obtains exactly two open Iwasawa
cells. The behaviour of immersions near the boundary is analogous to Example
1. (also see [12]).
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Multiplier ideal sheaves and
geometric problems

akito futaki and yuji sano

Abstract

In this expository article we first give an overview on multiplier ideal sheaves
and geometric problems in Kählerian and Sasakian geometries. Then we review
our recent results on the relationship between the support of the subschemes cut
out by multiplier ideal sheaves and the invariant whose non-vanishing obstructs
the existence of Kähler-Einstein metrics on Fano manifolds.

5.1 Introduction

One of the main problems in Kählerian and Sasakian geometries is the exis-
tence problem of Einstein metrics. An obvious necessary condition for the
existence of a Kähler-Einstein metric on a compact Kähler manifoldM is that
the first Chern class c1(M) is negative, zero or positive since the Ricci form
represents the first Chern class. This existence problem in Kählerian geometry
was settled by Aubin [1] and Yau [58] in the negative case and by Yau [58]
in the zero case. In the remaining case when the manifold has positive first
Chern class, in which case the manifold is called a Fano manifold in algebraic
geometry, there are two known obstructions. One is due to Matsushima [29]
which says that the Lie algebra h(M) of all holomorphic vector fields on a
compact Kähler-Einstein manifold M is reductive. The other one is due to
the first author [16] which is given by a Lie algebra character F : h(M) → C

with the property that if M admits a Kähler-Einstein metric then F vanishes
identically. Besides, it has been conjectured by Yau [59] that a more subtle con-
dition related to geometric invariant theory (GIT) should be equivalent to the
existence of Kähler-Einstein metrics. This idea was made explicit in the paper
[50] of Tian in which a notion called K-stability was introduced. Tian used a

68
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generalized version of the invariant F for normal almost Fano varieties and
used it as the numerical invariant for the stability condition. The link between
the idea of GIT stability and geometric problems such as the existence problems
of Hermitian-Einstein metrics and constant scalar curvature Kähler metrics can
be explained through the moment maps in symplectic geometry. The explana-
tion from this viewpoint can be found for example in [14], [15], [13]. Recall
that an extremal Kähler metric is by definition a Kähler metric such that the
gradient vector field of the scalar curvature is a holomorphic vector field. In
particular, a Kähler metric of constant scalar curvature is an extremal Kähler
metric. The theorem of Matsushima is extended for extremal Kähler manifolds
by Calabi [3] as a structure theorem of the Lie algebra h(M) on an extremal
Kähler manifold M , and the first author’s obstruction F can be extended as
an obstruction to the existence of constant scalar curvature Kähler metric in a
fixed Kähler class ([17], [3]). The theorem of Calabi and the character F are
explained in the framework of the moment map picture by X. Wang [55] (see
also [19]).

In [10] Donaldson refined the notion of K-stability for a polarized manifold
(M,L), that is, a pair of an algebraic manifold M and an ample line bundle
L over M , and conjectured that there would exist a Kähler form in c1(L)
of constant scalar curvature if and only if (M,L) is K-polystable. To define
K-(poly)stability for (M,L) Donaldson refined the invariant F even for non-
normal varieties which are degenerations of the polarized manifold (M,L) and
used it as the numerical invariant for the stability condition. The notion of
K-stability is defined as follows. For an ample line bundle L over a projective
variety M of dimension m, a test configuration of exponent r consists of the
following:

(1) A flat family of schemes π : M→ C.
(2) A C∗-action on M covering the usual C∗-action on C.
(3) A C∗-equivariant line bundle L→M such that

� for t �= 0 one hasMt = π−1(t) ∼= M and (Mt,L|Mt ) ∼= (M,Lr ),
� χ (Mt,L

r
t ) =

∑m
p=0(−1)p dimHp(Mt,L

r
t ) does not depend on t , in particu-

lar for r sufficiently large dimH 0(Mt,L
r
t ) = dimH 0(M,Lr ) for all t ∈ C.

Here we write Lrt for L|Mt though L may not exist for t = 0.

The C∗-action on (L,M) induces a C∗-action on the central fiber L0 → M0 =
π−1(0). Moreover if (M,L) admits a C∗-action, then one obtains a test config-
uration by taking the direct product M × C. This is called a product configu-
ration. A product configuration is called a trivial configuration if the action of
C∗ onM is trivial.
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Definition 5.1.1 (M,L) is said to be K-semistable (resp. stable) if the invariant
F1 (defined below) of the central fiber (M0, L0) is non-positive (resp. negative)
for all non-trivial test configurations. (M,L) is said to be K-polystable if it is
K-semistable and F1 = 0 only if the test configuration is product.

Here the invariant F1 is defined as follows. Let L0 → M0 be an ample line
bundle over an m-dimensional projective scheme. We assume that a C∗-action
as bundle isomorphisms of L0 covers the C∗-action on M0. For any positive
integer k, there is an induced C∗ action onWk = H 0(M0, L

k
0). Put dk = dimWk

and let wk be the weight of C∗-action on ∧dkWk . For large k, dk and wk are
polynomials in k of degreem andm+ 1 respectively by the Riemann-Roch and
the equivariant Riemann-Roch theorems. For sufficiently large k we expand

wk

kdk
= F0 + F1k

−1 + F2k
−2 + · · · .

WhenM0 is smooth, F1 coincides with F (X) up to a negative multiple constant
where X is the infinitesimal generator of the C∗-action onM0.

The necessity of K-polystability for the existence of constant scalar curvature
Kähler metric has been studied by Chen and Tian [6], Paul and Tian [33], [34],
Donaldson [11], Stoppa [47] and Mabuchi [28].

Returning to Fano manifolds, there are two hopeful approaches to prove the
sufficiency of K-polystability for the existence of Kähler-Einstein metrics. One
is the Monge-Ampère equation and the other is the Kähler-Ricci flow. In both
cases the difficulty arises in the C0-estimate, and when the C0-estimate fails
the multiplier ideal sheaves and the subschemes cut out by them appear. The
multiplier ideal sheaves arising from the Monge-Ampère equation were studied
by Nadel [30], and those arising from Ricci flow were studied for example by
Phong, Sesum and Sturm [37] and Rubinstein [40]. We will give an overview
of this subject in section 2. On the other hand, for a given subscheme V inM ,
Ross and Thomas [38] considered the test configuration obtained by blowing
up M × C along V × {0}. M is said to be slope stable if the invariant F1 for
the test configuration is negative for any V . These works lead us to ask how
the invariant F (or more generally F1) is related to the multiplier ideal sheaves
arising from the Monge-Ampère equation and the Ricci flow. We will treat this
subject in section 3.

Now we turn to Sasakian geometry. For general facts about Sasakian geom-
etry, refer to the book [2]. Let (S, g) be a Riemannian manifold. We denote its
Riemannian cone (R+ × S, dr2 + r2g) by (C(S), ḡ). A Riemannian manifold
(S, g) is said to be a Sasaki manifold if the Riemannian cone (C(S), g) is
Kähler. From this definition the dimension of Sasaki manifold (S, g) is odd,
and we put dimR = 2m+ 1 so that dimC C(S) = m+ 1. (S, g) is isometric
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to the submanifold {r = 1} = {1} × S ⊂ (C(S), g), and we identify S with the
submanifold {r = 1}. Let J be the complex structure onC(S) giving the Kähler
structure. Consider the vector field

ξ̃ = J r ∂
∂r
.

Then 1
2 (̃ξ − iJ ξ̃ ) is a holomorphic vector field. The restriction ξ of ξ̃ to S ∼=

{r = 1} becomes a Killing vector field, called the Reeb vector field. The flow
generated by ξ is called the Reeb flow. The restriction η, of the 1-form η̃ on
C(S) defined as

η̃ = 1

r2
ḡ(ξ̃ , ·) = √−1(∂̄ − ∂) ln r,

to S ∼= {r = 1} becomes a contact form. Hence dη defines Kähler forms on
local orbit spaces of Reeb flow. That is to say, the 1-dimensional foliation
defined by ξ comes equipped with a structure of transverse Kähler foliation.
A Sasaki manifold is said to be regular if the Reeb flow generates a free S1-
action, quasi-regular if all the orbits are closed. A Sasaki manifold is said to be
irregular if it is not quasi-regular.

For a polarized manifold (M,ω) the associatedU (1)-bundle S ofL becomes
a regular Sasaki manifold in a natural way: Choose a positive (1, 1) form
representing c1(L), take the Hermitian metric h on L such that the connection
form η̃ on L has its curvature form dη̃ equal to ω. The Kähler cone C(S) is
L minus the zero section with the Kähler form given by i

2∂∂r
2 where r is

the distance from the zero section. Conversely, any regular Sasaki manifold
is given in this way. Similarly, a quasi-regular Sasaki manifold is given as an
associated U (1)-orbibundle over an orbifold.

As is shown in [20] most of ideas in Kähler geometry can be extended to
transverse Kähler geometry for Sasaki manifolds. For example one can extend
Calabi’s theorem to compact Sasaki manifold whose transverse Kähler metric
is an extremal Kähler metric, and one can extend the obstruction F as an
obstruction for a basic cohomology class to admit a transverse Kähler form
with constant scalar curvature.

A Sasaki-Einstein manifold is a Sasaki manifold whose metric is an Ein-
stein metric. This condition is equivalent to the transverse Kähler metric being
Kähler-Einstein. Thus the study of the existence problem of Sasaki–Einstein
metrics are closely related to the problem of Kähler–Einstein metrics. But there
are differences between them. To explain the differences let k be the maximal
dimension of the torus which acts on C(S) by holomorphic isometries. When
k = m+ 1 the cone C(S) is a toric variety, and in this case the Sasaki manifold
S is said to be toric. Notice that k is at least 1 because ξ̃ generates holomorphic
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isometries on C(S). The other extreme case is therefore when k = 1. In this
case the Sasaki manifold is necessarily quasi-regular.

The contact bundle D = Ker η ⊂ T S has a complex structure given by
the restriction of J . A necessary condition for the existence of Sasaki-Einstein
metric in a fixed transverse Kähler structure is that the following two conditions
are satisfied:

(a) the basic first Chern class is represented by a positive transverse (1, 1)-form,
(b) c1(D) = 0,

see [2] or [20] for the proof. In [20] it is proved that if a compact toric Sasaki
manifold satisfies the conditions (a) and (b) then we can deform the Reeb vector
field so that the resulting Sasaki manifold has a Sasaki-Einstein metric. It can
be shown that the conditions (a) and (b) can be rephrased as the Sasaki manifold
is obtained from the toric diagram of constant height, and equivalently as the
apex of C(S) is a Q-Gorenstein singularity (c.f. [8]). In the case of the other
extreme when k = 1 the conditions (a) and (b) only say that the orbit space
of the Reeb flow is a Fano orbifold. In this case there is no deformation space
of Reeb vector field and the problem has the same difficulty as the problem of
Kähler-Einstein metrics. For the intermediate cases when 1 < k < m+ 1 the
authors do not even know how to state the conjecture. In the extreme case where
k = 1 numerous existence results were obtained by Boyer, Galicki, Kollár and
their collaborators using the multiplier ideal sheaves, which will be reviewed
in the next section.

5.2 An overview of multiplier ideal sheaves

In this section, we recall the results about the relationships between the existence
of Kähler-Einstein metrics on Fano manifolds and multiplier ideal sheaves, and
related topics. In particular we focus on Nadel’s works and recent results about
multiplier ideal sheaves and the Kähler-Ricci flow.

Nadel [30] gave a sufficient condition for the existence of Kähler-Einstein
metrics on Fano manifolds by using multiplier ideal sheaves, which was
originally studied in the works of J.J. Kohn. Let M be a compact m-
dimensional Fano manifold. Let g be a Kähler metric on M , whose Kähler
class equals to the first Chern class c1(M) of M . Let γ0 ∈ (0, 1). We denote
the Kähler form and the Ricci form of g by ωg and Ric(g) respectively.
Let

S := {ϕk ∈ C∞R (M) | gij̄ + ∂i∂j̄ ϕk > 0, sup
M

ϕk = 0, 1 ≤ k <∞} (5.1)
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be a sequence of Kähler potentials with respect to ωg such that

lim
k→∞

∫
M

e−γ ϕk dV = ∞ (5.2)

for any γ ∈ (γ0, 1), and that there is a nonempty open subsetU ⊂ M satisfying∫
U

e−ϕkdV ≤ O(1) (5.3)

as k→∞, where dV is a fixed volume form. Note that the last condition (5.3)
always holds for any S due to gij̄ + ∂i∂j̄ ϕ > 0 (see for instance [49]). For each
S, Nadel constructed a coherent ideal sheaf I(S), which is called the multiplier
ideal sheaf (MIS). We will explain later the simpler definition of multiplier
ideal sheaves given by Demailly–Kollár [9].

Here let us recall the outline of Nadel’s construction. (See the original paper
[30] for the full details.) Let L be an arbitrary ample line bundle on M which
is not necessarily the anticanonical line bundle of M . We define H 0(M,Lν)S
to be the set of all f ∈ H 0(M,Lν) for which there exists a sequence {fk} of
H 0(M,Lν) such that ∫

M

|fk|2e−γ ϕk dV ≤ C

for some γ ∈ (γ0, 1) and fk → f uniformly. Consider the homogeneous coor-
dinate ring

R(M,L) =
∞⊕
ν=0

H 0(M,Lν).

Define

I (M,S,L) =
∞⊕
ν=0

H 0(M,Lν)S,

which is a homogeneous ideal I (M,S,L) of the graded ring R(M,L). Then,
the ideal sheaf I(S) is defined as the algebraic sheaf of ideals onM associated
to I (M,S,L). It is proved in [30] that this construction is independent of the
choice ofL. Let V(S) be the (possibly non-reduced) subscheme inM cut out by
I(S). This subscheme is characterized as follows. A point p ∈ M is contained
in the complement of V(S) if and only if there exist an open neighborhood W
of p inM and a real number γ ∈ (γ0, 1) such that∫

W

e−γ ϕk dV ≤ O(1)
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as k→∞. Note that V(S) is neither empty norM if S satisfies the conditions
(5.1), (5.2) and (5.3).

One of the distinguished properties of this ideal sheaf is the following
vanishing theorem.

Theorem 5.2.1 [30] For every semi-positive Hermitian holomorphic line bun-
dle L onM ,

Hi(M,O(L)⊗ I(S)) = 0, for all i > 0.

In particular, we have

Hi(M, I(S)) = 0, i ≥ 0. (5.4)

Remark that (5.4) at i = 0 follows from the fact that the subscheme V(S) is not
empty. We also find that (5.4) implies

H 0(V(S),OV(S)) = C,

H i(V(S),OV(S)) = 0 for all i > 0.
(5.5)

This vanishing formula (5.5) gives us several geometric properties of V(S). For
example,

(a) V(S) is connected.
(b) If V(S) is zero dimensional, then it is a single reduced point.
(c) If V(S) is one dimensional, then it is a tree of smooth rational curves.

The main result in [30] is that if a Fano manifold does not admit Kähler-Einstein
metrics then the bubble of the solution of the continuity method induces a proper
multiplier ideal sheaf with the above vanishing formula (5.5). To explain it, let
us recall the continuity method for the Monge-Ampère equation. Here, we
assume that γ0 = m/(m+ 1). Consider the following equation

(det(gij̄ )+ ∂i∂j̄ ϕt )/(det(gij̄ )) = exp(hg − tϕt ), (5.6)

where t ∈ [0, 1] and hg is the real-valued function defined by

Ric(g)− ωg =
√−1

2π
∂∂̄hg,

∫
M

ehgωmg =
∫
M

ωmg = V. (5.7)

It is well-known that the space T := {t ∈ [0, 1] | (5.6) has a solution} contains
0 (due to the Calabi-Yau theorem) and open in [0, 1] (due to the implicit function
theorem). If T is closed then (5.6) is solvable at t = 1, i.e.,ωg +

√−1
2π ∂∂̄ϕ1 gives

a Kähler-Einstein form. A priori estimates for the closedness of T were given
by Yau [58]; if (5.6) is solvable at s ∈ [0, t) and ‖ϕs‖C0 is uniformly bounded
then (5.6) is solvable at s = t . Nadel proved that if the solution {ϕt }0≤t<t0 of
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(5.6) violates the above estimate, then there is a sequence {tk} such that tk → t0

as k→∞ and {ϕtk − supM ϕtk }∞k=1 induces a proper multiplier ideal sheaf I.
In this paper, we call it the Kähler-Einstein multiplier ideal sheaf (KE-MIS).
Summing up,

Theorem 5.2.2 ([30]) Let M be a Fano manifold which does not admit a
Kähler-Einstein metric. Let G be a compact subgroup of the group Aut(M)
of holomorphic automorphisms of M . Assume that M does not admit any
GC-invariant proper multiplier ideal sheaf. Then M admits Kähler-Einstein
metrics. Here GC denotes the complexification of G.

By combining the above theorem and the geometric properties of V(S) given
by the vanishing formula (5.5), Nadel gave many examples of Kähler-Einstein
Fano manifolds. Recently Heier [23] applied this method to (re-)prove the
existence of Kähler-Einstein metrics on complex del Pezzo surfaces obtained
from the blow up of CP2 at 3,4 or 5 points, which was originally proved by Siu
[44], Tian [49], Tian and Yau [51].

This method was extended to the case of Fano orbifolds by Demailly-Kollár
[9]. Their construction is simpler than [30]. Let ψ be an ωg-plurisubharmonic
(psh) function (or almost psh function with respect to ωg), i.e., a real-valued

upper semi-continuous function satisfying ωg +
√−1
2π ∂∂̄ψ ≥ 0 in the current

sense. The multiplier ideal sheaf with respect to ψ in the sense of [9] is the
ideal sheaf defined by the following presheaf

�(U, I(ψ)) = {f ∈ O(U ) |
∫
U

|f |2e−ψdV <∞} (5.8)

where U is an open subset of M . This sheaf is also coherent and satisfies the
vanishing theorem of Nadel type. In terms of this formulation, Theorem 5.2.2
can be written as follows. Let {ϕt } be the solution {ϕt }0≤t<t0 of (5.6) which
violates a priori estimates.

Theorem 5.2.3 ([9]) Let M be a Fano manifold of dimension m. Let G
be a compact subgroup of Aut(M). Assume that M does not admit a G-
invariant Kähler-Einstein metric. Let γ ∈ (m/(m+ 1), 1). Then there exists
a G-invariant sequence {ϕtk }∞k=1 such that

� tk → t0 as k→∞,
� there exists a limit ϕ∞ = limk→∞(ϕtk − supM ϕtk ) in the L1-topology, which

is an ωg-psh function, and
� I(γ ϕ∞) is a GC-invariant proper multiplier ideal sheaf, i.e, I(γ ϕ∞) is

neither 0 nor OM .
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We call I(γ ϕ∞) the KE-MIS of exponent γ . In the above, one of the
important ingredients is that the upper bound of γ is strictly smaller than 1.
To explain this point, we shall state Nadel’s vanishing theorem in terms of
Demailly-Kollár’s formulation. Let L be a holomorphic line bundle over M
with a singular Hermitian metric h = h0e

−ψ , where h0 is a smooth Hermitian
metric and ψ is a L1

loc-function. Assume that  h(L) =
√−1
2π ∂∂̄(− lnh0 + ψ)

is positive definite in the sense of currents, i.e.,  h(L) ≥ εωg for some ε > 0.
Then, in the same spirit of Nadel’s vanishing theorem, we have

Hi(M,KM ⊗ L⊗ I(ψ)) = 0, i > 0, (5.9)

where KM is the canonical line bundle. Now let ϕ be an ωg-psh function on a
Fano manifoldM with [ωg] = c1(M). Substitute K−1

M and γ ϕ into L and ψ in

(5.9) respectively, and assumeh0 associates toωg . Sinceωϕ = ωg +
√−1
2π ∂∂̄ϕ ≥

0, we have

 h0e−γ ϕ (L) = γωϕ + (1− γ )ωg ≥ (1− γ )ωg

if γ < 1. This means that the positivity condition for (5.9) with respect to
h0e

−γ ϕ holds if γ < 1. Then (5.9) implies

Hi(M, I(γ ϕ)) = 0, i > 0.

Moreover, if the subscheme cut out by I(γ ϕ) is not empty, then

H 0(M, I(γ ϕ)) = 0.

Summing up, we get

Lemma 5.2.4 If there exists a positive constant γ < 1 and an ωg-psh function
ϕ such that I(γ ϕ) is proper, then I(γ ϕ) satisfies (5.4). In particular, I(γ ϕ∞)
for γ ∈ (m/(m+ 1), 1) in Theorem 5.2.3 satisfies (5.4) (and then (5.5)).

On the other hand, the lower bound of γ in Theorem 5.2.3 describes the
strength of the singularity of ϕ∞. It is closely related to a holomorphic invariant
introduced by Tian [49]. It is often called the α-invariant, which is defined by

αG(M) := sup{α ∈R |
∫
M

e−α(ψ−supM ψ)ωmg <Cα for all G-invariant ωg-pshψ}
(5.10)

where G ⊂ Aut(M) is a compact subgroup. If a multiplier ideal sheaf I(γψ)
with respect to a G-invariant ωg-psh function ψ of exponent γ is proper,
where supM ψ = 0, then αG(M) ≤ γ , because e−γψ is not integrable over M .
Conversely,
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Lemma 5.2.5 If αG(M) < 1, then there exist a positive constant γ ∈ (0, 1)
and a G-invariant ωg-psh function ψ with supM ψ = 0 such that I(γψ) is
proper.

Tian gave a sufficient condition for the existence of Kähler-Einstein metrics
on Fano manifolds in terms of this invariant.

Theorem 5.2.6 ([49]) If αG(M) > m/(m+ 1), then M admits a G-invariant
Kähler-Einstein metric.

Using Theorem 5.2.6, Tian and Yau [51] proved the existence problem of
Kähler-Einstein metrics on Fano surfaces, i.e., the Fano surfaces obtained from
the blow up of CP2 at k points where 3 ≤ k ≤ 8 admits a Kähler-Einstein metric.
Both of the lower bound ofαG(M) and the non-existence of the proper multiplier
ideal sheaves satisfying (5.5) give sufficient condition for the existence of
Kähler-Einstein metrics on Fano manifolds, and they are related directly to
each other. For example, Lemma 5.2.4 and 5.2.5, we have

Lemma 5.2.7 If αG(M) < 1, then a GC-invariant proper multiplier ideal
sheaves satisfying (5.5) exists.

Although αG(M) is difficult to compute in general, it is possible to calculate
it whenM has a large symmetry in such cases as [46] for toric varieties and [12]
for the Mukai-Umemura 3-folds. On the other hand, there is a local version of
the αG(M)-invariant, which is called the complex singularity exponent [9].
Let K ⊂ M be a compact subset and ψ be a G-invariant ωg-psh function on
M . Then the complex singularity exponent cK (ψ) of ψ with respect to K is
defined by

cK (ψ) = sup{c ≥ 0 | e−cψ is L1 on a neighborhood of K}.
This constant depends only on the singularity of ψ near K . It is obvious
that cK (ψ) ≥ αG(M). One of the important properties of cK (ψ) is the semi-
continuity with respectψ . LetP(M) be the set of all locallyL1 ωg-psh functions
onM with L1-topology. Then, we have (cf. Effective version of Main Theorem
0.2 in [9])

Theorem 5.2.8 ([9]) Let K ⊂ M be a compact subset of M . Let ϕ ∈ P(M)
be given. If c < cK (ϕ) and ψj → ϕ in P(M) as j →∞, then e−cψj → e−cϕ

in L1-norm over some neighborhood U of K .

In particular, if {ψj } satisfies∫
M

e−γψj dV →∞
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where γ ∈ (γ0, 1) andψj → ϕ inP(M), then cM (ϕ) ≤ γ0. This theorem allows
us to substitute Theorem 5.2.3 for Theorem 5.2.2. In fact, if the solution ϕt of
(5.6) violates a priori C0-estimates at t = t0, by using a Harnack inequality we
can show ∫

M

e−γ (ϕt−supϕt )dV →∞ as t → t0

for any γ ∈ (m/(m+ 1), 1). In Theorem 5.2.2, a subsequence of {ϕt } induces
the KE-MIS, which is proper. On the other hand, Theorem 5.2.8 implies that
e−γ ϕ∞ is not integrable over M for any γ ∈ (m/(m+ 1), 1), where ϕ∞ :=
limi→∞(ϕti − supϕti ). This means that ϕ∞ induces the KE-MIS in Theorem
5.2.3.

The multiplier ideal sheaves in [9] and the complex singularity exponent
can be defined algebraically as follows (cf. [27] and [2] for instance). Here we
consider a smooth varietyM of dimensionm. LetD =∑ aiDi be a Q-divisor
onM . A log resolution of (M,D) is a projective birational map μ : M ′ → M

withM ′ smooth such that the divisor

μ∗D +
∑
i

Ei

has simple normal crossing support. Assume D is effective and fix a log
resolution μ of (M,D). Then the multiplier ideal sheaf I(M,D) ⊂ OM with
respect to D is defined by

μ∗OM ′(KM ′ − μ∗(!KM +D")), (5.11)

where !KM +D" means the integral part of KM +D. Note that I(M,D) is
independent of the choice of μ. This (algebraic) ideal sheaf corresponds to
the following (analytic) multiplier ideal sheaf defined in [9]. Take an open set
U ⊂ M so that for each Di there is a holomorphic function gi locally defining
Di in U . Let ϕD :=∑i 2ai ln |gi | which is plurisubharmonic on U and define

�(U, I(ϕD)) := {f ∈ OM (U ) | |f |2∏ |gi |2ai ∈ L1
loc} (5.12)

as before. For simplicity, we assume that D =∑i aiDi has simple normal
crossing support. The holomorphic function f satisfies the L2-integrability
condition in (5.12) if and only if f can be divided by

∏
gmi where mi ≥ !ai",

i.e., I(ϕD) = OM (−!D"). Let μ : M ′ → M be a log resolution ofD. Then we
have

I(M,D) = μ∗OM ′ (KM ′ − μ∗(!KM +D")) = OM (−!D") = I(ϕD).
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The second equality in the above was proved in Lemma 9.2.19 [27]. We also
have

I(ϕD) = OM ⇐⇒ e−ϕD ∈ L1 ⇐⇒ (M,D) is KLT. (5.13)

Here we say that a pair (M,D) is KLT if and only if

ordE(KM ′ − μ∗(!KM +D")) > −1

for every exceptional divisorE with respect to a log resolutionμ : M ′ → M . In
particular (M,D) is KLT is equivalent to that I(M,D) = OX. The equivalent
relation (5.13) essentially follows from that if Di is defined by {zi = 0} for
a local coordinate {zi} then the L1-integrability of e−ϕD is equivalent to that
ai < 1 for all i (Proposition 3.20 [24]). In particular,

(M,γD) is KLT ⇐⇒ e−γ ϕD ∈ L1. (5.14)

Note that this holds for an (M,D) where D does not necessarily have simple
normal crossing support (Proposition 3.20 [24]). By using the KLT condition
(5.14), we can rephrase Theorem 5.2.3. Assume that a Fano manifold M does
not admit a Kähler-Einstein metric. Let ϕt be the solution of (5.6) where
t ∈ [0, t0). As explained before, by taking a subsequence of {ϕtj − supM ϕtj },
there exists a limit ϕ∞ in L1-topology, which is an ωg-psh function, such
that e−γ ϕ∞ �∈ L1 for all γ ∈ (m/(m+ 1), 1). Since an approximation theorem
in [9] implies that any ωg-psh function can be approximated by an ωg-psh
function formed of ln(

∑
i |fi |2) where all fi are holomorphic functions, we

can replace the above ϕ∞ by an ωg-psh function formed of 2
s

ln |τs | where
τs ∈ H 0(M,K−sM ) for sufficiently large s. That is to say, there exist a sufficiently

large integer s and τs ∈ H 0(M,K−sM ) such that e−2γ 1
s

ln |τs | = |τs |− 2γ
s �∈ L1 for

all γ ∈ (m/(m+ 1), 1). Here | · | is the induced Hermitian metric onK−sM with
respect to the Kähler metric g. Hence we have the following theorem. Note that
the original result holds for orbifolds, but for simplicity we assume that M is
smooth in this paper.

Theorem 5.2.9 (Theorem 20 [24], Theorem 5.2.16 [2]) Let M be a Fano
manifold of dimension m and G be a finite subgroup of Aut(M). Assume that
there is an ε > 0 such that a pair (M, m+ε

m+1D) is KLT for every G-invariant

effective divisor D which is numerically equivalent to K−1
M . Then M has a

G-invariant Kähler-Einstein metric.

The complex singularity exponent can be also defined algebraically as fol-
lows, which is called the log canonical thresholds (cf. Appendix in [5]). Let
Z ⊂ M be a closed subvariety. For an effective Q-Cartier divisor D onM , the
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log canonical threshold of D along Z is defined by

lctZ(M,D) := sup{λ ∈ Q | the pair (M,λD) is log canonical along Z}.
Here, the pair (M,D) is called log canonical alongZ ifI(M, (1− ε)D) is trivial
in a neighborhood of every point x ∈ Z for all 0 < ε < 1. For instance, let us
consider a simple case. LetM be a Fano manifold and σ ∈ H 0(M,K−lM ). Letψσ
be an ω-psh function defined by ψσ (z) = 1

l
ln |σ (z)|. Let Dσ be the associated

divisor with σ and Z be a closed subvariety inM . In this case, lctZ(M, 1
l
D) is

the same as cZ(ψσ ). The log canonical threshold plays an important role in the
studies of the multiplier ideal (sheaves) in algebraic geometry (cf. [27]). Hence
we could expect that the complex singularity exponent with respect to the limit
ϕ∞ in Theorem 5.2.3 has something to do with the existence of Kähler-Einstein
metrics although it is not clear at the moment.

To find Kähler-Einstein metrics on Fano manifolds, there is another way
instead of solving (5.6), which is the (normalized) Kähler-Ricci flow. The
Ricci flow was introduced by R. Hamilton, and on a Fano manifold M with
Kähler class c1(M) it is defined by

d

dt
ωt = −Ric(ωt )+ ωt , ω0 = ωg (5.15)

where t ∈ [0,∞) and ωt is the Kähler form of the evolved Kähler metric gt .
Note that (5.15) is normalized so that the Kähler class of gt is preserved. The
existence and uniqueness of the solution of (5.15) for t ∈ [0,∞) was proved
by Cao [4]. If (5.15) converges in C∞, the limit is a Kähler–Einstein metric.
Then, it is natural to ask whether or not the results about the multiplier ideal
sheaves obtained from the continuity method also hold for the Kähler–Ricci
flow. The first result of this issue was given by Phong–Sesum–Sturm [37] (see
also [36]). The equation (5.15) can be reduced to the equation at the potential
level

d

dt
ϕt = ln(ωmt /ω

m
g )+ ϕt − hg, ϕ0 = c (5.16)

where c is a constant and ωt = ωg +
√−1
2π ∂∂̄ϕt . They gave a necessary and

sufficient condition condition for the convergence of ϕt as t →∞. Their proof
consists of the parabolic analogue of Yau’s arguments for the elliptic Monge-
Ampère equation, the estimates about the Kähler-Ricci flow by Perelman
(cf. [43]) and the result about the Monge-Ampère equations by Kolodziej
([25], [26]).

Theorem 5.2.10 ([37]) For a certain appropriate constant c = c0, the con-
vergence of the solution of (5.16) is equivalent to that there exists p > 1



Multiplier ideal sheaves 81

such that

sup
t≥0

1

V

∫
M

e−pϕt ωmg <∞.

The convergence is then in C∞ and exponentially fast.

To restate the above theorem in terms of the multiplier ideal sheaves, they
introduced the sheafJ p with respect to a family {ψt }0≤t<∞ of Kähler potentials,
which is defined by the presheaf

�(U,J p) = {f ∈ O(U ) | sup
t≥0

∫
M

|f |2e−pψt ωmg <∞}. (5.17)

Hence Theorem 5.2.10 implies the following.

Corollary 5.2.11 ([37]) The Kähler-Ricci flow converges if and only if there
exists p > 1 such that J p contains the global section 1.

The sheaf J p gives a necessary and sufficient condition for the existence
of Kähler-Einstein metrics and the lower bounds of p is optimal (cf. remarks
in [37]), whereas such results are not known for the case of the continuity
method. We emphasize that the sheaf J p contains different information from
the multiplier ideal sheaves in Theorem 5.2.3, because we do not need the limit
of {ϕt } but the whole of {ϕt } in order to define J p. In fact, in order to get the
limit of {ϕt }, we need the appropriate normalization of {ϕt } as Theorem 5.2.3. In
the terminology of the recent paper [45], the J p can be regarded as a dynamic
MIS which is similar to the Nadel’s formulation rather than a static MIS as the
Demailly-Kollár’s formulation. Now let us consider Theorem 5.2.10 by using
the static MIS instead of the dynamic MIS. Theorem 5.2.10 implies that if the
normalized Kähler-Ricci flow does not converge, then there is a subsequence
{ϕti }i of the solution of (5.16) such that∫

M

e−p(ϕti−supϕti )ωmg →∞

as i →∞ for any p > 1. Hence, the limit ϕ∞ := lim(ϕti − supϕti ) implies
the multiplier ideal sheaf I(pϕ∞), which is proper for any p > 1. That is to
say, if there is noG-invariant ωg-psh function ψ such that I(pψ) is proper for
any p ∈ (1,+∞), then M admits a G-invariant Kähler-Einstein metric. More
precisely,

Theorem 5.2.12 [37] LetM be a Fano manifold. Let G ⊂ Aut(M) be a com-
pact subgroup. Assume that M does not admit Kähler-Einstein metrics. Let
p ∈ (1,∞) and ωg ∈ c1(M). There is a G-invariant subsequence of the solu-
tions {ϕkj }j≥1 of (5.16) such that
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� there exists the limit ϕ∞ = limj→∞(ϕkj − 1
V

∫
M
ϕkj ω

m
g ) in L1-topology,

which is an ωg-psh function, and
� I(pϕ∞) is a GC-invariant proper multiplier ideal sheaf satisfying

Hi(M, I(pϕ∞)⊗K−!p"M ) = 0, for all i ≥ 1.

Note that Nadel’s vanishing formula (5.5) need not hold for the induced MIS
I(pϕ∞), because p > 1. However, this result still has an application. By using
a weaker version of Nadel’s vanishing theorem and Corollary 5.2.11, Heier [23]
proved the existence of Kähler-Einstein metrics for certain del Pezzo surfaces
with large automorphism group.

After [37], Rubinstein [40] gave an analogous result as Theorem 5.2.3 for
the Kähler-Ricci flow by using a static MIS as Demailly-Kollár. His proof is
similar to the case of the continuity method, and makes use of the estimates of
Perelman and the uniform Sobolev inequality of the Kähler-Ricci flow given
by Ye [60] and Zhang [61], which appeared after [37], in stead of Kolodziej’s
theorem.

Theorem 5.2.13 ([40]) Let M be a Fano manifold of dimension m. Let G
be a compact subgroup of Aut(M). Let γ ∈ (m/(m+ 1), 1). Assume that M
does not admit a G-invariant Kähler-Einstein metric. Then there is an initial
constant c0 = ϕ0 and aG-invariant subsequence {ϕti } of the solution of (5.16)
such that

� there exists the limit ϕ∞ = limti→∞(ϕti − 1
V

∫
M
ϕtiω

m
g ) inL1-topology, which

is an ωg-psh function, and
� I(γ ϕ∞) is a GC-invariant proper multiplier ideal sheaf.

In this paper, we call the above multiplier ideal sheaf I(γ ϕ∞) the KRF
multiplier ideal sheaf of exponent γ . There are some remarks about the
above theorem. First, the KRF multiplier ideal sheaf is independent of the
choice of initial constant c0 of (5.16) due to the normalization of ϕti . In fact,
if we choose another constant c′0 instead of the constant c0 in Theorem 5.2.13,
which is the same as Theorem 5.2.10, the solution of (5.16) is given by ϕ′t =
ϕt + (c′0 − c0)et . In contrast to this, when we consider the convergence of non-
normalized Kähler potentials {ϕt } as Theorem 5.2.10, we need to pay attention
to the choice of the constant c0. Second, the normalization in Theorem 5.2.13
is equivalent to the one in Theorem 5.2.3. In fact, there is a uniform constant
C such that supM ϕt − C ≤ 1

V

∫
M
ϕtω

m ≤ supM ϕt . Third, γ is contained in
the interval (m/(m+ 1), 1). This means that the subscheme cut out by I(γ ϕ∞)
satisfies (5.5) and we can make use of the induced geometric properties. Fourth,
the process to prove Theorem 5.2.13 is similar to the case of the continuity
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method, and the proof in [40] implies immediately that if αG(M) > m
m+1 then

the Kähler-Ricci flow will converge. (This similarity is pointed out in [7] after
[40] too.)

Rubinstein [41] also gave the analogous result of Theorem 5.2.12 in terms
of the discretization of the Kähler-Ricci flow called “Ricci iteration." Given a
Kähler form ω ∈ c1(M) and a real number τ > 0, the time τ Ricci iteration is
defined by the sequence {ωkτ }k≥0 satisfying

ωkτ = ω(k−1)τ + τωkτ − τRic(ωkτ ) for k ∈ N, (5.18)

and ω0 = ω. When τ = 1, (5.18) is the discretization of (5.15). Let Hω be the
space of Kähler potentials with respect to (ω, c1(M))

Hω := {ψ ∈ C∞
R
| ωψ = ω +

√−1

2π
∂∂̄ψ > 0}.

Let hωψ be the Ricci potential with respect to ωψ defined as (5.7). Since
[ωkτ ] = [ω(k−1)τ ], so (5.18) can be written as the system of complex Monge-
Ampère equations

ωmψkτ = ωmehω+
1
τ
ϕkτ−ψkτ = ωmψ(k−1)τ

e( 1
τ
−1)ϕkτ− 1

τ
ϕ(k−1)τ , (5.19)

where k ∈ N, ωψkτ = ωkτ and ϕkτ := ψkτ − ψ(k−1)τ .

Theorem 5.2.14 [41] LetM be a Fano manifold. Let G ⊂ Aut(M) be a com-
pact subgroup. Assume that M does not admit Kähler-Einstein metrics. Let
τ = 1. Let γ ∈ (1,∞) and ω ∈ c1(M). There is a G-invariant subsequence of
the solutions {ψkj }j≥1 of (5.19) such that

� there exists the limit ϕ∞ = limj→∞(ψkj − 1
V

∫
M
ψkj ω

m) in L1-topology,
which is an ω-psh function, and

� I(γ ϕ∞) is a GC-invariant proper multiplier ideal sheaf satisfying

Hi(M, I(γ ϕ∞)⊗K−!γ "M ) = 0, for all i ≥ 1.

Considering Yau’s conjecture, it is also natural to ask how stability conditions
in the sense of GIT is related to the convergence of the Kähler-Ricci flow. For
example, see [35], [48] and [54] for references on this issue.

5.3 Direct relationships between multiplier ideal
sheaves and the obstruction F

It is conjectured by Yau that the existence of canonical Kähler metrics such
as Kähler-Einstein metrics and constant scalar curvature metrics for a given
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Kähler class would be equivalent to the stability of manifolds in some sense
of Geometric Invariant Theory. This conjecture is formulated by Tian and
Donaldson in terms K-polystability as explained in section 1 and is still open.

This conjecture is an analogue of the so-called Hitchin-Kobayashi cor-
respondence, which was proved by Donaldson, and Uhlenbeck and Yau. The
proof of the direction from stability towards the existence of Hermitian-Einstein
metrics was preceded by constructing subsheaves which violate stability (such
sheaves are often called destabilizing subsheaves) from the bubble of the Yang-
Mills heat flow or the continuity method if a vector bundle does not admit a
Hermitian-Einstein metric. Weinkove [57] defined a MIS for each sequence of
Hermitian metrics on a holomorphic vector bundle and by using it he proved that
the bubble of the Yang-Mills heat flow induces a destabilizing subsheaf. Hence,
as the analogy between the Yau-Tian-Donaldson conjecture and the Hitchin-
Kobayashi correspondence, we could expect that the MIS obtained from the
continuity method or the Kähler-Ricci flow corresponds to a destabilizing sub-
sheaf in some sense for a Fano manifold with anticanonical polarization, but
their relation is not clear at this moment. This issue leads us to study direct
relationships between multiplier ideal sheaves and the obstruction F . Such a
direct relationship was first pointed out by Nadel in [31]. Extending Nadel’s
result is the main purpose of this section.

Up to this point we have not defined the character F explicitly, which we
do now. Let M be an m-dimensional Fano manifold with Kähler class c1(M)
and g be a Kähler metric whose Kähler form ωg represents c1(M). We denote
the Lie algebra consisting of all holomorphic vector fields onM by h(M). We
define the map F : h(M) → C by

F (v) :=
∫
M

vhgω
m
g .

In [16], the first author proved that F is independent of the choice of g and that
F is a Lie algebra character of h(M). IfM is a Kähler-Einstein manifold, then
F vanishes on h(M) because we can take hg ≡ 0. Thus the vanishing of F is a
necessary condition for the existence of Kähler-Einstein metrics, but it is known
that it is not sufficient. For example, in [50] Tian gave a counterexample which
does not admit Kähler-Einstein metrics and have no nontrivial holomorphic
vector fields. So it is reasonable to study relationships between the invariant
F and multiplier ideal sheaves. First of all, we consider the multiplier ideal
sheaves obtained from the continuity method in the sense of Nadel. Assume
that M does not admit Kähler-Einstein metrics and that h(M) �= {0}. For each
nontrivial holomorphic vector field v, define

Z+(v) := {p ∈ Zero(v) | Re(div(v)) > 0},
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where Zero(v) is the zero set of v and div(v) is the divergence of vwith respect to
some Kähler metric g, i.e., div(v) = (Lv(ωmg ))/ωmg , Lv being the Lie derivative
along v. Note that Z+(v) does not depend on the choice of g, although div(v)
does. Since M does not admit a Kähler-Einstein metric, the closedness of the
set of t ′s for which the solutions {ϕt } of (5.6) exist does not hold, that is, the
solutions cease to exist at some t0 ∈ (0, 1]. Then the main result in [31] is as
follows.

Theorem 5.3.1 ([31]) LetM , h(M) and {ϕt } be as above. Let V be the induced
KE-MIS obtained from a subsequence of {ϕti }i where ti < t0 and ti → t0. Then,
for any v ∈ h(M) with F (v) = 0, the support of V is not contained in Z+(v).

By using the above theorem, Nadel gave another theoretical approach to
show that CP1 does admit a Kähler-Einstein metric. In fact, if we assume that
CP1 did not admit a Kähler-Einstein metric, then V would be zero dimensional
and it would be a single reduced point, which follows from (b) of the properties
of the multiplier ideal subschemes. We may assume that V = {z = 0} in CP1 =
C ∪ {∞}. Let v = z d

dz
∈ h(M), then v = 0 and the divergence of v is strictly

positive at z = 0. Hence V ⊂ Z+(v), which is a contradiction. As far as the
authors know, other applications of Theorem 5.3.1 except this example had
been unknown until [21].

We wish to extend this in several ways. We wish first of all to get some
more informations about Fano manifolds, secondly to show the existence of
MIS for Kähler-Ricci solitons, and thirdly to study the MIS arising from the
non-convergence of Kähler-Ricci flow and study the relation between MIS
and F .

We study three types of MIS: first of all KE-MIS which is due to Nadel, aris-
ing from the failure of solving Monge-Ampère equations for Kähler-Einstein
metrics by continuity method, secondly KRS-MIS which arises from the failure
of solving Monge-Ampère equations for Kähler-Ricci solitons by the continu-
ity method and thirdly KRF-MIS which arises from the failure of convergence
of Kähler-Ricci flow.

Let M be a Fano manifold, G a compact subgroup of Aut(M), and T r the
maximal torus of G. For any G-invariant Kähler metric g with

ωg :=
√−1

2π
gij dz

i ∧ dzj ∈ c1(M)

consider the Hamiltonian T r -action with the moment map μg : M → tr∗. We
normalize it by ∫

M

uXe
hωm = 0
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where uX(p) = 〈μ(p), X〉 and Ricω − ω = i∂∂h. Note that this normalization
is equivalent to requiring uX to satisfy

�uX +Xh+ uX = 0,

see [18]. For ξ ∈ tr put

D≤0(ξ ) := {y ∈ μ(M) | < y, ξ > ≤ 0}.
Theorem 5.3.2 ([21]) Suppose M does not admit a Kähler-Einstein metric,
and let V be the support of the KE-MIS. Let ξ ∈ tr ⊂ h(M) satisfy F (vξ ) > 0
where vξ is the holomorphic vector field corresponding to ξ . Then

μg(V ) �⊂ D≤0(ξ )

for any G-invariant Kähler metric g whose Kähler form is in c1(M).

Corollary 5.3.3 LetM be the one-point blow-up of CP2. Then V is the excep-
tional divisor.

Note that this V destabilizes slope stability in the sense of Ross-Thomas by
a result of Panov and Ross [32].

Here is the outline of the proof of Theorem 5.3.2. Let h ∈ C∞(M) satisfy
Ricg − ωg = i∂∂h. Suppose

det(gij + ϕij )
det(gij )

= e−tϕ+h

has solutions only for t ∈ [0, t0), t0 < 1. Then we have an MIS with support
V . The following fact is due to Nadel based on earlier estimates by Siu and
Tian.

Fact 5.3.4 Let K ⊂ M − V be a compact subset ofM − V . Then∫
K

ωmgt → 0

as t → t0.

Fact 5.3.5

μg(p) ∈ D≤0(ξ ) ⇐⇒ (div(vξ ))(p) ≥ 0

where

div(vξ )(e
hωm) = Lvξ (ehωm).

Fact 5.3.6
t

t − 1
F (vξ ) =

∫
M

div(vξ )ω
m
t .
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By Fact 5.3.6 and our assumption F (vξ ) > 0, we have for t ∈ (δ, t0) with
t0 < 1 ∫

M

div(vξ ) ω
m
t =

t

t − 1
F (vξ ) < −C

with C > 0 independent of t .
We seek a contradiction by assuming μg(V ) ⊂ D≤0(ξ ) = {div(vξ ) ≥ 0}.

Choose ε > 0 small and put

Wε := {p ∈ M|div(vξ )(p) ≤ −ε}.
ThenWε ⊂ M − V is compact. Apply Fact 5.3.4 toWε to get∫

Wε

ωmgt → 0

as t → t0.
But then

−C ≥
∫
M

div(vξ )ω
m
t =

∫
M−Wε

div(vξ )ω
m
t +

∫
Wε

div(vξ )ω
m
t

≥ −2εvol(M,g)

as t → t0, a contradiction! This completes the outline of the proof of Theorem
5.3.2.

Next, we turn to KRS-MIS. Let M be again a Fano manifold of dimension
m. Let ωg ∈ c1(M) be a Kähler form and v ∈ hr (M) a holomorphic vector field
in the reductive part hr (M) of h(M).

Definition 5.3.7 The pair (g, v) is said to be a Kähler-Ricci soliton if

Ric(ωg)− ωg = Lv(ωg).

(Hence Im(v) is necessarily a Killing vector field.)

Start with an initial metric g0 with ω0 := ωg0 ∈ c1(M).

Ric(ω0)− ω0 = i∂∂h0,

∫
M

eh0ωm0 =
∫
M

ωm0 .

ivω0 = i∂θv,0,
∫
M

eθv,0ωm0 =
∫
M

ωm0 .

Consider for t ∈ [0, 1]

det
(
g0
ij
+ ϕtij

) = det
(
g0
ij

)
eh0−θv,0−vϕt−tϕt .
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The solution for t = 1 gives the Kähler-Ricci soliton. Zhu [62] has shown that
t = 0 always has a solution. The implicit function theorem shows for some
ε > 0, all t ∈ [0, ε) have a solution.

Suppose we only have solutions on [0, t∞), t∞ < 1.
Let θv,g satisfy

ivωg = i∂θv,g,
∫
M

eθv,gωmg =
∫
M

ωmg .

Definition 5.3.8 Define Fv : h(M) → C by

Fv(w) =
∫
M

w(hg − θv,g)eθv,gωmg .

Tian and Zhu [52] showed that this Fv is independent of g with ωg ∈ c1(M).

Theorem 5.3.9 (Tian-Zhu [52]) There exists a unique v ∈ hr (M) such that

Fv(w) = 0 for all w ∈ hr (M).

We take v to be the one chosen in the Theorem 5.3.9.

Theorem 5.3.10 ([21]) Let K be the compact subgroup such that k⊗ C =
hr (M). Let v be the one chosen in the Theorem 5.3.9. Suppose there is no KRS.
Then we get an MIS and its support Vs satisfies

Vs �⊂ Z+(grad′w) for ∀v ∈ hr (M).

Just as Nadel applied Theorem 5.3.1 to prove the existence of Kähler-
Einstein metric on CP1, we can apply Theorem 5.3.10 to prove the existence
of KRS on the one point blow-up of CP2.

Next we consider KRF-MIS. As mentioned in section 2, there are two
approaches to KRF-MIS, one by Phong, Sesum and Sturm [37], and the other
by Rubinstein [40]. Here, we consider the one considered by Rubinstein. So,
one gets an MIS from the failure of convergence of normalized Kähler-Ricci
flow:

∂g

∂t
= −Ric(g)+ g. (5.20)

If we put gtij = gij + ϕtij the Ricci flow is equivalent to

∂ϕt

∂t
= ln

det(gij + ϕtij )
det(gij )

+ ϕt − h0

ϕ0 = c0
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Rubinstein modified Phong–Sesum–Sturm’s MIS using the idea of Demailly–
Kollár:

ϕt −
∫
M

ϕt ω
m −→ ϕ∞ almost psh

as t →∞. Let Vγ be the MIS for ψ = γ ϕ∞, γ ∈ ( m
m+1 , 1), defined by

�(U, I(ψ)) =
{
f ∈ OM (U ) |

∫
U

|f |2 e−ψ ωmg <∞
}
.

This MIS satisfies

Hq(M, I(ψ)) = 0 for ∀q > 0.

In general, it seems to be difficult to calculate (the support) of KRF-MIS.
However, under some assumptions, it becomes computable. To explain it, we
recall the following two results. Let M be a toric Fano manifold of dimension
m, on which the algebraic torus TC = (C∗)m acts. Let TR = T m be the real torus
and tR its Lie algebra. We further put NR = J tR. Let W (M) = N (TC)/TC be
the Weyl group.

Theorem 5.3.11 (Wang-Zhu [56]) There exists a Kähler-Ricci Soliton
(gKRS, vKRS).

Here we assume that K denotes a maximal compact subgroup of the reduc-
tive part of Aut(M) and KvKRS denotes the one-parameter subgroup of K gen-
erated by the imaginary part of vKRS. Then,

Theorem 5.3.12 (Tian-Zhu [53]) Let M be a (not necessarily toric) Fano
manifold which admits a Kähler-Ricci soliton (gKRS, vKRS). Then, any solution
gt of (5.20) will converge to gKRS in the sense of Cheeger-Gromov if the initial
Kähler metric is KvKRS -invariant.

Combining Theorem 5.3.11 and Theorem 5.3.12, we find that the flow (5.20)
always converges to a Kähler-Ricci soliton in the sense of Cheeger-Gromov
on toric Fano manifolds. This fact suggests to us a possibility to understand
the asymptotic behavior of gt along (5.20) and to get some information about
KRF-MIS from data of Kähler-Ricci solitons. In fact, the second author proved

Theorem 5.3.13 ([42]) Suppose that the fixed point set NW (M)
R

of the Weyl
group W (M) on NR is one dimensional. Let σt = exp(tvKRS) be the one
parameter group of transformations generated by vKRS, 0 < γ < 1 and ω a
TR-invariant Kähler form in c1(M). Then the support of Rubinstein’s KRF-MIS
of exponent γ is equal to the support of the MIS of exponent γ obtained from
the Kähler potentials of {(σ−1

t )∗ω}.
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Note that the assumption of NW (M)
R

is constrained and it would be expected
to be removed. Using the above theorem, the second author computed the
support of KRF-MIS for various γ in some examples. For example, we can
prove

Corollary 5.3.14 Let M be the blow up of CP2 at p1 and p2. Let E1 and E2

be the exceptional divisors of the blow up, and E0 be the proper transform of
p1p2 of the line passing through p1 and p2. Then, the support of KRF-MIS on
M of exponent γ is {∪2

i=0Ei for γ ∈ ( 1
2 , 1),

E0 for γ ∈ ( 1
3 ,

1
2 ).

It would be interesting to consider a relationship between destabilizing test
configurations and the pair of the support of KRF-MIS and its exponent.
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6

Multisymplectic formalism and the covariant
phase space

frédéric hélein

In most attempts to build the mathematical foundations of Quantum Field
Theory (QFT), two classical ways have been explored. The first one is often
referred to as the Feynman integral or functional integral method. It is a gen-
eralization to fields of the path integral method of quantum mechanics and is
heuristically based on computing integrals over the infinite dimensional set of
all possible fields ϕ by using a kind of ‘measure’ – which should behave like the
Lebesgue measure on the set of all possible fields ϕ – times eiL(ϕ)/�, where L
is a Lagrangian functional (but attempts to define this ‘measure’ failed in most
cases). The second one is referred to as the canonical quantization method and
is based on the Hamiltonian formulation of the dynamics of classical fields, by
following general axioms which were first proposed by Dirac and later refined.
The Feynman approach has the advantage of being manifestly relativistic, i.e.
it does not require the choice of a particular system of space-time coordinate,
since the main ingredient is L(ϕ), which is an integral over all space-time. By
contrast, the canonical approach, at least its classical formulation, seems to be
based on the choice of a particular time coordinate which is needed to define
the Hamiltonian function through an infinite dimensional Legendre transform.

However there are alternative formulations of the Hamiltonian structure of
the dynamics of classical fields, which could be used as a starting point of a
covariant canonical quantization1. We shall see two of them in this text: the
covariant phase space and the multisymplectic formalism. The covariant phase
space is based on the observation that the set of classical solutions to a vari-
ational problem, i.e. of critical points of some action functional L(ϕ), has an
intrinsic canonical symplectic (or presymplectic) structure. The multisymplec-
tic formalism is a generalization of the standard symplectic formalism, where

1 The word ‘covariant’ refers here to a construction which does not rely on the choice of a
particular system of coordinates on space-time and hence which respects the basic principles of
Relativity.

94
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the time of classical mechanics is replaced by space-time: for instance if we
start from a Lagrangian action L(ϕ) = ∫X L(x, ϕ, dϕ) we do not perform a
Legendre transform with respect to a chosen time coordinate, but with respect
to all space-time coordinates.

We expect that, roughly speaking, both the Feynman and the canonical
approach should lead to equivalent theories. However if this fact is true, it
should not be trivial for several reasons. A first obvious remark is that both
theories are only heuristic and have no mathematical foundations, except in very
simplified situations. A superficial difference between both approaches is the
fact that one is based on the Lagrangian, the other one the Hamiltonian function.
Moreover these two approaches answer different questions: Feynman’s offers
a short and intuitive way to compute the quantities which can be measured in
interaction processes between particles (although one cannot avoid the difficult
step of regularizing and renormalizing the computed quantities). For the same
task, the canonical approach seems to be more complicated; however it proposes
a scheme to build mathematical objects (a complex Hilbert space of physical
states and an algebra of self-adjoint operators acting on it, corresponding to
observable quantities), the construction of which requires more effort by using
the Feynman integral. But a deep difference between the methods is that the
Feynman integral is a construction off shell, i.e. on the set of all possible
fields, even those which are not solutions of the classical dynamical equations,
whereas in many cases the canonical approach is a construction on shell, i.e. on
the set of fields which are solutions of the dynamical equations (in particular
in the covariant phase space method).

In this paper we shall present briefly the multisymplectic formalism and the
covariant phase space and show the strong relation between both theories. To
my knowledge this relation was discovered by J. Kijowski and W. Szczyrba in
1976 [25], but their beautiful paper seems to have been ignored in the literature.
We have included some historical comments. We shall conclude by presenting
the geometric quantization scheme for linear field equations (i.e. free fields
in the terminology of physicists) in the framework of multisymplectic geometry.
The goal is to show how canonical quantization can be performed in a covariant
way.

6.1 The multisymplectic formalism

6.1.1 Maps between vector spaces

We start with a simple variational problem: let X and Y be two vector space
of dimension n and k respectively and assume that X is oriented, let U be an
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open subset of X and consider the set C∞(U,Y) of smooth maps u from U to
Y. Let L : U × Y× End(X,Y) −→ R be a Lagrangian density and consider
the action functional on C∞(U,Y) defined by:

L[u] =
∫
U

L(x,u(x), dux)β,

where β is a volume n-form on U . We use coordinates (x1, . . . , xn) on U
s.t. β = dx1 ∧ · · · ∧ dxn, coordinates (y1, . . . , yk) on Y and viμ on End(X,Y).
Then the critical points of L satisfy the Euler–Lagrange system of equations

∂

∂xμ

(
∂L

∂viμ
(x,u(x), dux)

)
= ∂L

∂yi
(x,u(x), dux), ∀i s.t. 1 ≤ i ≤ k. (6.1)

We assume that the map

U × Y× End(X,Y) −→ U × Y× End(Y∗,X∗)
(x, y, v) �−→ (

x, y, ∂L
∂v

(x, y, v)
)
,

is a diffeomorphism: this is the analogue of the Legendre hypothesis used in
Mechanics. We denote by p∗ = (pμi )μ,i the coordinates on End(Y∗,X∗) and
we define the Hamiltonian function H on U × Y× End(Y∗,X∗) by

H (x, y, p∗) := pμi viμ − L(x, y, v),

where we assume implicitly that v = (viμ)i,μ is the unique solution of
∂L
∂v

(x, y, v) = p∗. Then viμ is actually equal to ∂H

∂p
μ

i

. Moreover to any map

u : U −→ Y we associate the map p∗ : U −→ End(Y∗,X∗) s.t. p∗(x) :=
∂L
∂v

(x,u(x), dux), ∀x ∈ U . Then we can show [45] that u is a solution of
(6.1) iff (u,p∗) is a solution of the generalized Hamilton system:⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂ui

∂xμ
(x) = ∂H

∂p
μ

i

(x,u(x),p∗(x))

∂pμi
∂xμ

(x) = −∂H
∂yi

(x,u(x),p∗(x)).

(6.2)

System (6.2) can be translated as a geometric condition [23] on the graph

�∗ := G(u,p∗) := {(x,u(x),p∗(x))| x ∈ U} ⊂ U × Y× End(Y∗,X∗).

Indeed consider a family of n vector fields X1, . . . , Xn : U −→ U × Y×
End(Y∗,X∗) s.t. for any x ∈ U , (X1(x), . . . , Xn(x)) is a basis of the tangent
plane to G(u,p∗) at (x,u(x),p∗(x)). Set βμ := ∂

∂xμ
β. Then (6.2) is equiva-

lent to the condition that ∀ξ ∈ X× Y× End(Y∗,X∗),

dp
μ

i ∧ dyi ∧ βμ(ξ,X1, . . . , Xn) = dH (ξ )β(X1, . . . , Xn). (6.3)
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In fact this can be easily checked by choosing Xμ := ∂
∂xμ
+ ∂ui

∂xμ
∂
∂yi
+ ∂pμi

∂xμ
∂

∂p
μ

i

.
More concisely we can introduce the n-multivector field X := X1 ∧ · · · ∧Xn
(so that X(x) ∈ "nT(x,u(x),p∗(x))�

∗, ∀x ∈ U ). Then Equation (6.3) reads:

∀ξ ∈ X× Y× End(Y∗,X∗), dp
μ

i ∧ dyi ∧ βμ(ξ,X) = dH (ξ )β(X). (6.4)

Equation (6.3) can be completed with the independence condition

β|�∗ �= 0, (6.5)

where, if j�∗ : �∗ −→ U × Y× End(Y∗,X∗) denotes the inclusion map,
β|�∗ := j ∗�∗β. This condition guarantees that locally �∗ is the graph of some
map (u,p∗) over the ‘space-time’ X.

We will see now that the independence condition (6.5) can be further incor-
porated in a dynamical condition analogous to (6.3) by adding to the variables
(x, y, p∗) a variable e dual to β. We define M := U × Y× R× End(Y∗,X∗)
with coordinates (x, y, e, p∗) = (xμ, yi, e, pμi ) and the (n+ 1)-form

ω := de ∧ β + dpμi ∧ dyi ∧ βμ. (6.6)

We define H : M −→ R by H(x, y, e, p∗) := e +H (x, y, p∗). Then to any
oriented n-dimensional submanifold �∗ = G(u,p∗) we associate the oriented
n-dimensional submanifold � := {(x,u(x), e(x),p∗(x))| x ∈ U} of M, where
e is such that e(x)+H (x,u(x),p∗(x)) = h, ∀x ∈ X, for some real constant2

h. Then �∗ is a solution of (6.3) and (6.5) iff � is a solution of:

∀ξ ∈ C∞(M, TM), ω(ξ,X) = dH(ξ )β(X), (6.7)

where C∞(M, TM) denotes the set of sections of TM over M, which can be
identified with C∞(M,X× Y× R× End(Y∗,X∗)). Note that conversely it is
easy to check that any connected solution� of (6.7) is contained in a level set of
H. We call a Hamiltonian n-curve any solution � of (6.7). The (n+ 1)-form
ω is an example of a multisymplectic form and the pair (M, ω) is called a
multisymplectic manifold. Using the notation ξ ω for the interior product of
the vector ξ with the (n+ 1)-form ω, we set:

Definition 6.1.1 Let M be a smooth manifold. A multisymplectic (n+ 1)-
form ω on M is a (n+ 1)-form which is closed (i.e. dω = 0) and which is
non degenerate (i.e. ∀m ∈M, ∀ξ ∈ TmM, ξ ω = 0 =⇒ ξ = 0).

2 W.l.g. we can assume that the constant h is zero, so that � is included in H−1(0).
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6.1.2 Higher order problems

The preceding can be extended to an action on maps u : U −→ Y of the
form L[u] := ∫

U
L(x, j ru(x))β, where j ru denotes the r-th order jet of u

(i.e. all partial derivatives of u of order less than or equal to r). We denote
by J r (U,Y) the r-th order jet space of maps from U to Y and we use the
coordinates x = (xμ)μ and v = (viμ1···μa

)
i,μ1···μa (for 1 ≤ i ≤ k, 0 ≤ a ≤ r and

1 ≤ μb ≤ n) on J r (U,Y) s.t.

viμ1···μa
(
j ru(x)

) = ∂aui

∂xμ1 · · · ∂xμa (x).

It is convenient to introduce the multi-index notation M = μ1 · · ·μa , where
a ∈ N and ∀b ∈ [[1, a]], 1 ≤ μb ≤ n and to set |M| = a. Then for |M| = r we
denote

πMi (x, v) := ∂L

∂viM
(x, v). (6.8)

The analogue of the Legendre hypothesis consists here in supposing that the
map (viM )i,M;|M|=r �−→ (pMi )i,M;|M|=r defined by (6.8) is one to one. Next we
define the vector space M with coordinates:

(x, v) : xμ vi viμ · · · viμ1···μr−1

p = (e, p∗) : e p
μ

i · · · p
μ1···μr−1
i p

μ1···μr
i

for 1 ≤ μ,μb ≤ n and 1 ≤ i ≤ k. Clearly M contains J r−1(U,Y) as a vector
subspace. We also define recursively, for |M| ≤ r − 1,

πMi (x, v) := ∂L

∂viM
(x, v)−DμπMμi (x, vM ),

where

Dμ := ∂

∂xμ
+ viMμ

∂

∂viM
.

Then we define a Hamiltonian function on M:

H (x, v, p∗) := pμi viμ + · · · + pμ1···μr
i viμ1···μr − L(x, v),

where we assume implicitly that, for |M| = r , viM = viμ1···μr is the solution
of pMi = πMi (x, v), ∀M s.t. |M| = r , and we set pMi := πMi (x, v), ∀M s.t.
|M| < r . To any map u from U to Y we associate the map p∗ which is the
image of j ru by the maps πMi . Then u is a critical point of L iff (j r−1u,p∗) is
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a solution of the generalized Hamilton equations [8]⎧⎪⎪⎨⎪⎪⎩
∂uiμ1···μa
∂xμ

(x) = ∂H

∂p
μ1···μaμ
i

(x,u(x),p∗(x)) for 0 ≤ a ≤ r − 1

∂pμ1···μaμ
i

∂xμ
(x) = − ∂H

∂viμ1···μa
(x,u(x),p∗(x)) for 0 ≤ a ≤ r − 1,

(6.9)

Alternatively we can consider the map x �−→ (x, j r−1u(x), e(x),p∗(x)), where
e may be chosen so that e(x)+H (x, j r−1u(x),p∗(x)) = 0, ∀x and we can write
(6.9) in a way similar to (6.7) by using the Hamiltonian function

H(x, v, p) = e +H (x, v, p∗).

and the multisymplectic form

ω := de ∧ β + dpμi ∧ dvi ∧ βμ + · · · + dpμ1···μr
i ∧ dviμ1···μr−1

∧ βμr .
An intrinsic geometrical multisymplectic formulation of these equations has
been derived recently by L. Vitagliano [43].

6.1.3 More general multisymplectic manifolds

Assume that we start with an action L which is an integral of a Lagrangian
density which depends on the first order derivatives of the field. This may be for
instance a variational problem on maps u between two manifolds X and Y with
a functional L[u] := ∫X L(x,u(x), dux)β or a variational problem on sections
of a fiber bundle π : Z −→ X . Then a natural multisymplectic manifold is the
vector bundle "nT ∗(X × Y) in the first case or "nT ∗Z in the second case.
Both manifolds are indeed endowed with a canonical (n+ 1)-form ω which is
the straightforward analogue of the canonical symplectic form on any cotangent
bundle [6, 24, 19]. We may call this manifold the universal multisymplectic
manifold associated with the Lagrangian problem. Although this construction
seems to be similar to the symplectic one for Hamiltonian mechanics, it is
different because, say for maps between two manifolds X and Y of dimensions
n and k respectively and a first order variational problem, on the one hand
the Lagrangian density depends on n+ k + nk variables (in other words the
analogue of the product of the time real line and of the tangent bundle in
mechanics has dimension n+ k + nk), whereas on the other hand the analogue
of the cotangent bundle is "nT ∗(X × Y) and has dimension n+ k + (n+k)!

n!k! .
This means that we have much more choices in the Legendre transform, which
is not a map in general but a correspondence, as soon as n ≥ 2 and k ≥ 2.

This is why it is possible and often simpler to impose extra constraints in the
Legendre transform, which means that we replace the universal multisymplectic
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manifold "nT ∗Z (whatever Z is: a Cartesian product X × Y or the total
space of a bundle) by some submanifold of it. Most authors prefer to use the
affine multisymplectic submanifold "n2T

∗Z: if Z = X × Y , it is the subbundle
of "nT ∗(X × Y) over X × Y , the fiber over the point (x, y) ∈ X × Y of
which is the subspace of n-forms p ∈ "nT ∗(x,y)(X × Y) s.t. ∀η1, η2 ∈ TyY ,
(0, η1) ∧ (0, η2) p = 0. If Z is a fiber bundle over X , "n2T

∗Z , which is the
subbundle over Z , the fiber over z ∈ Z of which is the subspace of n-forms
p ∈ "nT ∗z Z s.t. for any pair of vertical vectors η1, η2 ∈ TzZ , η1 ∧ η2 p = 0
(by ‘vertical’ we mean that η1 and η2 are maps to 0 ∈ Tπ(z)X by the differential
of π ). In both cases an n-form reads p = eβ + pμi dyi ∧ βμ in local coordinates
and the latter theory is actually the right generalization of (6.6). This theory is
usually referred to as the De Donder–Weyl theory although it was discovered
by V. Volterra (see §6.1.8). Note that "n2T

∗Z can alternatively be defined as
being the affine dual of the first jet bundle of sections of Z over X [14].

6.1.4 Premultisymplectic manifolds

A variant consists in manifolds equipped with a closed (n+ 1)-form but without
assuming a non-degeneracy condition, as for instance in [25]:

Definition 6.1.2 We call a triple (M, ω, β) an n-phase space if M is a mani-
fold, ω is a closed (n+ 1)-form, called a premultisymplectic form and β is a
non vanishing n-form.

Examples of premultisymplectic manifolds can be built easily by starting
from a multisymplectic manifold (M, ω) with a Hamiltonian function H on it
which has no critical points (as for instance H(x, y, e, p∗) = e +H (x, y, p∗)
for the previous theory). Then we let η be a vector field on M s.t. dH(η) = 1
everywhere and we set β := η ω. For any h ∈ R the level set Mh := H−1(h)
is a submanifold. Then (Mh, ω|Mh , β|Mh ) is a premultisymplectic manifold
[18]. In particular ω|Mh is obviously closed but may be degenerate in general:
indeed if � is a Hamiltonian n-curve contained in Mh then any vector tangent
to � is in the kernel of ξ �−→ ξ ω. In fact an n-phase space (M, ω) carries
an intrinsic dynamical structure: we say that an n-dimensional submanifold �
of M is a Hamiltonian n-curve if:

∀v ∈ C∞(M, TmM), (v ω) |� = 0 and β|� �= 0. (6.10)

This definition is motivated by the fact that (if � is connected) � is a solution of
(6.7) iff there exists someh ∈ R s.t.� is contained inMh and� is a Hamiltonian
n-curve in the n-phase space (Mh, ω|Mh , β|Mh ) (see [18]). However there
are examples of premultisymplectic manifolds which do no arise from this
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construction as for instance the example in [20, 35] obtained by starting from
the Palatini formulation of gravity.

6.1.5 Action principle

We assume here that we are working in a premultisymplectic manifold
(M, ω, β) and that the form ω is exact, i.e. is of the form ω = dθ , where
θ is an n-form on M. This is true e.g. in a submanifold of"nT ∗Z , where ω is
precisely defined as the differential of a canonical ‘Poincaré–Cartan’ form θ .
To any oriented n-dimensional submanifold � we associate the action

A[�] :=
∫
�

θ. (6.11)

One can then show that any n-dimensional submanifold � on which β does
not vanish is a critical point of A iff it is a Hamiltonian n-curve, i.e. a solution
of (6.10) (see [18]). Actually if � is the image of a given configuration by
some Legendre transform, then A[�] coincides with the Lagrangian action of
the configuration we started with [19]. Note that in the case where ω is not
exact one could define a similar action on a homology class of n-dimensional
submanifolds by replacing

∫
�

by
∫
�
ω, where � is a (n+ 1)-chain connecting

� with a particular n-dimensional submanifold which generates the homology
class.

6.1.6 Observable functionals

An observable functional is a functional on the ‘space’ of all solutions: this
notion will be central in the next section concerning the covariant phase space.
A particular class of such functionals arise in the context of multisymplectic
manifolds or premultisymplectic manifolds as follows. In the following we
denote by F the set of n-dimensional oriented submanifolds (fields) of M and
by E the subset of F composed of Hamiltonian n-curves.

In a multisymplectic manifold (M, ω)
We define an infinitesimal symplectomorphism of (M, ω) to be a vector field
ξ ∈ C∞(M, TM) s.t. Lξω = 0 (i.e. the Lie derivative of ω by ξ vanishes).
Note that since ω is closed, this relation is equivalent ot d(ξ ω) = 0. An
important case occurs when ξ ω is exact: then there exists an (n− 1)-form
F s.t.

dF + ξ ω = 0. (6.12)
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Any (n− 1)-form F on M s.t. there exists a vector field ξ satisfying (6.12) is
called an observable (n− 1)-form. In the case where n = 1 thenF is a function
and in fact any function on M is an observable 0-form because the symplectic
form is non degenerate. However if n ≥ 2 then an arbitrary (n− 1)-form on M
is not observable in general, but if it is so then the vector field ξ s.t. (6.12) holds
is unique: we shall denote it by ξF . Observable (n− 1)-forms can be integrated
over hypersurfaces in an n-curve to produce observable functionals. For that
purpose, given some Hamiltonian function H on M we define a slice � to be
codimension one submanifold of M s.t. for any Hamiltonian n-curve � the
intersection of � with � is transverse. We also assume that � is co-oriented,
which means that ∀m ∈ � the 1-dimensional quotient space TmM/Tm� is
oriented. Then we can endow � ∩ � with an orientation and define∫

�

F : F −→ R

� �−→
∫
�∩�

F

Then one can recover two important notions in the semi-classical theory of
fields. First one can define a bracket between observable (n− 1)-forms F and
G by the formula

{F,G} := ξF ∧ ξG ω = ξF dG = −ξG dF.

Obviously {F,G} is also an (n− 1)-form. Moreover one can prove that it is
also observable and that ξ{F,G} = [ξF , ξG] [23, 20]. Then the set of observable
(n− 1)-forms equipped with this ‘Poisson bracket’ becomes almost a Lie
algebra (it satisfies the antisymmetry relation {F,G} + {G,F } = 0, but not the
Jacobi identity; we have instead {{G,H }, F } + {{H,F },G} + {{F,G},H } =
d(ξF ∧ ξG ∧ ξH ω), which, in the case where n = 2 can be understood as a
Lie 2-algebra structure [1]). However we can define the bracket{∫

�

F,

∫
�

G

}
:=
∫
�

{F,G} (6.13)

which coincides with the Poisson bracket on functionals on fields used by
physicists. We will also meet an interpretation of this bracket in the next
Section.

A second important notion is the relation between observable forms and
the dynamics. Indeed if � is a Hamiltonian n-curve and if F is an observable
(n− 1)-form then one can use the dynamical equation (6.7) with the vector
field ξF . It gives us, ∀m ∈ �, ∀X ∈ "nTm�,

dF (X) = −ω(ξF ,X) = −dH(ξF )β(X). (6.14)
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Hence we see that if dH(ξF ) vanishes, then dF |� vanishes. This implies by
using Stokes theorem that the restriction of the functional

∫
�
F to the set E

of Hamiltonian n-curves does not depend on � but on its homology class.
For that reason we say that an observable (n− 1)-form F is dynamical if
dH(ξF ) = 0.

In a premultisymplectic manifold (M, ω, β)
The definition of an observable (n− 1)-form F , of the bracket and of the
observable functionals

∫
�
F can be adapted mutatis mutandis to the case of a

premultisymplectic manifold (M, ω, β). The difference is that in such a space
the dynamical condition dH(ξ ) = 0 is empty (think that M is the level set of
some Hamiltonian function H on a multisymplectic manifold, then the fact that
ξ is tangent to this level set forces it to be in the kernel of dH). Hence any
observable (n− 1)-form is a dynamical one.

Moreover if ω is exact, i.e. ω = dθ , we know that Hamiltonian n-curve are
critical points of the action (6.11). We can thus see that dynamical observ-
able (n− 1)-forms correspond to symmetries of the variational problems
and the conservation law dF |� = 0 for a Hamiltonian n-curve � is noth-
ing but Noether’s first theorem [30, 28]. Indeed for any observable (n− 1)-
form F ,

LξF θ = d(ξF θ )+ ξF dθ = d(ξF θ )+ ξF ω = d(ξF θ − F ).

Hence LξF θ is exact, so that ξF is a symmetry of the action
∫
�
θ up to a

divergence term. The conserved current is just F |� .

6.1.7 Hamilton–Jacobi equations

The Hamilton–Jacobi equation for a Hamiltonian function H on a multisym-
plectic manifold of the form "nT ∗Z (or on a submanifold of it) is the follow-
ing equation on an (n− 1)-form S on Z (i.e. a section of the vector bundle
"n−1T ∗Z −→ Z):

H(z, dSz) = 0. (6.15)

Alternatively the unknown may be chosen to be λ := dS: we then require that λ
is a closed n-form on Z (or a section λ of "nT ∗Z −→ Z s.t. λ∗ω = 0) which
is a solution of λ∗H = 0.

Then if for instance Z = X × Y , and if we denote by π the projection from
X × Y to X , λ := π∗dS provides us with a null Lagrangian functional

∫
X λ on

X (i.e. a Lagrangian density which satisfies the Euler–Lagrange equation for
any map). In contrast with non relativistic quantum mechanics, the usefulness
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of this equation in the quantization of fields is not clear for the moment. One of
the interests of the Hamilton–Jacobi equation is that it allows one in principle
to prove under some circumstances that some solutions of the Euler–Lagrange
system of equations are global minimizers, by following a classical strategy
designed by K. Weierstrass and D. Hilbert (see [47, 6, 36]). This strategy is the
exact analogue in the general theory of calculus of variations of the theory of
calibrations used in minimal surfaces.

Note that one could impose extra conditions such as requiring that λ =
ds1 ∧ · · · ∧ dsn, where s1, . . . , sn are functions on Z plus the fact that the
graph of λ is foliated by solutions to the Hamilton equations (this provides then
a generalization of the picture built by Hamilton in order to reconcile the Fermat
principle with the Huygens principle): this was achieved by Carathéodory [2]
in his theory (see §6.1.8).

6.1.8 Some historical remarks

The generalization of the Hamilton equations to variational problems with sev-
eral variables developed first along two directions. One of these is the question
of deciding whether a given solution to a variational problem is a minimum
of the action functional. This question was answered locally for 1-dimensional
variational problems by C.G.J. Jacobi (by following a remark of Legendre) in
1837 [22] by founding a method to check that the second variation is nonnega-
tive which is based on solutions to the so-called Jacobi equation. Note that this
method was extended to several variables by A. Clebsch [4] in 1859. Later on
a global, nonlinear version of these ideas was developed by K. Weierstrass and
D. Hilbert to prove the minimality of some solutions. This theory is connected
with another famous work of Jacobi of the same year (1837), who obtained the
Hamilton–Jacobi equation [21] by generalizing the work of Hamilton relating
the Fermat principle to the Huygens principle. In 1890 V. Volterra wrote two
papers [45, 46] where, to my knowledge for the first time3, two different gen-
eralizations of the Hamilton system of equations to variational problems with
several variables were proposed. In [46] Volterra extended the Weierstrass–
Hilbert theory to variational problems with several variables. This theory was
further developed by G. Prange in 1915 [32] and by C. Carathéodory in his book
in 1929 [2] and is called today the Carathéodory theory. In 1934 H. Weyl [47],
inspired by Carathéodory’s theory, proposed a variant of it which is based on
the same theory as the one proposed by Volterra in [45] and that we described

3 This was followed by a work by L. Koenigsberger [27] in 1901, quoted by T. De Donder in [8],
which unfortunately I have difficulties to understand.
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in §6.1.1. Today this theory is called the De Donder–Weyl one by many
authors4. Its geometrical framework is the affine multisymplectic manifold
"n2T

∗Z .
A second direction was the notion of invariant integrals due to H. Poincaré

[33] and further developed by E. Cartan [3] in 1922: here one emphasizes the
relationship of Hamilton equations with the search for invariants which may
be functions or differential forms. This point of view is strongly related to
the covariant phase space theory (see §6.2.1 below). This theory was devel-
oped in full generality by T. De Donder [8] in 1935 and his main contribu-
tion was to deduce the extension of the affine (‘De Donder–Weyl’) theory to
Lagrangian densities depending on an arbitrary number of derivatives, i.e. to
the theory expounded in §6.1.2. Hence although Weyl’s and De Donder’s
contributions are almost simultaneous they are independent in their inspi-
ration: Weyl’s starting point was the so-called Carathéodory theory, moti-
vated by the search for generalizations to several variables of the Hamilton–
Jacobi equation, whereas De Donder’s starting point was the theory of integral
invariants.

The fact that a continuum of different theories may exist for a given varia-
tional problem was first understood by T. Lepage [29] in 1936 and completely
described by P. Dedecker in 1953 [6]. Today we can picture these various
theories as submanifolds of the universal multisymplectic manifold "nT ∗Z
introduced by J. Kijowski [24] in 1974.

Recently the so-called De Donder–Weyl theory (but that we should call the
‘first Volterra theory’) has beed studied by many authors starting with the impor-
tant work by the Polish school around 1970, i.e. by W. Tulczjew, J. Kijowski,
W. Szczyrba and later on in many papers which are referred to in e.g. [17, 11].
However the Lepage–Dedecker theory has received much less attention (to my
knowledge it was only considered by J. Kijowski [24], F. Hélein, J. Kouneiher
[19, 20, 17] and M. Forger, S. V. Romero [10]), probably because of its com-
plexity. The latter theory leads however to interesting phenomena, particularly
for gauge theories [19, 17], since first class Dirac constraints simply disappear
there.

The modern formulation using the multisymplectic (n+ 1)-form as the key
of the structure of the theory seems to start with the papers of J. Kijowski
[23], H. Goldschmidt and P. Sternberg [16] in 1973 and the introduction of
observable (n− 1)-forms apparentely goes back to the work of K. Gawédski
[15] in 1972.

4 Including, in previous papers, the author of this note, who until recently was unaware of the
work of Volterra.
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6.1.9 An example

Let X be the n-dimensional Minkowski space-time with coordinates

x = (x0, x1, . . . , xn−1)

and consider the linear Klein–Gordon equation on X :

�ϕ +m2ϕ := ∂
2ϕ

∂t2
−�ϕ +m2ϕ = 0, (6.16)

where t = x0 and � :=∑n−1
i=1

∂2

(∂xi )2 . We use the notations x :=
(x1, . . . , xn−1) ∈ Rn−1 and x = (x0, x) ∈ Rn and we define the Euclidean
scalar product x · y := x1y1 + · · · + xn−1yn−1 on Rn−1 and the Minkowski
product

x · y = ημνxμyν = x0y0 − x1y1 − · · · − xn−1yn−1 = x0y0 − x · y,

on X . The multisymplectic formulation of (6.16) takes place in M :=
"nT ∗(X × R), equipped with the multisymplectic form

ω := de ∧ β + dpμ ∧ dϕ ∧ βμ.
Note that ω = dθλ, where

θλ := eβ + λpμdϕ ∧ βμ − (1− λ)ϕdpμ ∧ βμ,
where λ ∈ R is a parameter to be fixed later. The Hamiltonian function on M
corresponding to solutions of (6.16) is

H(x, ϕ, e, p) := e + 1

2
ημνp

μpν + 1

2
m2ϕ2.

To a solution ϕ of (6.16)we associate a Hamiltonian n-curve

� = {(x, ϕ(x), e(x), p(x)) | x ∈ X }
which satisfies⎧⎪⎪⎨⎪⎪⎩

pμ(x) = ημν ∂ϕ
∂xν

(x)

e(x) = −1

2
ημν

∂ϕ

∂xμ
(x)
∂ϕ

∂xν
(x)− 1

2
m2ϕ(x)2.

(6.17)

We define E to be the set of Hamiltonian n-curves s.t. for all time t , x �−→
ϕ(t, x) is rapidly decreasing at infinity.

We denote by P
n−1
H M the set of dynamical observable (n− 1)-forms

F and spHM := {ξ | Lξω = 0, dH(ξ ) = 0}. Note that (n− 1)-forms F in
P
n−1
H M are found by looking at vector fields ξ in spHM and by solving
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ξ ω + dF = 0. They are of the form

F = ζ θ + F#,
where ζ is a vector field on the Minkowski space-time X which is a generator
of the action of the Poincaré group and

F# :=
(
pμ#(x)− ϕημν ∂#

∂xν
(x)

)
βμ,

where # is a solution of (6.16). Note that moreover

ξ# := ξF# = #(x)
∂

∂ϕ
+ ημν ∂#

∂xν
(x)

∂

∂pμ
−
(
m2ϕ#(x)+ pμ ∂#

∂xμ
(x)

)
∂

∂e
.

In the following we shall denote by

P (λ)
μ := ∂

∂xμ
θλ

and we observe that since L ∂
∂xμ
θλ = 0, we have dP (λ)

μ + ∂
∂xμ

ω = 0. Hence

ξ
P

(λ)
μ
= ∂

∂xμ
.

The brackets of two dynamical observable forms F,G ∈ P
n−1
H M are given

as follows: for any pair #, $ of solutions of (6.16),

{F#, F$} = ημν
(
∂#

∂xν
(x)$(x)−#(x)

∂$

∂xν
(x)

)
βμ. (6.18)

We observe that d{F#, F$} = 0. Hence
(
P
n−1
H M, {·, ·}) can be understood

as a kind of central extension of the Lie algebra
(
spHM, [·, ·]) and the Lie

sub algebra spanned by forms F# as an infinite dimensional analogue of the
Heisenberg algebra with central charges given by (6.18). Lastly{
P (λ)
μ , F#

} = L ∂
∂xμ
F# − d

(
∂

∂xμ
F#

)
= F ∂#

∂xμ
− d

(
∂

∂xμ
F#

)
(6.19)

and
{
P (λ)
μ , P

(λ)
ν

} = 0.
For the purpose of quantization we look at functionals of the form F =∫

�
F# which are simultaneously eigenvectors of the linear operators

F �−→
{∫

�

P (λ)
μ ,F

}
,

for μ = 0, . . . , n− 1. We find by using relation (6.19) that the eigenvector
equation reduces to ∂#

∂xλ
= c#. This implies (by using the eigenvalue equation

for μ = 0, . . . , n− 1) that #(x) = αeik·x . But because # should also be a
solution of (6.16) we must then have

ημνk
μkν = (k0)2 − |k|2 = m2. (6.20)
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(We remark that the maps {∫
�
P

(λ)
λ , ·} play the role of the generators of a Cartan

subalgebra.) Let us denote by C the mass shell, i.e. the set of all k = (k0, k) ∈
R4 which are solutions of (6.20). This set actually splits into two connected
components according to the sign of k0: we let C+ := {k ∈ C | k0 > 0}. For any
k ∈ C+ we define

αk := F
ieik·x/

√
2π

3 = i
√

2π
3 e
ik·x (pμ − iϕkμ)βμ

α∗k := F−ie−ik·x/√2π
3 = −i

√
2π

3 e
−ik·x (pμ + iϕkμ)βμ.

The vector fields associated to these observable forms are:

ξk := ξαk =
eik·x
√

2π
3

[
i
∂

∂ϕ
− kμ ∂

∂pμ
+ (ημνpμkν − im2ϕ

) ∂
∂e

]
,

ξ ∗k := ξα∗k =
e−ik·x
√

2π
3

[
−i ∂
∂ϕ
− kμ ∂

∂pμ
+ (ημνpμkν + im2ϕ

) ∂
∂e

]
.

We then define the observable functionals

ak :=
∫
�

αk and a∗k :=
∫
�

α∗k .

As the notations suggest these functionals are the classical analogues of respec-
tively the annihilation and the creation operators. The advantage however is
that our functionals ak and a∗k are independent of the coordinate system. We
can choose � to be the hyperplane x0 = t = 0 and, for any function f , denote
by f |0 the restriction of f to �. Then, for any � ∈ E we have

ak(�) = i
√

2π
3

∫
R3

(
∂ϕ

∂t
|0(x)− ik0ϕ|0(x)

)
e−ik·xdx = i ∂̂ϕ

∂t
|0(k)+ k0ϕ̂|0(k),

where, for all function ψ on R3,

ψ̂(k) := 1
√

2π
3

∫
R3
ψ(x)e−ik·xdx.

Similarly we have:

a∗k (�) = −i
√

2π
3

∫
R3

(
∂ϕ

∂t
|0(x)+ ik0ϕ|0(x)

)
eik·xdx

= −i ∂̂ϕ
∂t
|0(−k)+ k0ϕ̂|0(−k).
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Hence we deduce that

ϕ̂|0(k) = 1

2k0

(
ak(�)+ a∗

k
(�)
)

and
∂̂ϕ

∂t
|0(k) = 1

2i

(
ak(�)− a∗

k
(�)
)
,

where k = (k0, k) := (k0,−k). Thus denoting dμ(k) = 1
2k0 dk

1dk2dk3 =
1

2k0 dk, we have

ϕ(0, x) = 1
√

2π
3

∫
R3

1

2k0
dk eik·x

(
ak(�)+ a∗

k
(�)
)

= 1
√

2π
3

∫
C+
dμ(k)

(
ak(�)e−ik·x + a∗k (�)eik·x

)
and

∂ϕ

∂t
(0, x) = −i

√
2π

3

∫
R3

1

2
dk eik·x

(
ak(�)− a∗

k
(�)
)

= −i
√

2π
3

∫
C+
dμ(k)k0

(
ak(�)e−ik·x − a∗k (�)eik·x

)
.

Recall that these integrals can be interpreted as integrals over C+ through
the parametrization R3 � k �−→ (k0, k) ∈ C+ and that dμ is a measure on C+
invariant by the action of the Lorentz group. Note also that in order to agree
with some textbooks one should add an extra factor

√
k0 inside the integrals.

By using the relation (6.18) we obtain, ∀k, � ∈ C+,

{αk, α�} = −iei(k+�)·x
(2π )3

(kμ − �μ)βμ,

{α∗k , α∗� } =
ie−i(k+�)·x

(2π )3
(kμ − �μ)βμ,

{αk, α∗� } =
iei(k−�)·x

(2π )3
(kμ + �μ)βμ.

These brackets cannot be integrated over the slice� := {x0 = 0} in the measure
theoretical sense5, but one can make sense of their integrals as distributions
over the variables k ± � ∈ R3:

{ak, a�} = {a∗k , a∗� } = 0, ∀k, � ∈ C+,

and

{ak, a∗� } = i2k0δ(�− k).

5 This contrasts with the integrals
∫
�∩� αk and

∫
�∩� α

∗
k which exist if the restrictions to � of ϕ

and of its time derivative are Lebesgue integrable.
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A way to regularize these operators and their brackets is, by using functions
f, g ∈ L2(C+), to define

af :=
∫
C+
dμ(k)f (k)ak, and a∗g :=

∫
C+
dμ(k)g(k)a∗k .

Then

{af , a∗g} = i
∫
C+
dμ(k)f (k)g(k).

6.2 The covariant phase space

6.2.1 A short historical review

The simplest version of the covariant phase space is the set E of solutions of a
Hamiltonian time evolution problem. In this case the Cauchy problem consists
in choosing some point m0 in the ordinary phase space (classically positions and
momenta) and some time t0 and in looking for solutions of the Hamiltonian
vector flow which coincide with m0 at time t0. This problem has a unique
solution in all regular cases and this means thatE is in one to one correspondence
with the set of initial data {m0}. In other words to each time t0 there corresponds
a natural ‘Cauchy coordinates system’ on E , which is just the set of initial
conditions {m0}. The key property is that the Hamiltonian flow preserves the
symplectic structure: this means all the symplectic structures induced by these
‘Cauchy coordinates systems’ on E coincides. Hence this defines a canonical
symplectic structure on E . The substitution of the ordinary phase space by the
space of solutions is a classical analogue of the transition from the Schrödinger
picture to the Heisenberg picture in quantum Mechanics: in the Schrödinger
picture the dynamics of a particle is described by the evolution of some time
dependent ‘state’ which is represented by a complex line in some complex
Hilbert space (the quantum analogue of a point in the ordinary phase space),
whereas in the Heisenberg picture the state (still a complex line in a complex
Hilbert space) does not evolve with time so that it may be interpreted as a
quantum analogue of a solution of the dynamical equations, i.e. of a point in
E (actually more precisely on a Lagrangian submanifold in the phase space,
according to A. Weinstein).

In Mechanics this concept is relatively old: the idea of contemplating the
space of solutions of a mechanical problem itself probably has roots in the
method of the variation de la constante of J.L. Lagrange and the notion of
‘Lagrange bracket’ is very close to the symplectic structure on the phase space.
The observation that this space carries an intrinsic symplectic structure was
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clearly formulated by H. Poincaré [33] in his theory of invariant integrals
(invariants intégraux) and later further developed by E. Cartan [3] and fully
recognized by J.M. Souriau [39]. T. De Donder [7] extended the notion of
integral invariant to variational problems with several variables, being hence
very to from the notion of covariant phase space in this context, although it
is not clear that he realized it. Actually it seems difficult to decide when the
concept of covariant phase space in field theory emerged. My own guess is that
such an idea could also have been inspired by quantum field theory, since it
may be thought as the classical analogue of the Heisenberg picture in quantum
fields theory. First known works in this direction are the R.E. Peierls bracket
in 1952 [31], followed by the paper of I. Segal [37] in 1960. Peierls defined a
bracket on the set of solutions to a relativistic hyperbolic wave equation which
can be understood now as the restriction of the Poisson bracket associated to
the covariant phase structure on a certain class of functionals on the phase
space. Segal proved that the set of solutions of a non linear field relativistic
wave equation precisely carries a symplectic structure and proposed to use this
symplectic structure to quantize fields (and his paper is among the ones at the
origin of the geometric quantization method). This idea was later developed
in a more and more general framework by P. L. Garcı́a [12] in 1968, Garcı́a
and A. Pérez-Rendón [13] in 1971, H. Goldschmidt, S. Sternberg [16] in 1973.
In my opinion, the more accomplished presentation is the one by J. Kijowski
and W. Szczyrba [25] in 1976, which gives the first elementary but general
presentation of this structure, by using the multisymplectic formalism.

A more recent appearance of this idea can be found in the papers by C.
Crnkovic and E. Witten [5] and by G. Zuckerman [48], where the authors were
apparently unaware of the previous references and have rediscovered this prin-
ciple, being guided by the concept of the variational bicomplex of F. Takens
[40] and the work of A.M. Vinogradov [41]. This was followed by several
developments in the physical (e.g. [9]) and the mathematical literature, where
this principle is often referred to as the Witten covariant phase space. A general
presentation in the framework of the secondary calculus of Vinogradov was
done by E. Reyes [34] and L. Vitagliano in [42] and in relation to multisym-
plectic geometry (as in the present paper) by M. Forger and S.V. Romero in
[10].

6.2.2 The basic principle

We expound here briefly the principle of the covariant phase space using the
multsymplectic formalism. Our presentation will be heuristic and we refer to
[25, 18] for details. We assume that we are given a premultisymplectic manifold
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(M, ω, β) (see §6.1.4) and, as in §6.1.5, that ω is exact, i.e. ω = dθ , for some
n-form θ . We note E the set of Hamiltonian n-curves in (M, ω, β), i.e. the set
of oriented n-dimensional submanifolds � ⊂M which satisfy (6.10). Given
some � ∈ E , the tangent space6 to E at � represents the set of infinitesimal
deformations δ� of � which preserves the equation (6.10). Such a deformation
δ� can be represented by a vector field ξ tangent to M defined along �, i.e. a
section over � of j ∗�TM, which is the pull-back image of the tangent bundle
TM by the embedding map j� : � −→M. Given δ�, the vector field ξ is of
course not unique, since for any tangent vector field ζ on � (i.e. a section of
the subbundle T � ⊂ j ∗�TM), ξ + ζ represents also δ�. If so we write:

δ� =
∫
�

ξ =
∫
�

ξ + ζ.

Moreover the condition on δ� of being tangent to E forces ξ to be a solution
of the Jacobi equation:

∀v ∈ C∞(M, TmM),
(
v Lξω

) |� = 0. (6.21)

Note that, although ξ is not a vector field defined on M (neither on a neigh-
bourhood of � in M) but only on �, one can make sense of Lξω|� because �
is a solution of (6.10).

Then for any slice � (see §6.1.6), any � ∈ E and δ� ∈ T�E , we define

 �� (δ�) :=
∫
�∩�

ξ θ,

where ξ is a section of j ∗�TM over � s.t. δ� = ∫ ξ and ξ θ is the interior
product of θ by ξ . This hence defines a 1-form  � on E

The dependence of  � on �
This is the first natural question. For that purpose let us consider a smooth
1-parameter family of slices (�t )t and compute the derivative:

d

dt

(
 
�t
� (δ�)

)
= d

dt

(∫
�t∩�

ξ θ

)
=
∫
�t∩�

L ∂
∂t

(ξ θ )

=
∫
�t∩�

∂

∂t
d(ξ θ )+ d

(
ξ ∧ ∂

∂t
θ

)
.

But d(ξ θ ) = Lξθ − ξ dθ and thus

∂

∂t
d(ξ θ ) = ∂

∂t

(
Lξθ

)− ∂

∂t
ξ ω.

6 Note that since E may not be a manifold in general, the usual definition of a tangent space
should be replaced by a suitable notion, see [25, 18].
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However we can assume w.l.g. (see [18]) that the vector fields ∂
∂t

and ξ admit
extensions s.t.

[
ξ, ∂

∂t

] = 0. Then the preceding relation gives us

∂

∂t
d(ξ θ ) = Lξ

(
∂

∂t
θ

)
− ξ ∧ ∂

∂t
ω.

Hence

d

dt

(
 
�t
� (δ�)

)
=
∫
�t∩�

Lξ

(
∂

∂t
θ

)
−
∫
�t∩�

ξ ∧ ∂

∂t
ω

+
∫
�t∩�

d

(
ξ ∧ ∂

∂t
θ

)
. (6.22)

First let us consider a smooth curve s �−→ �s ∈ E s.t. �0 = � and d�s
dt
= δ�.

Then the first term in the r.h.s. of (6.22) is equal to∫
�t∩�

Lξ

(
∂

∂t
θ

)
= d

ds

(∫
�t∩�s

∂

∂t
θ

)∣∣∣∣
s=0

= δS
d�t
dt

� (δ�),

where we have posed:

S
d�t
dt (�) :=

∫
�t∩�

∂

∂t
θ.

Second we can assume w.l.g. (see [18]) that we can choose ∂
∂t

in such a
way that it is tangent to �. Let (X2, . . . , Xn) be a system of tangent vectors
on � s.t. ∀t , ∀m ∈ �t ∩ �, (X2(m), . . . , Xn(m)) is a basis of Tm(�t ∩ �) and
( ∂
∂t

(m), X2(m), . . . , Xn(m)) is a basis of Tm�. Then if ψ is a n-volume form on
� s.t. ψ( ∂

∂t
, X2, . . . , Xn) = 1, the second term in the r.h.s. of (6.22) reads

−
∫
�t∩�

ξ ∧ ∂

∂t
ω = −

∫
�t∩�

ω

(
ξ,
∂

∂t
, X2, . . . , Xn

)
ψ

and vanishes because of the Hamilton equations (6.10). Lastly we assume that
the restriction of ξ to�t ∩ � has compact support or is rapidly decreasing: this
occurs for instance if the Hamilton system encodes hyperbolic wave equations,
if � is a level hypersurface of some time coordinate and if we impose that the
Hamiltonian n-curves in E have a prescribed behaviour at infinity in space for
all time. Then the last term in the r.h.s. of (6.22) vanishes. Then Relation (6.22)
can be rewritten

d

dt

(
 
�t
� (δ�)

)
= δS

d�t
dt

� (δ�), ∀δ� ∈ T�E
or

d

dt

(
 �t

) = δS d�t
dt . (6.23)
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We can also define the functional

S
�2
�1

(�) :=
∫
�∩{t1≤t≤t2}

θ,

which represents the ‘action’ between the slices �1 := {t = t1} an �2 := {t =
t2}. Then S�2

�1
(�) = ∫ t2

t1
S
d�t
dt (�)dt and thus we deduce by integrating (6.23)

over [t1, t2] that

 �2 − �1 = δS�2
�1
. (6.24)

The symplectic form
In view of the preceding we are led to the conclusion that, although the 1-form
 � depends on �, its differential δ � does not depend on � since (6.24) tells
us that  �2 − �1 is an exact form. Of course one should be careful in using
the identity δ ◦ δ = 0 since E is not a smooth manifold (see [18] for a rigorous
proof that δ � does not depend on �). All this motivates the definition of the
following 2-form on E :

� := δ �.

We will prove that � has the following expression: ∀δ1�, δ2� ∈ T�E ,

��(δ1�, δ2�) =
∫
�∩�

ξ1 ∧ ξ2 ω, (6.25)

where ξ1, ξ2 are sections over � of j ∗�TM s.t. δ1� =
∫
�
ξ1 and δ2� =

∫
�
ξ2.

To prove (6.25) we need to compute δ �� (δ1�, δ2�). For that purpose we first
assume that we can extend the two tangent vectors δ1� and δ2� to commuting
vector fields on E around � (actually we can assume that [ξ1, ξ2] = 0). Then

δ �� (δ1�, δ2�) = δ1� · �� (δ2�)− δ2� · �� (δ1�)− �� ([δ1�, δ2�])

= δ1� ·
(∫

�∩�
ξ2 θ

)
− δ2� ·

(∫
�∩�

ξ1 θ

)
.

Thus

δ �� (δ1�, δ2�) =
∫
�∩�

Lξ1 (ξ2 θ )−
∫
�∩�

Lξ2 (ξ1 θ ) .

We use then the following identity (see [18]): for any pair of vector fields X1

and X2 and for any p-form β,

LX1 (X2 β)−LX2 (X1 β)=X1 ∧X2 dβ+[X1, X2] β+d(X1 ∧X2 β).
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SettingX1 = ξ1,X2 = ξ2 and β = θ , we obtain using [ξ1, ξ2] = 0 and dθ = ω
that Lξ1 (ξ2 θ )− Lξ2 (ξ1 θ ) = ξ1 ∧ ξ2 ω − d(ξ1 ∧ ξ2 θ ). Thus

δ �� (δ1�, δ2�) =
∫
�∩�

ξ1 ∧ ξ2 ω − d(ξ1 ∧ ξ2 θ ). (6.26)

Hence if we assume that the restriction of ξ1 and ξ2 to �t ∩ � has compact
support or is rapidly decreasing (as in the preceding paragraph) we obtain
(6.25).

Hence we conclude that, under some hypotheses, one can endow the set
E of solutions to the Hamilton equations with a symplectic form � given by
(6.25). This form does depend not on � under the condition that the boundary
terms

∫
�t∩� d

(
ξ ∧ ∂

∂t
θ
)

in (6.22) and− ∫
�∩� d(ξ1 ∧ ξ2 θ ) in (6.26) vanish.

This means that, on each slice �, the Jacobi vector fields ξ, ξ1, ξ2 decrease
sufficiently rapidly at infinity. Such a condition is true if, for instance, the
manifold X is a Lorentzian manifold, the slice � is (a lift of) a spacelike
hypersurface of X and we impose in the definition of E that all Hamiltonian
n-curves � in E are asymptotic to a given ‘ground state’ Hamiltonian n-curve
�0 at infinity on each slice �.

With such a symplectic structure� on E we can define a Poisson bracket on
real-valued functionals on E , which is nothing but (6.13).

6.2.3 A geometric view of the proof

We can give an alternative proof of Relation (6.24) with a more geometric
flavor. We will be even more heuristic, however the validity of our argument
is strongly based on the fact that the Lagrangian action can be represented by
(6.11). For that purpose imagine that our problem models a hyperbolic time
evolution problem and that there are well-defined notions of time and space
coordinates onM (as is the case for any wave equation on a curved space-time).

Consider a Hamiltonian n-curve � and let �′ be another Hamiltonian n-
curve, which we suppose to be close to �. More precisely we assume that
�′ = � + εδ� + o(ε), where ε > 0 is a small parameter : by this condition we
mean that there exists a vector field ξ ∈ C∞(M, TM) s.t. δ� = ∫

�
ξ and �′ is

the image of � by the flow map eεξ . We also assume that, for all ‘time’, �′ is
asymptotic to � at infinity in space. Let �1 and �2 be two slices, assume that
these slices are space-like hypersurfaces and, in order to fix ideas, we suppose
that �2 is in the future of �1. These slices cross transversally � and �′ and
we denote by σ1 (resp. σ2) the piece of �1 (resp. �2) which is enclosed by the
intersections with � and �′ (see the picture). We also denote by �− the part of
� which is in the past of�1, by �+ the part of � which is in the future of�2 and



116 F. Hélein
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Figure 6.1 A geometric comparison of  �1 (δ�) with  �2 (δ�)

by �′0 the part of �′ which is between�1 and�2 (see again the picture). Lastly
we consider the (not necessarily Hamiltonian) n-curve �ε, which is the union
of �−, σ1, �′0, σ2 and �+. Of course �ε is not smooth, but it can be approached
by a sequence of smooth n-curves, so that the following makes sense. We also
endow �ε with the orientation which agrees with that of � on �− ∪ �+ and
with that �′ on �′0.

Let us use the fact that � is a Hamiltonian n-curve, hence a critical point of
(6.11). This implies that ∫

�ε

θ =
∫
�

θ + o(ε). (6.27)

However the l.h.s. of (6.27) can be decomposed as∫
�ε

θ =
∫
�−
θ +

∫
σ1

θ +
∫
�′0

θ +
∫
σ2

θ +
∫
�+
θ,

whereas its r.h.s. is∫
�

θ + o(ε) =
∫
�−
θ +

∫
�0

θ +
∫
�+
θ + o(ε),



Multisymplectic formalism and the covariant phase space 117

where �0 is the part of � between �1 and �2. Hence (6.27) reduces to∫
σ1

θ +
(∫

�′0

θ −
∫
�0

θ

)
+
∫
σ2

θ = o(ε). (6.28)

We now recognize that, on the one hand,
∫
σ1
θ = ε �1 (δ�)+ o(ε), ∫

σ2
θ =

−ε �2 (δ�)+ o(ε) (the sign being due to the orientation of σ2). On the other
hand

∫
�0
θ = S�2

�1
(�0) and

∫
�′0
θ = S�2

�1
(�′0) = S�2

�1
(�0 + εδ�0)+ o(ε). Hence

(6.28) gives us

ε �1 (δ�)+ ε
(
δS
�2
�1

)
�

(δ�)− ε �2 (δ�) = o(ε).

Thus by dividing by ε and letting ε tend to 0, we recover (6.11).

6.3 Geometric quantization

We address here the question of building a geometric quantization scheme, or
at least a prequantization scheme for fields based on the covariant phase space
structure. This was more or less the programme envisioned by G. Segal in 1960
[37]. We present here an attempt at that by using the multisymplectic theory on
a very elementary example, which is the one presented in §6.1.9.

Canonical vector fields on the set of solutions E
We can associate to each F ∈ P

n−1
H M a tangent vector field �F on E wich is

given by

∀� ∈ E, �F (�) :=
∫
�

ξF .

In the case of the Klein–Gordon equation (6.16) it is interesting to represent
solutions in E by local coordinates. The most convenient way is based on the
Fourier transform: any Hamiltonian n-curve � is characterized by a solution ϕ
to (6.16) and by writing

ϕ(x) = 1
√

2π
3

∫
C+
dμ(k)

(
uke

−ik·x + u∗keik·x
)
, (6.29)

we get formally a map

E −→ CC+ × CC+

ϕ �−→ (uk, u∗k)k∈C+ .
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Note that the image of E is characterized by the reality condition uk = u∗k ,
∀k ∈ C+. We can obviously extend this map to the complexification EC of E
and then this map is an isomorphism.

The creation and annihilation canonical transformations
Now given some function f ∈ L2(C+) consider

αf :=
∫
C+
dμ(k)f (k)αk = i

√
2π

3

∫
C+
dμ(k)eik·xf (k)(pμ − iϕkμ)βμ.

(Note that the observable functional af defined in §6.1.9 is obtained by inte-
gration of αf over a slice.) Then

ξf :=ξαf =
i

√
2π

3

∫
C+
dμ(k)eik·xf (k)

(
ikμ

∂

∂pμ
−(m2ϕ+iημνpμkν) ∂

∂e
+ ∂

∂ϕ

)
is completely characterized by the fact that it preserves ω and dH and through
its action on ϕ:

dϕ
(
ξf
) = i

√
2π

3

∫
C+
dμ(k)eik·xf (k).

We can easily integrate ξf on M and its action on F :

U (s, ϕ) = ϕ + s i
√

2π
3

∫
C+
dμ(k)eik·xf (k).

In terms of the coordinates (uk, u∗k)k∈C+ it gives:

U (s, uk, u
∗
k) = (uk, u

∗
k + isf (k)).

Hence we can symbolically denote

�f := �αf = i
∫
C+
f (k)

∂

∂u∗k
.

There is no integration measure used here, the sign
∫

stands uniquely for
summing linearly independent vectors: the meaning is that

�f

(
1

√
2π

3

∫
C+

dk
2k0

(
uke

−ik·x + u∗keik·x
)) = 1

√
2π

3

∫
C+
dμ(k)if (k)eik·x.

A completely analogous computation can be done for

α∗g :=
∫
C+
dμ(k)g(k)α∗k =

−i
√

2π
3

∫
C+
dμ(k)e−ik·xg(k)(pμ + iϕkμ)βμ,
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where g ∈ L2(C+). Denoting ξ ∗g := ξα∗g we have

dϕ
(
ξ ∗g
) = −i

√
2π

3

∫
C+
dμ(k)e−ik·xg(k).

Hence �∗g := �α∗g is given by

�∗g = −i
∫
C+
g(k)

∂

∂uk
.

Spacetime translations
We now look at the canonical vector fields on E associated with spacetime
translations Pζ , where ζ is constant vector field on X . We recall that ξ

P
(λ)
ζ
= ζ .

We must understand the induced vector field �ζ on F . Let U (s, ·) be the flow
mapping of the vector field ζ : U (s, x, ϕ, e, p) = (s, x + ζ, ϕ, e, p). Then the
image of

� = {(x, ϕ(x), e(x), p(x)) | x ∈ X } ⊂ E

by U (x, ·) is

�s = {(x, ϕ(x − sζ ), es(x), ps(x)) | x ∈ X },
where the value of es(x) and ps(x) is completely determined by the constraint
that�s ⊂ E and by the knowledge of ϕ(x − sζ ). This can be proved by a simple
change of variable. Similarly we determine the action of�ζ on the coordinates
(uk, u∗k)k∈C+ by computing its action on ϕ:

(
�ζϕ

)
(x) = d

ds

(
1

√
2π

3

∫
C+
dμ(k)

(
uke

−ik·(x−sζ ) + u∗keik·(x−sζ )
))∣∣∣∣∣

s=0

= 1
√

2π
3

∫
C+
dμ(k)

(
ik · ζuke−ik·(x−sζ ) − ik · ζu∗keik·(x−sζ )

)
= i

[(∫
C+
k · ζ

(
uk
∂

∂uk
− u∗k

∂

∂u∗k

))
ϕ

]
(x).

Hence

�ζ = i
∫
C+
k · ζ

(
uk
∂

∂uk
− u∗k

∂

∂u∗k

)
.

Geometric prequantization
We recall very briefly the prequantization scheme due to B. Kostant and J.-M.
Souriau (generalizing previous constructions by B.O. Koopman, L. Van Hove
and I. Segal, see [26, 38]). We let (M, ω) be a simply connected symplectic
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manifold and we assume for simplicity that there exists a 1-form θ withω = dθ .
We consider the trivial bundle L :=M× C and denote by �(M,L) the set of
square integrable sections of L. Using θ we can define a Hermitian connection
∇ acting on �(M,L) by

∀ξ ∈ �(M, TM),∀ψ ∈ �(M,L), ∇ξψ = ξ · ψ − i

�
θ (ξ )ψ.

Then to each function F ∈ C∞(M,R) we associate the operator F̂ acting on
�(M,L)

F̂ψ = Fψ + �

i
∇ξF ψ = (F − θ (ξF ))ψ + �

i
ξF · ψ,

where dF + ξF ω = 0. This construction is called the prequantization of
(M, ω). For instance if (M, ω) = (R2n, dpi ∧ dqi), then ω = dθ , with θ =
pidq

i and q̂i = qi + i� ∂
∂pi

and p̂i = −i� ∂
∂qi

. Of course one needs further
restrictions in order to recover an irreducible representation of the Heisenberg
algebra (and hence the standard quantization): this will be the purpose of
introducing a polarization and a tensorization of the line bundle L with the
bundle of half volume forms transversal to the leaves of the polarization (see
[26, 38]).

We will propose an extension of this procedure to our setting, concerned
with the quantization of fields. We consider the trivial bundle L := EC × C

over EC, where EC is the complexification of the set of solutions to the Klein–
Gordon equation (6.16) as before. On the set �(EC,L) of smooth sections of
L (we are here relatively vague about the meaning of "smooth") we define a
notion of covariant derivative along any vector field of the type �F , where
F ∈ �(EC,L) by

∀ψ ∈ �(EC,L), ∇�F ψ := �F · ψ − i

�

(∫
�

ξF θ

)
ψ,

where θ = θλ. Then we define the prequantization of F ∈ P
n−1
H M to be the

operator acting on �(EC,L) by:

F̂ψ :=
(∫

�

F

)
ψ + �

i
∇�F ψ =

�

i
�F · ψ +

(∫
�

F − ξF θ

)
ψ.

Prequantization of the creation and annihilation observables
We look here for the expressions of the prequantization of af and a∗g given in
§6.1.9. We first note the fact that if ϕ is given in terms of (uk, u∗k)k∈C+ by (6.29),
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then

1
√

2π
3

∫
Rn

e−ik·xϕ(0, x)dx = uk + u
∗
k

2k0
,

and

1
√

2π
3

∫
Rn

e−ik·xp0(0, x)dx = uk − u
∗
k

2i
,

where k = (k0,−k). We deduce the following∫
�∩�

αf = 1
√

2π
3

∫
Rn

dx
∫
C+

dk
2k0
e−ik·xf (k)

(
ϕ(0, x)k0 + ip0(0, x)

)
=
∫
C+

dk
2k0
f (k)

(
uk + u∗k

2
+ uk − u

∗
k

2

)
=
∫
C+

dk
2k0
f (k)uk.

Similarly ∫
�∩�

α∗g =
∫
C+

dk
2k0
g(k)u∗k.

We moreover observe that

ξf θ = 1
√

2π
3

∫
C+

dk
2k0
eik·x

f (k)

2
(ϕkμ + ipμ)βμ = αf

2
,

and similarly ξ ∗g θ = α∗g
2 . Hence∫

�∩�
ξf θ =

∫
C+

dk
2k0

f (k)

2
uk and

∫
�∩�

ξ ∗g θ =
∫
C+

dk
2k0

g(k)

2
u∗k.

Using the previous results we can now express, for ψ ∈ �(EC,L),

∇�f ψ := �f · ψ − i

�

(∫
�

ξf θ

)
ψ

= i

∫
C+
f (k)

∂ψ

∂u∗k
− i

�

(∫
C+

dk
2k0

f (k)

2
uk

)
ψ
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and

∇�∗gψ := �∗g · ψ −
i

�

(∫
�

ξ ∗g θ

)
ψ

= −i
∫
C+
g(k)

∂ψ

∂uk
− i

�

(∫
C+

dk
2k0

g(k)

2
u∗k

)
ψ.

For the prequantizations we obtain:

âf ψ = �

∫
C+
f (k)

∂ψ

∂u∗k
+
(∫

C+

dk
2k0

f (k)

2
uk

)
ψ,

and

â∗gψ = −�

∫
g(k)

∂ψ

∂uk
+
(∫

C+

dk
2k0

g(k)

2
u∗k

)
ψ.

We observe that we have formally [̂af , âf ′] = [̂a∗g, â
∗
g′ ] = 0 and

[̂af , â
∗
g] = �

∫
C+

dk
2k0
f (k)g(k).

Prequantization of the stress-energy tensor
It relies on finding the prequantization of P (λ)

ζ = ζμP (λ)
μ . In principle one

should compute the functionals of
∫
�
P

(λ)
ζ and

∫
�
ξ
P

(λ)
ζ

θλ. But as observed in
the previous section we have P (λ)

ζ = ζ θλ = ξP (λ)
ζ

θλ because Lieζ θλ = 0.
Hence

∫
�
P

(λ)
ζ − ξ

P
(λ)
ζ

θλ = 0 and so the prequantization of P (λ)
ζ is just

P̂ (λ)
ζψ = �

i
�ζ · ψ = �

∫
C+
k · ζ

(
uk
∂

∂uk
− u∗k

∂

∂u∗k

)
ψ.

Note that if we need to compute
∫
�
P

(λ)
ζ , it is more suitable to set λ = 1, since

it gives then the standard expression for the stress-energy tensor. For instance,
if ζ = ∂

∂x0

−
∫
�∩�

P
(1)
0 =

∫
Rn−1

dx

(
(p0)2

2
+

3∑
i=1

(pi)2

2
+m2 ϕ

2

2

)

gives the total energy in the frame associated with the coordinates xμ.
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Introducing a polarization
We choose to impose the extra condition ∇�∗gψ = 0, ∀g (covariantly antiholo-
morphic sections), which gives us:

ψ(uk, u
∗
k) = h(u∗k) exp

(
− 1

2�

∫
C+

dk
2k0
uku

∗
k

)
= h(u∗k)|0〉.

The advantage of this choice is that all observable functionals (creation and
annihilation, energy and momentum) are at most linear in the variables (uk, u∗k),
so we do not need to use the Blattner–Kostant–Sternberg correction for these
operators [26, 38]. As a result P̂ |0〉 = 0, so that the energy of the vacuum van-
ishes without requiring normal ordering. However we did not take into account
the metaplectic correction, which requires a slight change of the connection:
were we to do so we would find that the vacuum has infinite energy (as in
the standard quantization scheme), which can be removed by a normal order-
ing procedure. The mysterious thing here (as was already observed) is that by
ignoring the metaplectic correction (which however is fundamental for many
reasons) we do not need the normal ordering correction.
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[15] K. Gawȩdski, On the generalization of the canonical formalism in the classical
field theory, Rep. Math. Phys. No 4, Vol. 3 (1972), 307–326.

[16] H. Goldschmidt, S. Sternberg, The Hamilton–Cartan formalism in the calculus of
variations, Ann. Inst. Fourier Grenoble 23, 1 (1973), 203–267.
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7

Nonnegative curvature on disk bundles

lorenz j. schwachhöfer

7.1 Introduction

The search for manifolds of nonnegative curvature1 is one of the classical
problems in Riemannian geometry. While general obstructions are scarce, there
are relatively few general classes of examples and construction methods. Hence,
it is unclear how large one should expect the class of closed manifolds admitting
a nonnegatively curved metric to be. For a survey of known examples, see
e.g. [12].

Apart from taking products, there are only two general methods to construct
new nonnegatively curved metrics out of given spaces. One is the use of Rie-
mannian submersions which do not decrease curvature by O’Neill’s formula.
The other is the glueing of two manifolds (which we call halves) along their
common boundary. Typically, the boundary of each half is assumed to be totally
geodesic or, slightly more restrictively, a collar metric. This in turn implies by
the Soul theorem ([2]) that each half is the total space of a disk bundle over a
totally geodesic closed submanifold. In addition, the glueing map of the two
boundaries must be an isometry.

While many examples can be constructed by such a glueing, its application
is still limited. On the one hand, there is not too much known on the question
of which disk bundles over a nonnegatively curved compact manifold admit
collar metrics of nonnegative curvature, and on the other hand, even if such
metrics exist, the metric on the boundary is not arbitrary. Thus, glueing together
two such disk bundles to a nonnegatively curved closed manifold is possible in
special situations only.

For instance, if the disk bundle is homogeneous, then there always exist
invariant nonnegatively curved collar metrics. However, the metric on the

1 Throughout this article, the term “curvature” refers to the sectional curvature.
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boundary of such a collar metric is restricted due to the existence of certain
parallel Killing fields by a result of Perelman ([7]).

In this article, we will give a survey of known examples and describe some
recent results which illustrate the difficulty in finding metrics on disk bundles
which are suitable for this glueing construction.

7.2 Normal homogeneous metrics and Cheeger deformations

Let G be a compact Lie group with Lie algebra g, and let g0 be a biinvariant
metric onG, i.e., a metric for which all left and right translations are isometries.
It is well known that each compact Lie group carries such a metric, and its
curvature is given by

secg0 (x, y) = 1

4
|[x, y]|2g0

≥ 0

for each orthonormal pair x, y ∈ TgG = dLgg ∼= g. Let H ⊂ G be a closed
subgroup, and consider the compact homogeneous space M := G/H . Then
there is a unique G-invariant metric on G/H which by abuse of notation we
also denote by g0, for which the canonical projection G→ G/H becomes
a Riemannian submersion. This metric on G/H is called a normal homoge-
neous metric. Evidently, a normal homogeneous metric always has nonnegative
curvature by O’Neill’s formula.

Let (M,g) be a Riemannian manifold, and suppose thatG acts isometrically
onM . The action map

G×M −→ M

may be regarded as a principal G-bundle with the free action of G on G×M
given by

k % (g, p) := (gk−1, k · p)

for g, k ∈ G and p ∈ M . Evidently, this action is isometric with respect to the
product of a biinvariant metric on G and the given metric onM .

Definition 7.2.1 Let (M,g) be a Riemannian manifold, and let G be a Lie
group with a biinvariant metric g0 which acts isometrically on M . Then for
λ > 0, the metric gλ onM for which the action map

(G×M,λg0 ⊕ g) −→ (M,gλ)

becomes a Riemannian submersion is called a Cheeger deformation of g.

Since Cheeger deformations are Riemannian submersions and hence curva-
ture non-decreasing by O’Neill’s formula, it follows that gλ has nonnegative
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curvature whenever g does. Moreover, gλ may have nonnegative curvature even
if g has some negative curvature.

Proposition 7.2.2 Let g be a G-invariant metric on M and let gλ denote the
Cheeger deformation of g for λ > 0. Then

(i) limλ→∞ gλ = g.
(ii) (gλ)μ = g λμ

λ+μ
. That is, the Cheeger deformation of a Cheeger deformation

is again a Cheeger deformation.
(iii) If gλ0 has nonnegative curvature for some λ0 > 0, then so does gλ for any

λ < λ0.
(iv) If M = G/H is a homogeneous space with a G-invariant metric g, then

limλ→0
1
λ
gλ = g0, where g0 is the normal homogeneous metric on G/H

induced by the biinvariant metric g0 on G.

Proof Let p ∈ M , and let N := G · p ⊂ M be the G-orbit through p. We
decompose the tangent space g-orthogonally as

TpM = TpN ⊕ Sp.
We write N = G/H with H := Stab(p) ⊂ G, and choose the orthogonal
decomposition of the Lie algebra g = h⊕m, so that m ∼= TpN with the identi-
fication x �→ (x∗)p, where x∗ denotes the action field of x ∈ g. Let ϕ : m→ m

be the self-adjoint map for which

g(x∗, y∗)p = g0(ϕ(x), y),

where g0 is the given biinvariant inner product on g. The tangent space of the
fiber of the submersion G×M → M at (e, p) is given by {(−x, (x∗)p) | x ∈
g}, hence its orthogonal complement with respect to (λg0)⊕ g is

H(e,p) = {(ϕ(x), λ(x∗)p) | x ∈ m} ⊕ Sp.
Therefore, the horizontal lift of (x∗)p is (ϕ(x̂), λ(x̂∗)p), where x̂ := (λ+
ϕ)−1(x). It follows that for all λ > 0 we have

gλ|Sp = g|Sp , gλ(Sp, TpN ) = 0 and gλ(x∗, y∗) = g0(λϕ(λ+ ϕ)−1(x), y)

for all x, y ∈ m. From this, the first and the fourth assertion on the limits of gλ
as λ→∞ and λ→ 0 follow. The second statement follows since

μ(λϕ(λ+ ϕ)−1)(μ+ (λϕ(λ+ ϕ)−1))−1 = μλ

μ+ λϕ
(
μλ

μ+ λ + ϕ
)−1

,

and the third follows since for λ < λ0 we can write λ = μλ0

μ+λ0
forμ := λλ0

λ0−λ > 0
and then apply the preceding statement and the fact that a Cheeger deformation
of a nonnegatively curved metric is again nonnegatively curved. �
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7.3 Homogeneous metrics of nonnegative curvature

By virtue of Proposition 7.2.2, we should consider Cheeger deformations with
small parameters λ > 0 when searching for nonnegatively curved metrics.
Moreover, since theG-orbits ofM are homogeneous spaces, the last statement
of Proposition 7.2.2 implies that the metrics on the orbits approach a biinvariant
metric for Cheeger deformations with small λ > 0. Therefore, it is important to
investigate the question of whichG-invariant metrics on a homogeneous space
close to the normal homogeneous one have nonnegative curvature.

In general, this question is too hard to answer. But we can give a partial
answer if G/H is the total space of a homogeneous fibration.

Theorem 7.3.1 ([9]) LetH ⊂ K ⊂ G be compact Lie groups with Lie algebras
h ⊂ k ⊂ g, and consider the homogeneous fibration K/H ↪→ G/H → G/K .
Moreover, denote the orthogonal decompositions with respect to some biinvari-
ant metric g0 on g as

g = h⊕ p = k⊕ s and k = h⊕m (7.1)

(i) The metric onG/H obtained from the normal homogeneous one by shrink-
ing the fibers of this fibration is always nonnegatively curved.

(ii) The metric onG/H obtained from the normal homogeneous one by enlarg-
ing the fibers of this fibration by a factor (1+ ε) is nonnegatively curved
for ε > 0 sufficiently small if and only if there is a constant C > 0 such
that for all X, Y ∈ p,

|[Xm, Ym]m| ≤ C · |[X, Y ]|, (7.2)

where the superscripts refer to the decomposition (7.1).

In particular, if the fiberK/H is a symmetric space, then [Xm, Ym]m = 0, so
that in this case, the fiber can always be enlarged while maintaining nonnegative
curvature. All metrics onG/H in this theorem are induced by the left-invariant
metric given by the inner product

gt := tg0|k + g0|s (7.3)

on g; indeed, shrinking (respectively, enlarging) the fibers corresponds to the
case t < 1 (respectively, t > 1).

Proof For the first statement, we observe that applying the Cheeger deforma-
tion to the action of K on G by right multiplication, we obtain that gλ is the
left-invariant metric which on g = TeG is given as

gλ = λ

1+ λg0|k + g0|s,
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hence this metric on G is nonnegatively curved, and so is the induced metric
on G/H , which corresponds to scaling the fibers by t := λ/(1+ λ) ∈ (0, 1).

The second part follows from a more careful investigation of the curvature
formula for invariant metrics on homogeneous spaces which we shall not
present here. The details may be found in [9]. �

If H is the trivial group so that G/H = G, then (7.2) in the above theorem
is equivalent to a simpler criterion. Namely, we have the following

Theorem 7.3.2 ([8]) The left-invariant metric on G induced by (7.3) has
nonnegative curvature for some t > 1 if and only if the semi-simple part of k is
an ideal of g. In this case, the metric has nonnegative curvature for all t ≤ 4/3.

7.4 Collar metrics of nonnegative curvature

Let M be a manifold with boundary N := ∂M . A Riemannian metric g on M
is called a collar metric, if there is a neighborhood of N which is isometric to
([0, ε)×N, dt2 + gN ) for some ε > 0 and some metric gN on N . Evidently,
ifM1,M2 are manifolds with ∂M1 = ∂M2 =: N , then collar metrics gi onMi

whose restriction to the boundary N are isometric can be glued together by an
isometry to give a smooth metric on

M := M1 ∪N M2.

This simple principle has proven very useful to construct metrics of non-
negative curvature, as the following examples due to J. Cheeger illustrate.

Theorem 7.4.1 ([1]) Let M̂n be a compact rank-one symmetric space (CROSS),
and letM := M̂n\Bε(p) be the complement of a small open ball. Then there is
a nonnegatively curved collar metric onM such that the metric on ∂M = Sn−1

is the round metric.

Corollary 7.4.2 ([1]) Let Mn
1 and Mn

2 be CROSSes of equal dimension. Then
bothM1#M2 andM1#M2 admit nonnegatively curved metrics.

The corollary is an immediate consequence of the theorem, since the glueing
in this case corresponds to taking the connected sum, and changing the orien-
tation on one of the summands before glueing is possible. In order to prove the
theorem, Cheeger used the fact that M is always a homogeneous disk bundle
over a CROSS of lower dimension, and he was able to perform the construction
of the metric in a fairly explicit way.

If M is a manifold with boundary N = ∂M which admits a nonnegatively
curved collar metric, then the Soul Theorem ([2]) implies that there is a totally
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geodesic submanifold S ⊂ M , called the soul of M , such that M is the total
space of a unit disk bundle D→ S, whence N → S is a sphere bundle.

Given a disk bundle M → S, it is thus a reasonable question to ask if M
admits a nonnegatively curved collar metric and if so, what are the possible
restrictions of such a metric to N = ∂M . IfM → S carries such a metric, then
evidently it can be extended to a complete nonnegatively curved metric on the
corresponding vector bundle M̂ → S by defining the metric to be the product
([r0,∞)×N, dt2 + gN ) on M̂\M . The converse of this statement also holds:

Theorem 7.4.3 ([6]) Let (M̂, g) be a complete open manifold of nonnegative
curvature, so that by the soul theorem M̂ is the total space of a vector bundle
M̂ → S. Then there is a nonnegatively curved collar metric on the unit disk
bundleM ⊂ M̂ .

As an immediate consequence of this result, we may conclude the following.

Corollary 7.4.4 Let M̂k , k = 1, 2 be open manifolds admitting a complete
nonnegatively curved metric, and letMk ⊂ M̂k be the corresponding unit disk
bundles. Then there is a nonnegatively curved metric on the (closed) manifold

∂(M1 ×M2).

Proof We may write ∂(M1 ×M2) = (M1 × ∂M2) ∪∂M1×∂M2 (∂M1 ×M2).
Now consider the nonnegatively curved collar metrics gk on Mk whose exis-
tence is guaranteed by Theorem 7.4.3. Then the products of these metrics
induce nonnegatively curved collar metrics on M1 × ∂M2 and ∂M1 ×M2

whose boundary is isometric to (∂M1 × ∂M2, g1 + g2), so that these metrics
may be glued together. �

7.5 Bundles with normal homogeneous collar

A special class of vector bundles which we wish to consider are homogeneous
vector bundles and disk bundles. These are bundles of the form

M̂ := G×K V andM := G×K BR(0) ⊂ G×K V, respectively,

where K ⊂ G acts on the Euclidean vector space V by some orthogonal rep-
resentation K → O(V ) which is transitive on the unit sphere SV ⊂ V , so that
SV = K/H for some subgroup H ⊂ K .

Note that M̂ is the quotient of G× V by the free left action of K given by
k % (g, v) := (gk−1, k · v). Thus, any K-invariant nonnegatively curved metric
on G× V induces a nonnegatively curved metric on M̂ , and this metric on
M ⊂ M̂ is a collar metric if the metric on G× BR(0) ⊂ G× V is.
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If follows that each homogeneous disk bundle hasG-invariant nonnegatively
curved collar metrics: choose on G× BR(0) the direct sum of a nonnegatively
curved left invariant,AdK -invariant metric onG and a nonnegatively curvedK-
invariant collar metric on BR(0), such as a “cigar metric”, i.e., a nonnegatively
curvedO(V )-invariant metric which is a cylinder outside a compact set. Clearly,
such metrics exist. However, the induced metric on the boundary G/H is in
general not normal homogeneous, and this limits the possibilities of glueing
two such bundles.

Definition 7.5.1 Let M := G×K BR(0) ⊂ G×K V −→ G/K be a homo-
geneous disk bundle with K → O(V ) acting transitively on the sphere
SV = K/H . A metric on M is called a normal homogeneous collar metric
if a neighborhood of the boundary ∂M ∼= G/H isG-equivariantly isometric to
([0, ε)×G/H, dt2 + g0), where g0 is a normal homogeneous metric onG/H .

Let us suppose that the metric on M is a submersion of (G× BR(0), gg +
gV ) where gg is a left-invariant AdK -invariant metric on G and gV is a K-
invariant collar metric on BR(0) whose boundary metric on K/H = SV ⊂ V
is induced by a left-invariant metric gk on K . Then the metric on the boundary
∂M ∼= G/H is induced by the Riemannian submersion

(G×K, gg + gk) −→ G −→ G/H. (7.4)

It is now of interest to see how these metrics on G and BR(0) ⊂ V can be
chosen such that the submersion (7.4) induces a normal homogeneous metric
on G/H and hence a normal homogeneous collar metric onM . For the metric
on BR(0) ⊂ V , we may use the following result.

Theorem 7.5.2 ([11]) Let K → O(V ) be a representation of a Lie group K
on a Euclidean vector space V which is transitive on the unit sphere SV ⊂ V .
Then there is a nonnegatively curved collar metric on BR(0) ⊂ V which is
NormO(V )K-invariant and is normal homogeneous on SV = K/H .

Let L→ O(V ) be a representation which is transitive on the unit sphere
SV ⊂ V , and extend this to a representation K × L→ O(V ), i.e., K maps to
the centralizerZO(V )(L). Since the normal homomogeneous collar metric on V
from the Theorem 7.5.2 is (K × L)-invariant, there is an induced nonnegatively
curved normal homogeneous collar metric on

(G× L)×K×L V −→ G/K,

which as a bundle can be regarded as G×K V → G/K , where K acts on
V as a subgroup of ZO(V )(L) ⊂ O(V ). Such a homogeneous bundle is called
essentially trivial. Thus, all essentially trivial homogeneous disk bundles carry
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a nonnegatively curved collar metric whose boundary is normal homogeneous
with respect to the action of G× L.

The following gives an exhaustive description of all essentially trivial bun-
dles which are not trivial.

Example 7.5.3
(i) Z2-quotients. Let K �K ′ ⊂ G be such that K ′/K ∼= Z2, and let L→
O(V ) be a representation which is transitive on the unit sphere. More-
over, define the representation K ′ → K ′/K ∼= {±Id} ⊂ O(V ). Then the
essentially trivial bundle

(G× L)×K ′×L V ∼= G×K ′ V −→ G/K ′

is the quotient of the trivial bundle G/K × V by Z2
∼= K ′/K which acts

on G/K from the right and on V as {±Id}.
(ii) Rank-one bundles. If dimV = 1, i.e., V = R, then O(V ) ∼= Z2, hence

any homogeneous bundle of rank one is of the form G×K ′ V → G/K ′

with a surjective map K ′ → O(V ) ∼= Z2. The kernel of this map is a
normal subgroupK �K ′ withK ′/K ∼= Z2. Thus, this is a special case of
the preceding, i.e., we can write any non-trivial rank one homogeneous
bundle in the form

(G× Z2)×K ′×Z2 V
∼= G×K ′ V → G/K ′,

which is the quotient (G/K × V )/Z2 as above.
(iii) S1-quotients. Similarly, if V is a complex hermitean vector space and

L→ U (V ) is transitive on the unit sphere, then we consider subgroups
K �K ′ ⊂ G such that K ′/K = S1. Then the essentially trivial bundle

(G× L)×K ′×L V ∼= G×K ′ V −→ G/K ′

is the quotient of the trivial bundleG/K × V by the action of S1 = K ′/K
on G/K from the right and on V by scalar multiplication by S1 ⊂ C.

(iv) Sp(1)-quotients. Likewise, letV be a quaternionic hermitean vector space
and suppose that L→ Sp(V ) is surjective and hence transitive on the unit
sphere. Again, consider subgroupsK �K ′ ⊂ G such thatK ′/K = Sp(1).
Then the essentially trivial bundle

(G× L)×K ′×L V ∼= G×K ′ V −→ G/K ′

is the quotient of the trivial bundle G/K × V by the action of Sp(1) =
K ′/K on G/K from the right and on V by scalar multiplication by
Sp(1) ⊂ H.
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Thus, all these bundles admit nonnegatively curved normal homogeneous
collar metrics. Note that this description of essentially trivial bundles is exhaus-
tive, since by the classification of transitive actions of a Lie groupL on a sphere
SV ⊂ V the centralizer ZO(V )(L) ⊂ O(V ) is either trivial or one of Z2, S

1 or
Sp(1).

By virtue of Theorem 7.5.2, we may assume that gk in (7.4) is a biinvariant
metric. If we choose gg as a biinvariant metric such that gk = (gg)|k, then it
follows that the induced metric onG/H is obtained by shrinking the fiber of the
normal homogeneous metric of the fibration SV = K/H ↪→ G/H → G/K .
In particular, this metric on the boundary G/H is not normal homogeneous.

In order to achieve a normal homogeneous boundary metric on G/H , we
have to define the metric on g = k⊕ s by

gg := (1+ ε)(g0)|k + (g0)|s, (7.5)

where g0 is a biinvariant metric. When choosing gk := (1+ ε−1)(g0)|k, then
(7.4) induces the metric g0 on G and hence a normal homogeneous metric on
G/H .

Recall from Theorem 7.3.2 that the metric gg from (7.5) has nonnegative
curvature for some ε > 0 if and only if the semi-simple part of k is an ideal
of g. In particular, this is satisfied if dim(V ) ≤ 2 in which case k is at most
one-dimensional and hence abelian. Therefore, we obtain the following result.

Theorem 7.5.4 ([5]) Let M = G×K V be a homogeneous disk bundle of
rank dimV ≤ 2. ThenM admits a nonnegatively curved normal homogeneous
collar metric.

However, if dimV ≥ 3 and the bundleM → G/K is not essentially trivial,
then the semi-simple part of k is not an ideal. Thus, by Theorem 7.3.2, the
left-invariant metric gg from (7.5) has some negative curvature on G. But in
order for the submersion metric onM = G×K V to be nonnegatively curved,
it suffices that gg has nonnegative curvature on all planes which are contained
in p. Some interesting examples where this occurs have been described in
[9]. Once again, the proof of this theorem involves a direct calculation of the
curvature formula for homogeneous metrics.

Theorem 7.5.5 ([9]) Let H ⊂ K ⊂ G be compact Lie groups with Lie alge-
bras h ⊂ k ⊂ g, and consider the decompositions from (7.1). If there exists
C > 0 such that for all X = Xm +Xs, Y = Ym + Y s ∈ m⊕ s = p we have

|Xm ∧ Ym| ≤ C · |[X, Y ]|, (7.6)
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then any left-invariant metric on G sufficiently close to g0 which is AdH -
invariant and is a constant multiple of g0 on s and h (but arbitrary on m) has
nonnegative sectional curvature on all planes contained in p.

That is, for all Lie groups H ⊂ K ⊂ G satisfying this criterion, the metric
gg from (7.5) has nonnegative curvature on all planes contained in p for small
ε > 0, hence if K/H = SV , then the corresponding homogeneous vector bun-
dle G×K V → G/K has a nonnegatively curved normal homogeneous collar
metric.

As it turns out, condition (7.6) is almost necessary and sufficient for a
homogeneous disk bundle to admit such a metric. Namely, we have

Theorem 7.5.6 ([10]) LetG×K V → G/K be a homogeneous vector bundle
which admits a nonnegatively curved normal homogeneous collar metric, let
H ⊂ K be the subgroup for whichK/H = SV , and decompose the Lie algebras
h ⊂ k ⊂ g as in (7.1).

If m1 ⊂ m is any non-trivialAdH -irreducible subspace such that m contains
no other AdH -irreducible factor equivalent to m1, then there exists a constant
C > 0 such that, for all X = Xm +Xs, Y = Ym + Y s ∈ m1 ⊕ s, condition
(7.6) holds.

When K/H is isotropy irreducible, the choice m1 = m yields a converse
to Theorem 7.5.5. The proof of this theorem uses Perelman’s result on the
existence of parallel vector fields on a totally convex set ([7]). This implies that
along a normal geodesic c(t) the metric on the principal orbit through c(t) is
induced by a metric of the form gt = (g0)|s + g̃t |k. Then one shows that such
a metric must have some negative curvature close to the collar unless (7.6) is
satisfied.

With these two results, one can give an almost complete classification of
homogeneous disk bundles which admit nonnegatively curved normal homo-
geneous collar metrics.

Theorem 7.5.7 ([10]) Let M := G×K V → G/K be a cohomogeneity one
homogeneous vector bundle which is not essentially trivial. If M admits a
G-invariant normal homogeneous collar metric of nonnegative curvature, then
the rank of this bundle must be in the set {2, 3, 4, 6, 8}.

By Theorem 7.5.4, all rank-two bundles admit a G-invariant normal homo-
geneous collar metric of nonnegative curvature. In the higher rank case, the
situation is much more restricted. For rank eight, we have the following com-
plete classification.
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Theorem 7.5.8 ([10]) LetM := G×K V → G/K be a G-irreducible coho-
mogeneity one homogeneous vector bundle which is not essentially trivial and
such that dimR V = 8. ThenM admits aG-invariant normal homogeneous col-
lar metric of nonnegative curvature if and only ifM is finitelyG-equivariantly
covered by one of the following:

(i) Spin(p + 9)×Spin(8) R8 for p ∈ {0, 1, 2}, where Spin(8) acts on R8 by a
spin representation, and Spin(8) ⊂ Spin(p + 9) is the lift of the standard
inclusion SO(8) ⊂ SO(p + 9).

(ii) Spin(p + 8)×Spin(7) R8 for p ∈ {0, 1}, where Spin(7) acts on R8 by the
spin representation, and Spin(7) ⊂ Spin(p + 8) is the lift of the standard
inclusion SO(7) ⊂ SO(p + 8).

(iii) Spin(7)×Spin(6) C4, with the standard representation ofSpin(6) ∼= SU (4)
on C4.

(iv) A quotient of one of the preceding examples:
1 (Spin(p + 9) ·G′)×Spin(8)·H ′ R8 for p ∈ {1, 2} and an arbitrary com-

pact Lie group G′ and H ′ ⊂ Spin(p + 1) ·G′ with H ′ �⊂ G′, which
acts trivially on R8.

2 (Spin(9) ·G′)×Spin(7)·H ′ R8 for an arbitrary compact Lie groupG′ and
H ′ ⊂ Spin(2) ·G′ = S1 ·G′ with H ′ �⊂ G′, which acts trivially on R8.

3 (Spin(7) ·G′)×Spin(6)·S1·H ′ C4 for an arbitrary compact Lie groupG′ ⊃
S1 ·H ′, where S1 ⊂ G′ acts on C4 by multiples of the identity, and
H ′ �⊂ G′ acts trivially.

Here, for Lie groups L1, L2, we denote by L1 · L2 the quotient of L1 × L2

by a finite subgroup of the center. The termG-irreducible means thatM is not
G-equivariantly finitely covered by a bundle of the form (G1/H1)×M ′ with
dim(G1/H1) > 0 and M ′ a cohomogeneity one homogeneous vector bundle.
This hypothesis is natural because, forG-reducible bundles, our problem easily
reduces to deciding whetherM ′ admits such a metric.

For rank 6 bundles, we obtain the following

Theorem 7.5.9 ([10]) Let M := G×K V → G/K be a G-irreducible coho-
mogeneity one homogeneous vector bundle which is not essentially trivial and
such that dimR V = 6. ThenM admits aG-invariant normal homogeneous col-
lar metric of nonnegative curvature if and only ifM is finitelyG-equivariantly
covered by one of the following:

(i) SU (5)×SU (4) R6, with the irreducible action of SU (4) ∼= Spin(6) on R6.
(ii) (SU (5) ·G′)×SU (4)·H ′ R6 for an arbitrary compact Lie groupG′ andH ′ ⊂

S1 ·G′ with S1 ⊂ SU (5) being the centralizer of SU (4), andH ′ �⊂ G′ acts
trivially on R6.
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To describe our results for rank three and four bundles, we require some
notation for subgroups of the exceptional Lie group G2. Let SO(4) ⊂ G2

and SU (3) ⊂ G2 be the isotropy groups of the symmetric space G2/SO(4)
and the sphere S6 = G2/SU (3), respectively. After conjugating these groups
appropriately, their intersection can be made isomorphic to U (2), and we
let SU (2)1 ⊂ SO(4) ∩ SU (3) ⊂ G2 be the simple part of this intersection.
Note that SU (2)1 ⊂ SO(4) is normal, and we denote its centralizer in G2

by SU (2)3 ⊂ SO(4) ⊂ G2. (The subscripts of the SU (2)-subgroups of SO(4)
denote their maximal weight for the isotropy representation of G2/SO(4).)
Using this notation, we can make the following statement about the rank-three
case.

Theorem 7.5.10 ([10]) Let M := G×K V be a G-irreducible cohomogene-
ity one homogeneous vector bundle which is not essentially trivial such that
dimR V = 3. If M admits a nonnegatively curved G-invariant normal homo-
geneous collar metric, thenM must be finitelyG-equivariantly covered by one
of the following.

(i) M1 = G2 ×SO(4) su(2)3, whereSO(4) acts on su(2)3 � so(4) by the adjoint
representation.

(ii) M2 = (Sp(p + 1) ·G′)×Sp(1)·H ′ sp(1) with H ′ ⊂ Sp(p) ·G′, where
Sp(1) ·H ′ acts on sp(1) � sp(1)⊕ h′ by the adjoint representation.

Further,M1 admits such a metric, as doesM2 with G′ = 1 and H ′ = Sp(p).

Finally, in the rank-four case, we have the following examples, which are
all related to those in Theorem 7.5.10.

Theorem 7.5.11 ([10]) The following cohomogeneity one homogeneous vector
bundles (orbifold bundles, respectively) of rank four admitG-invariant normal
homogeneous collar metrics of nonnegative curvature:

(i) G2 ×SO(4) (H/± 1), where SU (2)1 ⊂ SO(4) acts trivially and SU (2)3 ⊂
SO(4) by left multiplication on H/± 1. Note that this is an orbifold bundle
only.

(ii) (G2 ×G′)×SO(4)×SU (2)′ (H/± 1), where SU (2)1 ⊂ SO(4) acts trivially
and SU (2)3 ⊂ SO(4) by left multiplication, whereas SU (2)′ ⊂ G′ acts
by right multiplication on H/± 1 with G′ arbitrary. Note that these are
orbifold bundles only.

(iii) Sp(p + 1)×Sp(1)×Sp(p) H where Sp(p) acts trivially and Sp(1) by left
multiplication on H.
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(iv) (Sp(p + 1)×G′)×Sp(1)×Sp(p)×Sp(1)′ H where Sp(p) acts trivially and
Sp(1) by left multiplication, whereas Sp(1)′ ⊂ G′ acts by right multi-
plication on H with G′ arbitrary.

7.6 Cohomogeneity one manifolds

A cohomogeneity one manifold is a manifold M with an action of a compact
Lie group G such that dim(M/G) = 1. For a cohomogeneity one manifold,
there are four possibilities for the quotient space.

(i) M/G ∼= R. In this case, M is equivariantly diffeomorphic to R×G/H
for some subgroup H ⊂ G. In particular, M admits a G-invariant metric
of nonnegative curvature.

(ii) M/G ∼= [0,∞). In this case, M has one non-principal orbit and is a
homogeneous vector bundle as described in the preceding section. In
particular,M admits a G-invariant metric of nonnegative curvature.

(iii) M/G ∼= S1. ThenM is finitely covered by S1 ×G/H for some subgroup
H ⊂ G. Again,M admits a G-invariant metric of nonnegative curvature.

(iv) M/G ∼= [−1, 1]. In this case, M has two non-principal orbits and can be
written as

M = D− ∪G/H D+,

where D± = G×K± V± are homogeneous disk bundles with common
boundaryG/H . That is,H ⊂ K± andK±/H is the unit sphere SV± ⊂ V±.

It is the last of these classes in which we are interested, as it is obtained by
glueing two homogeneous disk bundles together along their common boundary
which is a principal orbit. Conversely, given Lie groups H ⊂ {K+,K−} ⊂ G
such thatK±/H is a sphere, then there is a unique cohomogeneity one manifold
which is determined by these groups. Thus, these groups can be used to identify
the manifold.

As it turns out, not all cohomogeneity one manifolds with two singular orbits
admit invariant metrics of nonnegative curvature ([3]). However, we have the
following result.

Theorem 7.6.1 ([11]) Let M be a closed cohomogeneity one manifold. Then
M admits G-invariant metrics of almost nonnegative curvature, i.e., there is a
sequence ofG-invariant metrics gn onM such that diam(M,gn)2sec(M,gn) >
−1/n.
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This is proven once again by using Cheeger deformations: Let gM be any
G-invariant metric on M , and let g0 be a biinvariant metric on G. Then the
metric gλ on M induced by the submersion (G×M,λg0 + gM ) → (M,gλ)
has uniformly bounded diameter for small λ > 0, and one verifies that the
lower curvature bound of gλ tends to 0 as λ→ 0.

From the results in the preceding section, we see that we obtain a nonnega-
tively curved metric on a cohomogeneity one manifold with two singular orbits
if the corresponding two disk bundles admits nonnegatively curved normal
homogeneous collar metrics. Thus, Theorem 7.5.4 immediately implies

Theorem 7.6.2 ([5]) Let M be a cohomogeneity one manifold with two non-
principal orbits of codimension at most 2. ThenM admits aG-invariant metric
of nonnegative curvature.

This result yields some spectacular examples of manifolds which admit non-
negatively curved metrics, such as all four (unoriented) diffeomorphism types
of RP5 and ten out of the fourteen (unoriented) exotic spheres of dimension 7.

Unfortunately, the remaining homogeneous disk bundles admitting nonneg-
atively curved normal homogeneous collar metrics do not yield new examples
of nonnegatively curved cohomogeneity one manifolds, since on glueing two
of them, we obtain either the restriction of a homogeneous action on M , or
there is a Riemannian submersion M̂ → M , where M̂ is known to have a
nonnegatively curved metric.

For instance, by glueing together two disk bundles of the second type of
Theorem 7.5.8 with p = 0, after applying outer automorphisms of Spin(8), we
conclude that the primitive cohomogeneity one manifold given by the group
diagram G2 ⊂ {Spin+(7), Spin−(7)} ⊂ Spin(8) admits a metric of nonneg-
ative curvature with a totally geodesic normal homogeneous principal orbit.
However, this manifold is diffeomorphic to the sphere S15 ([4]).
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Morse theory and stable pairs

richard a. wentworth and graeme wilkin

Abstract

We study the Morse theory of the Yang-Mills-Higgs functional on the space
of pairs (A,#), where A is a unitary connection on a rank 2 hermitian vector
bundle over a compact Riemann surface, and # is a holomorphic section
of (E, d ′′A). We prove that a certain explicitly defined substratification of the
Morse stratification is perfect in the sense of G-equivariant cohomology, where
G denotes the unitary gauge group. As a consequence, Kirwan surjectivity holds
for pairs. It also follows that the twist embedding into higher degree induces
a surjection on equivariant cohomology. This may be interpreted as a rank 2
version of the analogous statement for symmetric products of Riemann surfaces.
Finally, we compute the G-equivariant Poincaré polynomial of the space of τ -
semistable pairs. In particular, we recover an earlier result of Thaddeus. The
analysis provides an interpretation of the Thaddeus flips in terms of a variation
of Morse functions.

8.1 Introduction

In this paper we revisit the notion of a stable pair on a Riemann surface. We
introduce new techniques for the computation of the equivariant cohomology
of moduli spaces. The main ingredient is a version of Morse theory in the spirit
of Atiyah and Bott [1] adapted to the singular infinite dimensional space of
holomorphic pairs.

Recall first the basic idea. Let E be a hermitian vector bundle over a closed
Riemann surfaceM of genus g ≥ 2. The space A(E) of unitary connections on
E is an infinite dimensional affine space with an action of the group G of unitary
gauge transformations. Via the Chern connection there is an isomorphism
A �→ d ′′A between A(E) and the space of (integrable) Dolbeault operators (i.e.

142
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holomorphic structures) on E. One of the key observations of Atiyah-Bott is
that the Morse theory of a suitable G-invariant functional on A(E), namely
the Yang-Mills functional, gives rise to a smooth stratification (see also [6]).
Moreover, this stratification is G-equivariantly perfect in the sense that the long
exact sequences for the equivariant cohomology of successive pairs split. Since
A(E) is contractible, this gives an effective method, inductive on the rank of
E, for computing the equivariant cohomology of the minimum, which consists
of projectively flat connections.

Consider now a configuration space B(E) consisting of pairs (A,#), where
A ∈ A(E) and # is a section of a vector bundle associated to E. We impose
the condition that # be d ′′A-holomorphic. Note that B(E) is still contractible,
since an equivariant retraction of B(E) to A(E) is given by simply scaling #.
It is therefore reasonable to attempt an inductive computation of equivariant
cohomology as above. A problem arises, however, from the singularities caused
by jumps in the dimension of the kernel as A varies. Nevertheless, the methods
introduced in [8] for the case of Higgs bundles demonstrate that in certain cases
this difficulty can be managed.

Below we apply this approach to the moduli space of rank 2, degree d, τ -
semistable pairs Mτ,d = Bτss(E)//GC introduced by Bradlow [3] and Bradlow-
Daskalopoulos [4]. In this case, # is a holomorphic section of E, and the
Yang-Mills functional YM(A) is replaced by the Yang-Mills-Higgs functional
YMH(A,#). We give a description of the algebraic and Morse theoretic strati-
fications of B(E). These stratifications, as well as the moduli space, depend on
a real parameter τ , and since Mτ,d is nonempty only for d/2 ≤ τ ≤ d, we shall
always assume this bound for τ . For generic τ , G acts freely, and the quotient
is geometric.

We will see that, as in [6, 7, 8], the algebraic and Morse stratifications agree
(see Theorem 8.3.9). Because of singularities, however, the Morse stratification
actually fails to be perfect in this case. We identify precisely how this comes
about, and in fact we will show that this “failure of perfection” exactly cancels
between different strata, so that there is a substratification that is indeed perfect
(see Theorem 8.3.11). We formulate this result as

Theorem 8.1.1 (Equivariantly perfect stratification) For every τ , d/2 < τ <
d, there is a G-invariant stratification of B(E) defined via the Yang-Mills-Higgs
flow that is perfect in G-equivariant cohomology.

The fact that perfection fails for the Morse stratification but holds for a
substratification seems to be a new phenomenon. In any case, as with vector
bundles, Theorem 8.1.1 allows us to compute the G-equivariant cohomology
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of the open stratum Bτss(E). Explicit formulas in terms of symmetric products
ofM are given in Theorems 8.4.1 and 8.4.2.

There is a natural map (called the Kirwan map) from the cohomology of
the classifying space BG of G to the equivariant cohomology of the stratum
of τ -semistable pairs Bτss(E) ⊂ B(E), coming from inclusion (see [13]). One
of the consequences of the work of Atiyah-Bott is that the analogous map is
surjective for the case of semistable bundles. The same is true for pairs:

Theorem 8.1.2 (Kirwan surjectivity) The Kirwan map H ∗(BG) →
H ∗

G(Bτss(E)) is surjective. In particular, for generic τ , H ∗(BG) → H ∗(Mτ,d )
is surjective.

As noted above, for non-integer values of τ , d/2 < τ < d, Mτ,d is a smooth
projective algebraic manifold of dimension d + 2g − 2, and the equivariant
cohomology of Bτss(E) is identical to the ordinary cohomology of Mτ,d . The
computation of equivariant cohomology presented here then recovers the result
of Thaddeus in [20], who computed the cohomology using different methods.
Namely, he gives an explicit description of the modifications, or “flips”, in
Mτ,d as the parameter τ varies. At integer values there is a change in stability
conditions. Below, we show how the change in cohomology arising from a
flip may be reinterpreted as a variation of the Morse function. This is perhaps
not surprising in view of the construction in [5]. However, here we work
directly on the infinite dimensional space. The basic idea is that there is a
one parameter choice of Morse functions fτ on B. The minimum f −1

τ (0)/G �
Mτ,d , and the cohomology of Mτ,d may, in principle, be computed from the
cohomology of the higher critical sets. As τ varies past certain critical values,
new critical sets are created while others merge. Moreover, indices of critical
sets can jump. All this taken together accounts for the change in topology of the
minimum.

There are several important points in this interpretation. One is that the
subvarieties responsible for the change in cohomology observed by Thaddeus
as the parameter varies are somehow directly built into the Morse theory,
even for a fixed τ , in the guise of higher critical sets. This example also
exhibits computations at critical strata that can be carried out in the presence of
singular normal cusps, as opposed to the singular normal vector bundles in [8].
These ideas may be useful for computations in higher rank or for other moduli
spaces.

The critical set corresponding to minimal Yang-Mills connections, regarded
as a subset of B(E) by setting # ≡ 0, is special from the point of view of
the Morse theory. In particular, essentially because of issues regarding Brill-
Noether loci in the moduli space of vector bundles, we can only directly
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prove the perfection of the stratification at this step, and the crucial Morse-
Bott lemma (Theorem 8.3.18), for d > 4g − 4. This we do in Section 8.3.5.
By contrast, for the other critical strata there is no such requirement on the
degree. Using this fact, we then give an inductive argument by twisting E
by a positive line bundle and embedding B(E) into the space of pairs for
higher degree, thus indirectly concluding the splitting of the associated long
exact sequence even at minimal Yang-Mills connections in low degree (see
Section 8.3.7).

This line of reasoning leads to another interesting consequence. For τ close
to d/2, there is a surjective holomorphic map from Mτ,d to the moduli space
of semistable rank 2 bundles of degree d. This is the rank 2 version of the
Abel-Jacobi map [4]. In this sense, Mτ,d is a generalization of the d-th sym-
metric product SdM of M . Choosing an effective divisor on M of degree k,
there is a natural inclusion SdM ↪→ Sd+kM , and it was shown by MacDonald
in (14.3) of [16] that this inclusion induces a surjection on rational cohomol-
ogy. A similar construction works for rank 2 pairs, except now d �→ d + 2k,
while there is also a shift in the parameter τ �→ τ + k. We will prove the
following.

Theorem 8.1.3 (Embedding in higher degree) Let degE = d and deg Ẽ =
d + 2k. Then for all d/2 < τ < d, the inclusion Bτss(E) ↪→ Bτ+kss (Ẽ) described
above induces a surjection on rational G-equivariant cohomology. In partic-
ular, for generic τ , the inclusion Mτ,d ↪→Mτ+k,d+2k induces a surjection on
rational cohomology.

Remark 8.1.4 It is also possible to construct a moduli space of pairs for which
the isomorphism class of detE is fixed, indeed this is the space studied by
Thaddeus in [20]. The explicit calculations in this paper are all done for the
non-fixed determinant case, however it is worth pointing out here that the
idea is essentially the same for the fixed determinant case, and that the only
major difference between the two cases is in the topology of the critical sets.
In particular, the indexing set �τ,d for the stratification is the same in both
cases, and Theorems 8.1.1 and 8.1.2 hold for the fixed determinant spaces as
well.
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8.2 Stable pairs

8.2.1 The Harder-Narasimhan stratification

Throughout this paper, E will denote a rank 2 hermitian vector bundle on M
of positive degree d = degE. We will regard E as a smooth complex vector
bundle, and when endowed with a holomorphic structure that is understood,
we will use the same notation for the holomorphic bundle.

Recall that a holomorphic bundleE of degree d is stable (resp. semistable) if
degL < d/2 (resp. degL ≤ d/2) for all holomorphic line subbundles L ⊂ E.

Definition 8.2.1 For a stable holomorphic bundle E, set μ+(E) = d/2. For E
unstable, let

μ+(E) = sup{degL : L ⊂ E a holomorphic line subbundle}
For a holomorphic section# �≡ 0 of E, define deg# to be the number of zeros
of #, counted with multiplicity. Finally, for a holomorphic pair (E,#) let

μ−(E,#) =
{
d − deg# # �≡ 0

d − μ+(E) # ≡ 0

Definition 8.2.2 ([3]) Given τ , a holomorphic pair (E,#) is called τ -stable
(resp. τ -semistable) if

μ+(E) < τ < μ−(E,#) (resp. μ+(E) ≤ τ ≤ μ−(E,#))

As with holomorphic bundles, there is a notion of s-equivalence of strictly
semistable objects. The set Mτ,d of isomorphism classes of semistable pairs,
modulo s-equivalence, has the structure of a projective variety. Note that Mτ,d

is empty if τ �∈ [d/2, d]. For non-integer values of τ ∈ (d/2, d), semistable is
equivalent to stable, and Mτ,d is smooth.

Let A = A(E) denote the infinite dimensional affine space of holomorphic
structures on E, G the group of unitary gauge transformations, and GC its
complexification. The spaceAmay be identified with Dolbeault operatorsA �→
d ′′A : �0(E) → �0,1(E), with the inverse of d ′′A given by the Chern connection
with respect to the fixed hermitian structure. When we want to emphasize the
holomorphic bundle, we write (E, d ′′A).

B = B(E) = {(A,#) ∈ A×�0(E) : d ′′A# = 0
}

(8.1)

Let

Bτss =
{
(A,#) ∈ B : ((E, d ′′A),#) is τ -semistable

}
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Then Mτ,d = Bτss//GC, where the double slash identifies s-equivalent orbits.
For generic values of τ , semistability implies stability and G acts freely, and so
this is a geometric quotient.

We now describe the stratification of B associated to the Harder-Narasimhan
filtration, which has an important relationship to the Morse theory picture
that will be discussed below in Section 8.3.2. In the case of rank 2 bundles,
this stratification is particularly easy to describe. For convenience, throughout
this section we fix a generic τ , d/2 < τ < d (it suffices to assume 4τ �∈ Z).
Genericity is used only to give a simple description of the strata in terms of δ.
The extension to special values of τ is straightforward (see Remark 8.2.11).

Note that stability of the pair fails if either of the inequalities in Definition
8.2.2 fails. The two inequalities are not quite independent, but there are some
cases where only one fails and others where both fail. If the latter, it seems
natural to filter by the most destabilizing of the two. With this in mind, we make
the following.

Definition 8.2.3 For a holomorphic pair (E,#), let

δ(E,#) = max {τ − μ−(E,#), μ+(E)− τ, 0}
Note that δ takes on a discrete and infinite set of nonnegative real values, and

is upper semi-continuous, since both μ+ and −μ− are (observe that deg# ≤
μ+(E)). We denote the ordered set of such δ by �τ,d . Clearly, δ is an integer
modulo ±τ , or δ = τ − d/2. Because of the genericity of τ , the former two
possibilities are mutually exclusive:

Lemma 8.2.4 There is a disjoint union �τ,d \ {0} = �+τ,d ∪�−τ,d , with

δ ∈ �+τ,d ⇐⇒ δ = τ − μ−(E,#), for some pair (E,#)

δ ∈ �−τ,d ⇐⇒ δ = μ+(E)− τ, for some pair (E,#)

Lemma 8.2.5 Suppose (E,#) �∈ Bτss , # �≡ 0. Then

(i) if deg# ≥ d/2, δ(E,#) = μ+(E)− d + τ .
(ii) if d − τ ≤ deg# < d/2, δ(E,#) = deg#− d + τ .

(iii) if 0 ≤ deg# < d − τ , δ(E,#) = μ+(E)− τ .

If # ≡ 0, then δ(E,#) = μ+(E)− d + τ .

Proof If deg# ≥ d/2, then the line subbundle generated by # is the max-
imal destabilizing subbundle of E. Hence, μ+(E) = deg#, μ−(E,#) =
d − μ+(E), and so (i) follows from the fact that τ > d/2. For (ii), consider
the extension 0 → L1 → E→ L2 → 0, where # ∈ H 0(L1). Then degL2 =
d − deg#, soμ+(E,#) ≤ d − deg#. It follows thatμ+(E)− τ ≤ 0. For part
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(iii), 0 ≤ deg# < d − τ implies τ < μ−(E,#). The last statement is clear,
since τ > d/2 implies τ − μ−(E,#) = μ+(E)− d + τ > μ+(E)− τ . �

Corollary 8.2.6 �−τ,d ⊂ (0, d − τ ].

Proof Indeed, if (E,#) is unstable and δ(E,#) = μ+(E)− τ , then by (3) it
must be that E is unstable and # �≡ 0. From the Harder-Narasimhan filtration
(cf. [14]) 0 → L2 → E→ L1 → 0, the projection of # to L1 must also be
nonzero, since deg# < degL2. Hence, degL1 = d − μ+(E) ≥ 0, and so d −
τ ≥ δ(E,#). �

Remark 8.2.7 If δ ∈ �+τ,d and δ < τ − d/2, then δ ≤ τ − d/2− 1/2. Indeed,
if δ + d − τ = k ∈ Z, the condition forces k < d/2; hence, k ≤ d/2− 1/2.

Let Iτ,d = [τ − d/2, 2τ − d). We are ready to describe the τ -Harder-
Narasimhan stratification. First, for j > d/2, let Aj ⊂ A be the set of holo-
morphic bundles E of Harder-Narasimhan type μ+(E) = j . We also set
Ad/2 = Ass . There is an obvious inclusion Aj ⊂ B : A �→ (A, 0).

(0) δ = 0: The open stratum Bτ0 = Bτss consists of τ -semistable pairs.
(Ia) δ ∈ �+τ,d ∩ Iτ,d : Then we include the strata Aδ+d−τ . Note that this

includes the semistable stratum Ass . The bundles in this strata that are
not semistable have a unique description as extensions

0 −→ L1 −→ E −→ L2 −→ 0 (8.2)

where degL1 = μ+(E) = δ + d − τ .
(Ib) δ ∈ �+τ,d ∩ [2τ − d,+∞): Then Bτδ = {(E,#) : μ+(E) = δ + d − τ }.

These are extensions (8.2), degL1 = μ+(E) = δ + d − τ ,# ⊂ H 0(L1).
(II+) δ ∈ �+τ,d ∩ (0, 2τ − d): Then Bτδ = {(E,#) : deg# = δ + d − τ }.

These are extensions (8.2), degL1 = δ + d − τ , # ⊂ H 0(L1).
(II−) δ ∈ �−τ,d : Then Bτδ = {(E,#) : μ+(E) = δ + τ , deg# < d/2}. These

are extensions

0 −→ L2 −→ E −→ L1 −→ 0

where degL2 = μ+(E), and the projection of # to H 0(L1) is nonzero.

For simplicity of notation, when τ is fixed we will mostly omit the superscript:
Bδ = Bτδ .

Remark 8.2.8 It is simple to verify that the stratification obtained above coin-
cides with the possible Harder-Narasimhan filtrations of pairs (E,#) consid-
ered as coherent systems (see [15, 18, 12]).
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It will be convenient to organize �τ,d by the slope of the subbundle in the
maximal destabilizing subpair. Define j : �τ,d \ {0} → {d/2} ∪ {k ∈ Z : k ≥
d − τ } by

j (δ) =
{
δ + d − τ, δ ∈ �+τ,d
δ + τ, δ ∈ �−τ,d

(8.3)

Notice that j (δ) = degL1 for δ ∈ �+τ,d , and j (δ) = degL2 for δ ∈ �−τ,d , where
L1, L2 refer to the line subbundles of E in the filtrations above. Note that j is
surjective. It is precisely 2-1 on the image of�−τ,d and 1-1 elsewhere (if d odd;
otherwise d/2 labels both the stratum Ass and the strictly semistable bundles
of type II+). It is not order preserving but is, of course, order preserving on
each of �±τ,d separately.

Definition 8.2.9 For δ ∈ �τ,d , let

Xδ =
⋃

δ′≤δ , δ′∈�τ,d
Bδ′ ∪

⋃
δ′≤δ , δ′∈�+τ,d∩Iτ,d

Aj (δ′)

For δ ∈ �+τ,d ∩ Iτ,d , let

X′δ =
⋃

δ′≤δ , δ′∈�τ,d
Bδ′ ∪

⋃
δ′<δ , δ′∈�+τ,d∩Iτ,d

Aj (δ′)

For δ �∈ �+τ,d ∩ Iτ,d , let

X′δ =
⋃

δ′<δ , δ′∈�τ,d
Bδ′ ∪

⋃
δ′<δ , δ′∈�+τ,d∩Iτ,d

Aj (δ′)

We call the collection {Xδ,X′δ}δ∈�τ,d the τ -Harder-Narasimhan stratification
of B.

Note that Xδ1 ⊂ X′δ � Xδ ⊂ X′δ2
, where δ1 is the predecessor and δ2 is the

successor of δ in�τ,d . If δ �∈ �+τ,d ∩ Iτ,d , then X′δ = Xδ1 and Xδ = X′δ2
. In the

special case δ = τ − d/2, we have

Xτ−d/2 = X′τ−d/2 ∪Ass (8.4)

X′τ−d/2 =
{
Xδ1 if d is odd

Xδ1 ∪ Bτ−d/2 if d is even
(8.5)

The following is clear.
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Figure 8.1 A “flip”

Proposition 8.2.10 The sets {Xδ,X′δ}δ∈�τ,d , are locally closed in B, G-
invariant, and satisfy

B =
⋃
δ∈�τ,d

Xδ =
⋃
δ∈�τ,d

X′δ

Bδ ⊂
⋃

δ≤δ′ , δ′∈�τ,d
Bδ′ = Bδ ∪

⋃
δ<δ′ , δ′∈�τ,d

B′δ′

B′δ ⊂
⋃

δ≤δ′ , δ′∈�τ,d
B′δ′ = B′δ ∪

⋃
δ<δ′ , δ′∈�τ,d

Bδ′

Remark 8.2.11 To extend this stratification in the case of nongeneric τ , we
define the sets�±τ,d and the corresponding strata as above. For δ ∈ �+τ,d ∩�−τ,d
there are two or possibly three components with the same label.

Let us note the following behavior as τ varies. For τ1 ≤ τ2, there is a
well-defined map �τ1,d → �τ2,d given by δ �→ max{δ ± (τ2 − τ1), 0}, where
± depends on δ ∈ �±τ,d . Hence, elements of �+τ,d (white circles in Figure 8.1
below) “move” to the right, and elements of �−τ,d (dark circles) “move” to the
left as τ increases. The map is an order preserving bijection provided τ1, τ2 are
in a connected component of (d/2, d) \ Cd , where

Cd = {τc ∈ (d/2, d) : 2τc ∈ Z if d even, 4τc ∈ Z if d odd} (8.6)

However, as τ2 crosses an element of Cd , there is a “flip” in the stratification.
When this flip occurs at δ = 0, this is the phenomenon discovered by Thaddeus
[20]; the discussion here is an extension of this effect to the entire stratification.
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Finally, we will also have need to refer to the Harder-Narasimhan stratifica-
tion of the space A of unitary connections on E. We denote this by

XA
j =

⋃
d/2≤j ′≤j

Aj ′ (8.7)

The following statement will be used later on. It is an immediate consequence
of the descriptions of the strata above.

Lemma 8.2.12 Consider the projection pr : B→ A. Then

pr(Bδ) = Aj (δ), δ ∈ �−τ,d ∪
(
�+τ,d ∩ [τ − d/2,+∞)

)
pr(Bδ) = XA

d−j (δ), δ ∈ �+τ,d ∩ (0, τ − d/2)

8.2.2 Deformation theory

Fix a conformal metric on M , normalized1 for convenience so that
vol(M) = 2π . Infinitesimal deformations of (A,#) ∈ B modulo equivalence
are described by the following elliptic complex, which we denote by C(A,#)

(cf. [4]).

C0
(A,#)

D1 �� C1
(A,#)

D2 �� C2
(A,#)

�0(EndE)
D1 �� �0,1(EndE)⊕�0(E)

D2 �� �0,1(E)

D1(u) = (−d ′′Au, u#) , D2(a, ϕ) = d ′′Aϕ + a#

(8.8)

Here, D1 is the linearization of the action of the complex gauge group GC on
B, and D2 is the linearization of the condition d ′′A# = 0. Note that D2D1 = 0
if (A,#) ∈ B. The hermitian metric gives adjoint operators

D∗1 (a, ϕ) = −(d ′′A)∗a + ϕ#∗ , D∗2 (β) = (β#∗, (d ′′A)∗β) (8.9)

The spaces of harmonic forms are by definition

H0(C(A,#)) = kerD1

H1(C(A,#)) = kerD∗1 ∩ kerD2

H2(C(A,#)) = kerD∗2

Vectors in�0,1(EndE)⊕�0(E) that are orthogonal to the GC-orbit through
(A,#) are in kerD∗1 , and a slice for the action of GC on B is therefore given by

S(A,#) = kerD∗1 ∩
{
(a, ϕ) ∈ �0,1(EndE)⊕�0(E) : D2(a, ϕ)+ aϕ = 0

}
(8.10)

1 More generally, the scale invariant parameter is τ vol(M)/2π .
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Define the slice map

� : (kerD1)⊥ × S(A,#) → B
(u, a, ϕ) �→ eu · (A+ a,#+ ϕ)

(8.11)

The proof of the following may be modeled on [21, Proposition 4.12]. We
omit the details.

Proposition 8.2.13 The slice map� is a local homeomorphism from a neigh-
borhood of 0 in (kerD1)⊥ × S(A,#) to a neighborhood of (A,#) in B.

The Kuranishi map is defined by

�0,1(EndE)⊕�0(E)
k−→ �0,1(EndE)⊕�0(E)

k(a, ϕ) = (a, ϕ)+D∗2 ◦G2(aϕ)

where G2 denotes the Green’s operator associated to the laplacian D2(D2)∗.
We have the following standard result (cf. [14, Chapter VII] for the case of
holomorphic bundles over a Kähler manifold and [4] for this case).

Proposition 8.2.14 The Kuranishi map kmapsS(A,#) to harmonicsH1(C(A,#)),
and in a neighborhood of zero it is a local homeomorphism onto its image.
Moreover, if H2(C(A,#)) = {0}, then k is a local homeomorphism S(A,#) →
H1(C(A,#)).

The following is immediate from (8.8) and (8.9).

Lemma 8.2.15 Given (A,#) ∈ B, if # �= 0 then H0(C(A,#)) = H2(C(A,#)) =
{0}. If H 1(E) = {0} then H2(C(A,#)) = {0}.

We will be interested in the deformation complex along higher critical sets of
the Yang-Mills-Higgs functional. As we will see in the next section, in addition
to the Yang-Mills connections (where# ≡ 0), the other critical sets correspond
to split bundles E = L1 ⊕ L2, (A,#) = (A1 ⊕ A2,#1 ⊕ {0}), with degL1 =
j ≥ degL2 = d − j . Here, j = j (δ) for some δ ∈ �+τ,d , or j = d − j (δ) for
some δ ∈ �−τ,d . The set of all such critical points will therefore be denoted by
ηδ ⊂ B. We will denote the components of EndE � Li ⊗ L∗j in the complex
by uij , aij , ϕij .

In this case, H1(C(A,#)) consists of all (a, ϕ) satisfying

(d ′′A)∗a12 = 0 (d ′′)∗a22 = 0

(d ′′)∗a11 − ϕ1#
∗
1 = 0 (d ′′A)∗a21 − ϕ2#

∗
1 = 0 (8.12)

d ′′A1
ϕ1 + a11#1 = 0 d ′′A2

ϕ2 + a21#1 = 0



Morse theory and stable pairs 153

We use this formalism to define deformation retractions in a neighborhood
of (A,#) ∈ B in two cases. First, we have

Lemma 8.2.16 Suppose (A,#) = (A1 ⊕ A2,#1 ⊕ 0) is a split pair as above,
#1 �= 0. Let

Sneg.(A,#) = {(a, ϕ) ∈ S(A,#) : aij = 0 , (ij ) �= (21) , and ϕ1 = 0}
S ′(A,#) = {(a, ϕ) ∈ S(A,#) : (a21, ϕ2) �= 0}

Then there is an equivariant deformation retraction Sneg.(A,#) ↪→ S(A,#) which
restricts to a deformation retraction Sneg.(A,#) \ {0} ↪→ S ′(A,#).

Proof By Lemma 8.2.15 and Proposition 8.2.14, the Kuranishi map gives a
homeomorphism of the slice with H1(C(A,#)). Hence, it suffices to define the
retraction there. For this we take

rt (a11, a12, a21, a22;ϕ1, ϕ2) = (ta11, ta12, a21, ta22; tϕ1, ϕ2) , t ∈ [0, 1]

Notice that this preserves the equations in (8.12). �

Second, near minimal Yang-Mills connections, we find a similar retraction
under the assumption that H2(C(A,#)) vanishes.

Lemma 8.2.17 Suppose d > 4g − 4 and A is semistable. Let

Sneg.(A,0) = {(a, ϕ) ∈ S(A,0) : a = 0}
S ′(A,0) = {(a, ϕ) ∈ S(A,0) : ϕ �= 0}

Then there is an equivariant deformation retraction Sneg.(A,0) ↪→ S(A,0) which
restricts to a deformation retraction Sneg.(A,0) \ {0} ↪→ S ′(A,0).

Proof Let E be the holomorphic bundle given by A. Since E is semistable, so
isE∗ ⊗KM , whereKM is the canonical bundle ofM . On the other hand, by the
assumption, deg(E∗ ⊗KM ) = 4g − 4− degE < 0. Hence, by Serre duality,
H 1(E) � H 0(E∗ ⊗KM )∗ = {0}. Given a, let Ha denote harmonic projection
to ker d ′′A+a . It follows that for a in a small neighborhood of the origin in
the slice, Ha is a continuous family. We can therefore define the deformation
retraction explicitly by

rt (a, ϕ) = (ta,Hta(ϕ)) , t ∈ [0, 1]

For a sufficiently small neighborhood of the origin in the slice, this preserves
the set S ′(A,0). It is also clearly equivariant. �
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8.3 Morse theory

8.3.1 The τ -vortex equations

Let μ(A,#) = ∗FA − i##∗. Then ∗μ is a moment map for the action of G on
B ⊂ A×�0(E). Let τ > 0 be a positive parameter and define the Yang-Mills-
Higgs functional

fτ (A,#) = ‖μ+ iτ · id ‖2 (8.1)

Solutions to the τ -vortex equations are the absolute minima of fτ :

μ(A,#)+ iτ · id = 0 (8.2)

Theorem 8.3.1 (Bradlow [3])

Mτ,d = {(A,#) ∈ B : μ(A,#)+ iτ · id = 0} /G.
If the space of solutions to the τ -vortex equations is nonempty, then τ must

satisfy the following restriction.

μ+ iτ · id = ∗FA − i##∗ + iτ · id = 0

=⇒ i

2π

∫
M

Tr(∗FA − i##∗) = 2τ ⇐⇒ degE + ‖#‖2 = 2τ
(8.3)

Therefore 2τ ≥ d (with strict inequality if we want to ensure that # �= 0).
Theorem 2.1.6 of [3] shows that a solution to the τ -vortex equations which is
not τ -stable must split. Moreover, since rankE = 2 the solutions can only split
if τ is an integer. In particular, for a generic choice of τ solutions to (8.2) must
be τ -stable. In general, critical sets of fτ can be characterized in terms of a
decomposition of the holomorphic structure of E. The critical point equations
for the functional fτ are

d ′′A (μ+ iτ · id) = 0 (8.4)

(μ+ iτ · id)# = 0 (8.5)

There are three different types of critical points.

(0) Absolute minimum f −1
τ (0).

(I) Yang-Mills connections with # = 0. Then either A is an irreducible
Yang-Mills minimum or E splits holomorphically as E = L1 ⊕ L2. The
latter exist for all values of degL1 ≥ d/2 and the existence of the critical
points is independent of the choice of τ . However, as shown below the
Morse index does depend on τ . If E is semistable (resp. degL1 < τ )
we call this a critical point of type Ia , and we label it δ = τ − d/2
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(resp. δ = degL1 − d + τ ). If degL1 > τ it is of type Ib, and set δ =
degL1 − d + τ .

(II) E splits holomorphically as E = L1 ⊕ L2, and # ∈ H 0(L1) \ {0}. On
L1 we have

∗FA1 − i##∗ = −iτ, ‖#‖2 = 2π (τ − degL1)

Therefore degL1 < τ . Further subdivide these depending upon degL1.
(II−) degL1 ≤ d − τ , δ = d − degL1 − τ ;
(II+) d − τ < degL1 < τ , δ = degL1 − d + τ ;

Let SdM denote the d-th symmetric product of the Riemann surfaceM , and
Jd (M) the Jacobian variety of degree d line bundles onM . For future reference
we record the following

Proposition 8.3.2 For δ ∈ �τ,d \ {0},
H ∗

G(ηδ) =⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
H ∗

G(Ass) Type I, δ = τ − d/2
H ∗(Jj (δ)(M)× Jd−j (δ)(M))⊗H ∗(BU (1)× BU (1)) Type I, δ �= τ − d/2
H ∗(Sj (δ)M × Jd−j (δ)(M))⊗H ∗(BU (1)) Type II+

H ∗(Sd−j (δ)M × Jj (δ)(M))⊗H ∗(BU (1)) Type II−

8.3.2 The gradient flow

Consider the negative gradient flow of the Yang-Mills-Higgs functional fτ
defined on the space B ⊂ A×�0(E). Since the functional is very similar to
that studied in [10], we only sketch the details of the existence and convergence
of the flow and focus on showing that the Morse stratification induced by
the flow is equivalent to the Harder-Narasimhan stratification described in
Section 8.2.1.

The gradient flow equations are

∂A

∂t
= 2 ∗ dA(μ+ iτ ) ,

∂#

∂t
= −4i(μ+ iτ )# (8.6)

Theorem 8.3.3 The gradient flow of fτ with initial conditions in B exists for
all time and converges to a critical point of fτ in the smooth topology.

A standard calculation (cf. [3, Section 4]) shows that fτ can be re-written as

fτ =
∫
X

(
|FA|2 +

∣∣d ′A#∣∣2 + ∣∣##∗∣∣2 − 2τ |#|2 + |τ |2
)
dvol + 4τ degE

(8.7)
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This is very similar to the functional YMH studied in [10], and the proof
for existence of the flow for all positive time follows the same structure (which
is in turn modeled on Donaldson’s proof for the Yang-Mills functional in [9]),
therefore we omit the details. An important part of the proof worth mentioning
here is that the flow is generated by the action of GC, i.e. for all t ∈ [0,∞)
there exists g(t) ∈ GC such that the solution (A(t),#(t)) to the flow equations
(8.6) with initial condition (A,#) is given by (A(t),#(t)) = g(t) · (A,#).

To show that the gradient flow converges, one can use the results of Theorem
B of [11] (where again, the functional is not exactly the same as fτ , but it has
the same structure and so the proof of convergence is similar). The statement
of [11, Theorem B] only describes smooth convergence along a subsequence
(since they also study the higher dimensional case where bubbling occurs), and
to extend this to show that the limit is unique we use the Lojasiewicz inequality
technique of [19] and [17]. The key estimate is contained in the following
proposition.

Proposition 8.3.4 Let (A∞,#∞) be a critical point of fτ . Then there exist
ε1 > 0, a positive constant C, and θ ∈ (0, 1

2

)
, such that

‖(A,#)− (A∞,#∞)‖ < ε1

implies that

‖∇fτ (A,#)‖L2 ≥ C |fτ (A,#)− fτ (A∞,#∞)|1−θ (8.8)

The proof is similar to that in [21], and so is omitted.
The rest of the proof of convergence then follows the analysis in [21] for

Higgs bundles. The key result is the following proposition, which is the analog
of [21, Proposition 3.7] (see also [19] or [17, Proposition 7.4]).

Proposition 8.3.5 Each critical point (A,#) of fτ has a neighborhood U
such that if (A(t),#(t)) is a solution of the gradient flow equations for fτ
and (A(T ),#(T )) ∈ U for some T , then either fτ (A(t),#(t)) < fτ (A,#)
for some t , or (A(t),#(t)) converges to a critical point (A′,#′) such that
fτ (A′,#′) = fτ (A,#). Moreover, there exists ε (depending on U ) such that
‖(A′,#′)− (A,#)‖ < ε.

The next step is the main result of this section: The Morse stratification
induced by the gradient flow of fτ is the same as the τ -Harder–Narasimhan
stratification described in Section 8.2.1. First recall the Hitchin–Kobayashi
correspondence from Theorem 8.3.1, and the distance-decreasing result from
[10], which can be re-stated as follows.
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Lemma 8.3.6 (Hong [10]) Let (A1,#1) and (A2,#2) be two pairs related by
an element g ∈ GC. Then the distance between the G-orbits of (A1(t),#1(t))
and (A2(t),#2(t)) is non-increasing along the flow.

Recall that the critical sets associated to each stratum are given in Section
8.3.1, and that the critical set associated to the stratum Bδ is denoted ηδ . Define
Sδ ⊂ B to be the subset of pairs that converge to a point inCδ under the gradient
flow of fτ . The next lemma gives some standard results about the critical sets
of fτ .

Lemma 8.3.7
(i) The critical set ηδ is the minimum of the functional fτ on the stratum Bδ .

(ii) The closure of each GC orbit in Bδ intersects the critical set ηδ .
(iii) There exists ε > 0 (depending on τ ) such that (A,#) ∈ ηδ and (A′,#′) ∈

ηδ′ with δ �= δ′ implies that ‖(A,#)− (A′,#′)‖ ≥ ε.
Proof Since these results are analogous to standard results for the Yang–Mills
functional (see for example [1], [6], or [7]), and the proof for holomorphic pairs
is similar, we only sketch the idea of the proof here.

� The first statement follows by noting that the convexity of the norm-square
function ‖ · ‖2 shows that the minimum of fτ on each extension class occurs
at a critical point. This can be checked explicitly for each of the types Ia , Ib,
II+, and II−.

� To see the second statement, simply scale the extension class and apply
Theorem 8.3.1 (the Hitchin–Kobayashi correspondence) to the graded object
of the filtration (cf. [7, Theorem 3.10] for the Yang–Mills case).

� The third statement can be checked by noting that (modulo the G-action) the
critical sets are compact, and then explicitly computing the distance between
distinct critical sets. �

As a consequence we have

Proposition 8.3.8
(i) Each critical set ηδ has a neighborhood Vδ such that Vδ ∩ Bδ ⊂ Sδ .

(ii) Sδ ∩ Bδ is GC-invariant.

Proof Proposition 8.3.5 implies that there exists a neighborhood Vδ of each
critical set ηδ such that if (A,#) ∈ Vδ then the flow with initial conditions
(A,#) either flows below ηδ , or converges to a critical point close to ηδ . Since
fτ is minimized on each Harder–Narasimhan stratum Bδ by the critical set ηδ ,
the flow is generated by the action of GC, and the strata Bδ are GC-invariant,
then the first alternative cannot occur if (A,#) ∈ Bδ ∩ Vδ . Since the critical



158 R. A. Wentworth and G. Wilkin

sets are a finite distance apart, then (by shrinking Vδ if necessary) the limit
must be contained in ηδ . Therefore Vδ ∩ Bδ ⊂ Sδ , which completes the proof
of (i).

To prove (ii), for each pair (A,#) ∈ Sδ ∩ Bδ , let

Y(A,#) =
{
g ∈ GC : g · (A,#) ∈ Sδ ∩ Bδ

}
.

The aim is to show that Y(A,#) = GC. Firstly we note that since the group �
of components of GC is the same as that for the unitary gauge group G, the
flow equations (8.6) are G-equivariant, and the critical sets ηδ are G-invariant,
then it is sufficient to consider the connected component of GC containing the
identity. Therefore the problem reduces to showing that Y(A,#) is open and
closed. Openness follows from the continuity of the group action, the distance-
decreasing result of Lemma 8.3.6, and the result in part (i). Closedness follows
by taking a sequence of points {gk} ⊂ Y(A,#) that converges to some g ∈ GC,
and observing that the distance-decreasing result of Lemma 8.3.6 implies that
the flow with initial conditions g · (A,#) must converge to a limit close to the
G-orbit of the limit of the flow with initial conditions gk · (A,#) for some large
k. Since the critical sets are G-invariant, and critical sets of different types are a
finite distance apart, then by taking k large enough (so that gk · (A,#) is close
enough to g · (A,#)) we see that the limit of the flow with initial conditions
g · (A,#) must be in ηδ . Therefore Y(A,#) is both open and closed. �

Theorem 8.3.9 The Morse stratification by gradient flow is the same as the
Harder–Narasimhan stratification in Definition 8.2.9.

Proof The goal is to show that Bδ ⊆ Sδ for each δ. Let x ∈ Bδ . By Lemma
8.3.7 (ii) the closure of the orbit GC · x intersects ηδ , therefore there exists
g ∈ GC such that g · x ∈ Vδ ∩ Bδ ⊆ Sδ by Proposition 8.3.8 (i). Since Sδ ∩ Bδ
is GC-invariant by Proposition 8.3.8 (ii), then x ∈ Bδ ∩ Sδ also, and therefore
Bδ ⊆ Sδ . Since {Bδ} and {Sδ} are both stratifications ofB, then we haveBδ = Sδ
for all δ. �

Remark 8.3.10 While we have identified the stable strata of the critical sets
with the Harder-Narasimhan strata, the ordering on the set�τ,d coming from the
values of YMH is more complicated. Since this will not affect the calculations,
we continue to use the ordering already defined in Section 2.

We may now reformulate the main result, Theorem 8.1.1. The key idea
is to define a substratification of {Xδ,X′δ}δ∈�τ,d by combining Bδ and Aj (δ)

for δ ∈ �+τ,d ∩ Iτ,d . In other words, this is simply {Xδ}δ∈�τ,d . We call this the
modified Morse stratification.
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Theorem 8.3.11 The modified Morse stratification {Xδ}δ∈�τ,d is G-
equivariantly perfect in the following sense: For all δ ∈ �τ,d , the long exact
sequence

· · · −→ H ∗
G(Xδ,Xδ1 ) −→ H ∗

G(Xδ) −→ H ∗
G(Xδ1 ) −→ · · · (8.9)

splits. Here, δ1 denotes the predecessor of δ in �τ,d .

8.3.3 Negative normal spaces

For critical points (A,#) ∈ ηδ , a tangent vector

(a, ϕ) ∈ �0,1(EndE)⊕�0(E)

is an eigenvector for the Hessian of fτ if

i[μ+ iτ · id, a] = λa (8.10)

i(μ+ iτ · id)ϕ = λϕ (8.11)

Let V neg.(A,#) ⊂ �0,1(EndE)⊕�0(E) denote the span of all such (a, ϕ) with
λ < 0. This is clearly G-invariant, since fτ is. Let S(A,#) be the slice at (A,#).
Then we set νδ ∩ S(A,#) = V neg.(A,#) ∩ S(A,#). Using Proposition 8.2.13, this gives
a well-defined G-invariant subset νδ ⊂ B, which we call the negative normal
space at ηδ . By definition, ηδ is a closed subset of νδ .

We next describe νδ in detail for each of the critical sets:

(Ia) Recall that in this case# ≡ 0. IfE semistable, the negative eigenspace of
the Hessian is H 0(E). To see this, note that since # = 0 then i(μ+ iτ ·
id) = (d/2− τ ) · id is a negative constant multiple of the identity (by
assumption τ > d/2). Therefore i[μ+ iτ · id, a] = 0, and a = 0. Then
the slice equations imply ϕ ∈ H 0(E). If E = L1 ⊕ L2, then H2(C(A,0))
is nonzero in general. From the slice equations, we see that the negative
eigendirections νδ of the Hessian are given by

d ′′A2
ϕ2 + a21ϕ1 = 0 , (a21, ϕ1) ∈ H 0,1(L∗1L2)⊕H 0(L1) (8.12)

(Ib) This is similar to the case above, except now for negative directions,
ϕ1 ≡ 0. We therefore conclude that νδ is given by

H 0,1(L∗1L2)⊕H 0(L2) (8.13)

Note that if δ > τ , then degL2 = d − j (δ) < 0, and so ν−δ has constant
dimension dimCH

0,1(L∗1L2) = 2j (δ)− d + g − 1.
(II+) In this case, # �≡ 0, so by Lemma 8.2.15, H2(C(A,0)) = 0, and the slice

is homeomorphic to H1(C(A,0)) via the Kuranishi map. The negative
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eigenspace of the Hessian is then just

(d ′′A)∗a21 − ϕ2#
∗
1 = 0 , d ′′Aϕ2 + a21#1 = 0 (8.14)

(II−) This is similar to above, except now ϕ2 ≡ 0. Hence, the fiber of νδ is
given by

H 0,1(L∗2L1) (8.15)

Note that dimCH
0,1(L∗2L1) = 2j (δ)− d + g − 1.

To see (II+) and (II−), we need to compute the solutions to (8.10) and (8.11),
which involves knowing the value of i(μ+ iτ · id) on the critical set. Equation
(8.4) shows that

i(μ+ iτ · id) =
(
λ1 0
0 λ2

)
where λ1 ∈ �0(L∗1L1) and λ2 ∈ �0(L∗2L2) are constant. Since # ∈ H 0(L1) \
{0}, then (8.5) shows that λ1 = 0. Since λ2 is constant, the integral over M
becomes

λ2 = 1

2π

∫
M

λ2 dvol = i

2π

∫
M

FA2 −
1

2π

∫
M

τ dvol = degL2 − τ

Therefore, if d − τ < degL1 = d − degL2, then degL2 < τ and so λ2 is nega-
tive. Similarly, if degL1 < d − τ thenλ2 is positive. Equation (8.10) then shows
that a ∈ �0,1(L∗1L2) if d − τ < degL1, and a ∈ �0,1(L∗2L1) if degL1 < d − τ .
Similarly, if d − τ < degL1 then ϕ ∈ �0(L2), and if degL1 < d − τ then
ϕ = 0. Equations (8.14) and (8.15) then follow from the slice equations.

The following lemma describes the space of solutions to (8.12) when ϕ1 is
fixed.

Lemma 8.3.12 Fix ϕ1. When ϕ1 = 0 then the space of solutions {(a21, ϕ2)} to
(8.12) is isomorphic to H 0,1(L∗1L2)⊕H 0(L2). When ϕ1 �= 0 then the space of
solutions {(a21, ϕ2)} to (8.12) has dimension degL1.

Proof The first case (when ϕ1 = 0) is easy, since the equations for a ∈
�0,1(L∗1L2) and ϕ2 ∈ �0(L2) become

d ′′∗A a = 0, d ′′Aϕ2 = 0. (8.16)

In the second case (when ϕ1 �= 0 is fixed), note (8.12) implies that H(aϕ1) =
0, where H denotes the harmonic projection �0,1(L2) → H 0,1(L2). Hence, it
suffices to show that the map

H 0,1(L∗1L2) → H 0,1(L2) (8.17)
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given by multiplication with ϕ1 (followed by harmonic projection) is surjective.
For then, since degL∗1L2 < 0, we have by Riemann–Roch that the dimension
of (8.12) is h0(L2)+ h1(L∗1L2)− h1(L2) = degL1. By Serre duality, (8.17)
is surjective if and only if H 0(KL∗2) → H 0(KL∗2L1) is injective. But since
ϕ1 �= 0, multiplication gives an injection of sheaves O ↪→ L1, and the result
follows by tensoring and taking cohomology. �

Lemma 8.3.13 The space of solutions to (8.14) has constant dimension =
degL1 = j (δ).

Proof Consider the subcomplex CLT(A,#)

�0(L∗1L2))
D1 �� �0,1(L∗1L2)⊕�0(L2)

D2 �� �1(L2) (8.18)

Since # �= 0, by Lemma 8.2.15 the cohomology at the ends of the complex
(8.18) vanishes, and we have (by Riemann–Roch)

dimC H1(CLT(A,#)) = dimC(kerD∗1 ∩ kerD2)

= h1(L∗1L2)+ h0(L2)− h1(L2)− h0(L∗1L2)

= − degL∗1L2 + g − 1+ degL2 + (1− g)

= degL1
�

We summarize the the above considerations with

Corollary 8.3.14 The fiber of νδ is linear of constant dimension for critical
sets of type II±, and for those of type Ib provided δ �∈ �+τ,d ∩ [τ − d/2, τ ]. The
complex dimension of the fiber in these cases is σ (δ), where

σ (δ) =
{

2j (δ)− d + g − 1 if type Ib or II−

j (δ) if type II+

Remark 8.3.15 The strata for δ ∈ Iτ,d have two components corresponding
to the strata Aj (δ) and Bδ . When there is a possible ambiguity, we will dis-
tinguish these by the notation νI,δ for the negative normal spaces to strata of
type Ia or Ib, and νII,δ for the negative normal spaces to strata of type II+

or II−.

8.3.4 Cohomology of the negative normal spaces

As in [8], at certain critical sets – namely, those of type Ia , Ib where δ ∈ �+τ,d ∩
[τ − d/2, τ ] – the negative normal directions are not necessarily constant in
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dimension. In the present case, they are not even linear. In order to carry out
the computations, we appeal to a relative sequence by considering special
subspaces with better behavior.

Definition 8.3.16 For δ ∈ �+τ,d ∩ (τ − d/2, τ ], let νI,δ be the negative normal
space to a critical set with # ≡ 0, as in Section 8.3.3. Define

ν ′I,δ =
{
(a, ϕ1, ϕ2) ∈ νI,δ : (a, ϕ1, ϕ2) �= 0

}
ν ′′I,δ =

{
(a, ϕ1, ϕ2) ∈ νI,δ : a �= 0

}
The goal of this section is the proof of the following

Proposition 8.3.17

δ ∈ �+τ,d ∩ (τ − d/2, τ ] : H ∗
G(νI,δ, ν

′′
I,δ) � H ∗−2(2j (δ)−d+g−1)

S1×S1 (ηAj (δ))

(8.19)

δ ∈ �+τ,d ∩ (2τ − d, τ ] : H ∗
G(ν ′I,δ, ν

′′
I,δ)

� H ∗−2(2j (δ)−d+g−1)
S1 (Sd−j (δ)M × Jj (δ)(M))

(8.20)

δ ∈ �+τ,d ∩ (τ−d/2, 2τ−d) : H ∗
G(ν ′I,δ, ν

′′
I,δ)�H ∗−2j (δ)

S1 (Sj (δ)M×Jd−j (δ)(M))
(8.21)

⊕H ∗−2(2j (δ)−d+g−1)
S1 (Sd−j (δ)M × Jj (δ)(M))

Proof Fix E = L1 ⊕ L2. Consider first the case τ > degL1 = j (δ) > d/2,
and degL2 = d − j (δ) < d/2. Define the following spaces

ωδ =
{
(A1, A2, a, ϕ1, ϕ2) ∈ νI,δ : (a, ϕ2) �= 0

}
Z−δ =

{
(A1, A2, a, ϕ1, ϕ2) ∈ νI,δ : ϕ1 = 0

}
Z′δ =

{
(A1, A2, a, ϕ1, ϕ2) ∈ νI,δ : ϕ1 = 0, (a, ϕ2) �= 0

}
Y ′δ =

{
(A1, A2, a, ϕ1, ϕ2) ∈ νI,δ : ϕ1 �= 0

}
Y ′′δ =

{
(A1, A2, a, ϕ1, ϕ2) ∈ νI,δ : ϕ1 �= 0, (a, ϕ2) �= 0

}
Tδ =

{
(A1, A2, a, ϕ1, ϕ2) ∈ νI,δ : ϕ1 �= 0, (a, ϕ2) = 0

}
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Note thatY ′δ = νI,δ \ Z−δ = ν ′I,δ \ Z′δ andY ′′δ = ωδ \ Z′δ . Consider the following
commutative diagram.

...

��
· · · �� Hp

G (νI,δ, ν ′I,δ) ��

��

H
p

G (νI,δ) �� Hp

G (ν ′I,δ) �� · · ·

H
p

G (νI,δ, ν ′′I,δ)

��

ξ
�������������

ξ ′′

�������������

. . . �� Hp

G (ν ′I,δ, ωδ) �� Hp

G (ν ′I,δ, ν
′′
I,δ)

��

β �� Hp

G (ωδ, ν ′′I,δ) �� · · ·

...
(8.22)

� First, it follows as in the proof of [8, Thm. 2.3] that the pair (νI,δ, ν ′′I,δ) is
homotopic to the Atiyah–Bott pair (XA

j (δ), X
A
j (δ)−1). Hence, (8.19) follows

from [1].
� Consider the pair (ν ′I,δ, ωδ). Excision of Z′δ gives the isomorphism

H ∗
G(ν ′I,δ, ωδ) ∼= H ∗

G(ν ′I,δ \ Z′δ, ωδ \ Z′δ) ∼= H ∗
G(Y ′δ, Y

′′
δ ) (8.23)

The space Y ′′δ = Y ′δ \ Tδ , and Lemma 8.3.12 shows that Y ′δ is a vector bundle
over Tδ with fibre dimension = degL1. Therefore the Thom isomorphism
implies

H ∗
G(Y ′δ, Y

′′
δ ) = H ∗

G(Y ′δ, Y
′
δ \X′δ) ∼= H ∗−2j (δ)

G (Tδ)

and therefore

H ∗
G(ν ′I,δ, ωδ) = H ∗

G(Y ′δ, Y
′′
δ ) = H ∗−2j (δ)

S1 (Sj (δ)M × Jd−j (δ)(M)) (8.24)

� Consider (ωδ, ν ′′I,δ). By retraction, the pair is homotopic to the intersection
with ϕ1 = 0. It then follows exactly as in [8] (or the argument above) that

H ∗
G(ωδ, ν

′′
I,δ) ∼= H ∗−2(2j (δ)−d+g−1)

S1 (Sd−j (δ)M × Jj (δ)(M)) (8.25)

(Recall that dimH 0,1(L∗1L2) = 2j (δ)− d + g − 1 by Riemann–Roch, and
that degL2 = d − j (δ)).
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It then follows as in [8] that ξ ′′, and hence also β, is surjective. This implies
that the lower horizontal exact sequence splits, and (8.21) follows from (8.24)
and (8.25). This completes the proof in this case. The case where degL1 > τ

is simpler, since ϕ1 ≡ 0 from (8.11). Hence, ωδ = ν ′I,δ , and the proof proceeds
as above. �

8.3.5 The Morse-Bott lemma

In this section we prove the fundamental relationship between the relative
cohomology of successive strata and the relative cohomology of the negative
normal spaces. From this we derive the proof of the main result. In the following
we use δ1 to denote the predecessor of δ in �τ,d .

Theorem 8.3.18 For all δ ∈ �τ,d \
(
�+τ,d ∩ Iτ,d

)
,

H ∗
G(Xδ,Xδ1 ) � H ∗

G(νδ, ν
′
δ) (8.26)

For all δ ∈ �+τ,d ∩ Iτ,d ,

H ∗
G(X′δ, Xδ1 ) � H ∗

G(νII,δ, ν
′
II,δ) (8.27)

For all δ ∈ �+τ,d ∩ Iτ,d , δ �= τ − d/2,

H ∗
G(Xδ,X

′
δ) � H ∗

G(νI,δ, ν
′
I,δ) (8.28)

Eq. (8.28) also holds for δ = τ − d/2, provided d > 4g − 4. In the statements
above, δ1 denotes the predecessor of δ in �τ,d .

First, we give a proof of (8.26) in the case δ �∈ �+τ,d ∩ [τ − d/2, τ ]. By
excision and convergence of the gradient flow, there is a neighborhood U of ηδ
such that

� U is G-invariant;
� U is the union of images of slices S(A,#), where (A,#) ∈ ηδ;
� H ∗

G(Xδ,Xδ1 ) � H ∗
G(U,U \ (U ∩ Bδ))

Notice that for each slice S(A,#) ∩ U \ (U ∩ Bδ) = S ′(A,#) ∩ U , where the lat-
ter is defined as in Lemma 8.2.16. By the lemma, it follows that the pair
(U,U \ (U ∩ Bδ)) locally retracts to (νδ, ν ′δ). On the other hand, by Corollary
8.3.14, νδ is a bundle over ηδ . It follows by continuity as in [2], that there is
a G-equivariant retraction of the pair (νδ, ν ′δ) ↪→ (U,U \ (U ∩ Bδ)). The result
therefore follows in this case. We also note that by Corollary 8.3.14 and the
Thom isomorphism,

H ∗
G(νδ, ν

′
δ) � H ∗−2σ (δ)

G (ηδ) (8.29)
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Remark 8.3.19 Notice that by Corollary 8.3.14 the same argument also proves
(8.27). For d > 4g − 4, we can use Lemma 8.2.17 in the same way to derive
(8.28) for δ = τ − d/2. In this case, by the Thom isomorphism, we have

H ∗
G(Xτ−d/2, X′τ−d/2) � H ∗−2(d+2−2g)

G (Ass) (8.30)

Lemma 8.3.20 For δ �∈ �+τ,d ∩ [τ − d/2, τ ], or if δ = τ − d/2 and d > 4g −
4, then the long exact sequence (8.9) splits. Similarly, the long exact sequence

· · · −→ H
p

G (X′δ, Xδ1 ) −→ H
p

G (X′δ) −→ H
p

G (Xδ1 ) −→ · · · (8.31)

splits for all δ ∈ Iτ,d .
Proof Indeed, since (8.26) holds in this case, we have

· · · �� Hp

G (Xδ,Xδ1 )

∼=
��

α �� Hp

G (Xδ) ��

��

H
p

G (Xδ1 ) �� · · ·

H
p

G (νδ, ν ′δ)
β �� Hp

G (ηδ)

(8.32)

Now νδ → ηδ is a complex vector bundle with a G-action and a circle subgroup
that fixes ηδ and acts freely on νδ \ ηδ , so by [1, Prop. 13.4], β is injective. It
follows that is α is injective as well, and hence the sequence splits. The second
statement follows by Remark 8.3.19 and the same argument as above. �

It remains to prove (8.28) and the remaining cases of (8.26). As noted
above, in these cases the negative normal spaces are no longer constant in
dimension, and indeed they are not even linear in the fibers. From the point of
view of deformation theory, the Kuranishi map near these critical sets is not
surjective, and defining an appropriate retraction is more difficult than in the
situation just considered. Instead, we resort to the analog of the decomposition
used in Section 8.3.3. Let X′′δ = Xδ \ pr−1(Aj (δ)). Note that by Lemma 8.2.12,
X′′δ ⊂ X′δ . We will prove the following

Proposition 8.3.21 Suppose δ ∈ �+τ,d ∩ (τ − d/2, τ ]. Then

H ∗
G(Xδ,X

′′
δ ) ∼= H ∗

G(νI,δ, ν
′′
I,δ)) (8.33)

H ∗
G(X′δ, X

′′
δ ) ∼= H ∗

G(ν ′I,δ, ν
′′
I,δ) (8.34)

Proof of (8.33) By [1] and (8.19), it suffices to prove

H ∗
G(Xδ,X

′′
δ ) ∼= H ∗

G(XA
j (δ), X

A
j (δ)−1) (8.35)

We first note that the pair (Xδ,X′′δ ) is not necessarily invariant under scaling t#,
t → 0, in particular because of the strata in�−τ,d (cf. Lemma 8.2.12). However,
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if we set

X̂δ = Xδ ∪
⋃

δ′≤δ, δ′∈�−τ,d
XA
δ′+τ , X̂

′′
δ = X̂δ \ pr−1(Aj (δ))

then by excision on the closed subset⋃
j (δ)−τ<δ′≤δ
δ′∈�−

τ,d

Aδ′+τ

it follows that H ∗
G(Xδ,X′′δ ) = H ∗

G(X̂δ, X̂′′δ ). Then for the pair (X̂δ, X̂′′δ ), pro-
jection to A is a deformation retraction (by scaling the section #), and we
have

H ∗
G(Xδ,X

′′
δ ) = H ∗

G(pr(X̂δ), pr(X̂′′δ )) (8.36)

Next, let

Kδ = pr
(
X̂(τ−d/2) ∪

⋃
δ′≤δ , δ′∈�−τ,d

Bδ′ ∪
⋃

δ′<τ−d/2 , δ′∈�+τ,d
Bδ′
) ∩ ⋃

k>j (δ)

Ak

Note that Kδ ⊂ pr(X̂′′δ ). We claim that it is actually a closed subset of pr(X̂δ).
Indeed, suppose (Ai,#i) ∈ X(τ−d/2), (Ai,#i) → (A,#) ∈ X̂δ , and suppose
that μ+(Ai) > j (δ) for each i. By semicontinuity, it follows that μ+(A) >
j (δ). On the other had, either A ∈ Kδ or (A,#) ∈ Bδ′ , τ − d/2 < δ′ ≤ δ and
δ′ ∈ �+τ,d . But by Lemma 8.2.12, this would imply A ∈ Aj (δ′); which is a
contradiction, since j (δ′) ≤ j (δ). It follows that the latter cannot occur, and
hence, Kδ is closed. Similarly,

pr(X̂δ) = pr
(
X̂(τ−d/2) ∪

⋃
δ′≤δ , δ′∈�−τ,d

Bδ′ ∪
⋃

δ′<τ−d/2 , δ′∈�+τ,d
Bδ′
)

∪
⋃

d/2<k≤j (δ)

Ak ∪
⋃

τ−d/2<δ′≤δ , δ′∈�+τ,d
pr(Bδ)

= Kδ ∪
⋃

d/2≤k≤j (δ)

Ak

and the union is disjoint. It follows also that

pr(X̂′′δ ) = Kδ ∪
⋃

d/2≤k<j (δ)

Ak

Hence, pr(X̂δ) \Kδ = XA
j (δ), pr(X̂′′j (δ)) \Kδ = XA

j (δ)−1, and (8.35) follows from
(8.36) by excision. �
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Proof of (8.34) First consider the case δ ∈ �+τ,d ∩ (τ − d/2, 2τ − d). We have

X′′δ =
(
X(τ−d/2) ∪

⋃
δ′≤δ , δ′∈�−τ,d

Bδ′ ∪
⋃

δ′<τ−d/2 , δ′∈�+τ,d
Bδ′
) \ pr−1(Aj (δ))

∪
⋃

d/2<k<j (δ)

Ak ∪
⋃

τ−d/2<δ′<δ , δ′∈�+τ,d
Bδ

whereas X′δ = Xδ1 ∪ Bδ , where δ1 is the predecessor of δ in �τ,d . Also, X′′δ =
Xδ1 \ pr−1(Aj (δ)). We then have the following diagram

· · · �� Hp

G (X′δ, X
′′
δ )

f

��

�� Hp

G (X′δ)

g

��

�� Hp

G (X′′δ )

∼=
��

�� · · ·

· · · �� Hp

G (Xδ1 , X
′′
δ ) �� Hp

G (Xδ1 ) �� Hp

G (X′′δ ) �� · · ·

(8.37)

where f and g are induced by the inclusion Xδ1 ↪→ X′δ . By Lemma 8.3.20 and
(8.27) (see Remark 8.3.19), it follows that g is surjective and

ker g = H ∗
G(νII,δ, ν

′
II,δ) � H ∗−2j (δ)

G (Bδ) � H ∗−2j (δ)
S1 (Sj (δ)M × Jd−j (δ)M)

by Thom isomorphism. Chasing through the diagram, it follows that f is also
surjective with the same kernel. We conclude that

H ∗
G(X′δ, X

′′
δ ) � H ∗

G(Xδ1 , X
′′
δ )⊕H ∗−2j (δ)

S1 (Sj (δ)M × Jd−j (δ)M) (8.38)

It remains to compute the first factor on the right hand side. To begin, notice
that ⋃

d/2<k<j (δ)

Ak ∪
⋃

τ−d/2<δ′<δ , δ′∈�−τ,d
Bδ′ ∪

⋃
τ−d/2<δ′<δ , δ′∈�+τ,d

Bδ

is contained in X′′δ and closed in Xδ1 . It follows by excision that

H ∗
G(Xδ1 , X

′′
δ ) � H ∗

G(Xτ−d/2, Xτ−d/2 \ pr−1(Aj (δ)))

Next, we observe that

Ass ∪
⋃

δ′<τ−d/2 , δ′∈�−τ,d
Bδ′

is contained inXτ−d/2 \ pr−1(Aj (δ)) and closed inXτ−d/2. This is clear for Ass .
More generally, if (E,#) in this set and # �≡ 0, then μ+(E) > τ > j (δ), and
elements in the strata of type II− cannot specialize to points in II+. Again
applying excision, we have

H ∗
G(Xδ1 , X

′′
δ ) � H ∗

G(Yδ, Yδ \ pr−1(Aj (δ)))
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where

Yδ = Bτss ∪
⋃

0<δ′≤τ−d/2 , δ′∈�+τ,d
Bδ′

We make a third excision of the closed set⋃
τ−j (δ)<δ′≤τ−d/2 , δ′∈�+τ,d

Bδ′

and a final excision of the subset

Dδ =
{
Bτss ∪

⋃
0<δ′≤τ−j (δ) , δ′∈�+τ,d

Bδ
} ∩ ( ⋃

k>j (δ)

pr−1(Ak)
)

Notice that {
Bτss ∪

⋃
0<δ′≤τ−j (δ) , δ′∈�+τ,d

Bδ
} \Dδ = Bj (δ)

ss

We conclude that

H ∗
G(Xδ1 , X

′′
δ ) � H ∗

G(Bj (δ)
ss ,Bj (δ)

ss \ pr−1(Aj (δ)))

Choose ε > 0 small, and let τ ′ = j (δ)− ε. Then with respect to the τ ′-
stratification, the right hand side above is� H ∗

G(Bτ ′ss ∪ Bτ ′ε , Bτ
′
ss) where ε ∈ �−τ ′

is the lowest τ ′-critical set. Since ε < τ ′ − d/2, it follows from Lemma 8.3.20
that the long exact sequence (8.9) splits for this stratum. Hence, we have

H ∗
G(Xδ1 , X

′′
δ )�H ∗

G(Bτ ′ss ∪ Bτ ′ε , Bτ
′
ss)�H ∗−2(2j (δ)−d+g−1)

S1 (Sd−j (δ)M×Jj (δ)(M))
(8.39)

(notice that jτ ′(ε) = jτ (δ)). Eqs. (8.38) and (8.39), combined with Propo-
sition 8.3.17, complete the proof. In case δ �∈ Iτ,d , note that by definition
H ∗

G(X′δ, X
′′
δ ) � H ∗

G(Xδ1 , X
′′
δ ). The part of the proof following (8.38) now applies

verbatim to this case. �

Proof of Theorem 8.3.18 For δ �∈ �+τ,d ∩ [τ − d/2, τ ], or δ = τ − d/2 and
d > 4g − 4, we have proven the result directly (see the discussion following
Theorem 8.3.18 and also Remark 8.3.19). For δ ∈ �+τ,d ∩ (τ − d/2, τ ], the
result follows from Proposition 8.3.21 and the five lemma. �

8.3.6 Perfection of the stratification for large degree

Note that Lemma 8.3.20 shows that the long exact sequence (8.9) splits for all
δ /∈ �+τ,d ∩ [τ − d/2, τ ], and also for δ = τ − d/2 if d > 4g − 4. Therefore it
remains to show that (8.9) splits for δ ∈ �+τ,d ∩ (τ − d/2, τ ].
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Figure 8.2

Firstly we consider the case where δ ∈ �+τ,d ∩ [2τ − d, τ ], which corre-
sponds to a stratum of type Ib. Proposition 8.3.21 shows that the vertical long
exact sequence splits and the map ξ is injective in the following commutative
diagram (Figure 8.2).

Therefore the map αp is injective, and so the horizontal long exact sequence
splits also.

Next, suppose δ ∈ �+τ,d ∩ (τ − d/2, 2τ − d). For this we need the following
lemma.

Lemma 8.3.22 When δ ∈ �+τ,d ∩ (τ − d/2, 2τ − d), then the isomorphisms
H ∗

G(Xδ,X′′δ ) ∼= H ∗
G(νI,δ, ν ′′I,δ) and H ∗

G(Xδ1 , X
′′
δ ) ∼= H ∗

G(ωδ, ν ′′I,δ) in equivari-
ant cohomology are induced by an inclusion of triples (νI,δ, ωδ, ν ′′I,δ) ↪→
(Xδ,Xδ1 , X

′′
δ ).

Proof The first isomorphism is contained in (8.33). To see the second iso-
morphism, note that the results of the last section show that H ∗

G(Xδ1 , X
′′
δ ) ∼=

H ∗
G(Bτ ′ss ∪ Bτ ′ε ,Bτ

′
ss), where ε ∈ �−τ ′ is the lowest τ ′ critical set. Excise all but

a neighborhood of Bτ ′ε , and deformation retract # so that ‖#‖ is small. Call
these new setsW andW0, respectively. Then

H ∗
G(Bτ ′ss ∪ Bτ ′ε ,Bτ

′
ss) ∼= H ∗

G(W,W0)

Since # �= 0, then we can apply Lemma 8.2.16 to the slices within the
spaces W and W0, and the resulting spaces are homeomorphic to ωδ and ν ′′I,δ
respectively. �
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Figure 8.3

The previous lemma together with the surjection ξ ′′ : H ∗
G(ν−I,δ, ν

′′
I,δ) →

H ∗
G(ωδ, ν ′′I,δ) from (8.22) implies that the map ξ ′′g is surjective in the following

commutative diagram (Figure 8.3).
The isomorphism (8.35) together with the results of [1] show that the map

ξg is injective, and so the same argument as before shows that the horizontal
long exact sequence splits.

8.3.7 The case of low degree

By the results of the previous section, there is only one critical stratum
unaccounted for on the way to completing the proof of Theorem 8.3.11 for
1 ≤ d ≤ 4g − 4. Namely, we need to analyze what happens when we attach the
minimal Yang-Mills stratumAss , which is the lowest critical set of Type I. More
precisely, from (8.4), we need to show that the inclusion X′τ−d/2 ↪→ Xτ−d/2
induces a surjection in G-equivariant rational cohomology for all τ ∈ (d/2, d).
Notice that by (8.5), X′τ−d/2 = Xδ1 for d odd, so this is precisely what we need
to prove; and if d is even, then the above statement together with Lemma 8.3.20
will prove that Xδ1 ↪→ Xτ−d/2 induces a surjection in G-equivariant rational
cohomology in this case as well.

In low degree, the negative normal directions exist only over a Brill-Noether
subset of Ass , whose cohomology is unknown, and the dimension of the fiber
jumps in a complicated way; it is not even clear that there is a good Morse-Bott
lemma of the type (8.28) in this case.
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Hence, in order to prove surjectivity in this case we will use an indirect
argument via embeddings of the space of pairs of degree d into corresponding
pairs of larger degree. More precisely, this is defined as follows. Choose a point
p ∈ M , and let O(p) denote the holomorphic line bundle with divisor p. We
also choose a hermitian metric on O(p). Choose a holomorphic section σp of
O(p) with a simple zero at p. Note that σp is unique up to a nonzero multiple.
A holomorphic (and hermitian) structure on the complex vector bundle E
induces one on the bundle Ẽ = E ⊗O(p). Moreover, if# ∈ H 0(E), then #̃ =
#⊗ σp ∈ H 0(Ẽ). The unitary gauge group G of E is canonically isomorphic
to that of Ẽ. Hence, we have a G-equivariant embedding B(E) ↪→ B(Ẽ). For
simplicity, we will use the notation B = B(E) and B̃ = B(Ẽ).

Let d̃ = d + 2 and τ̃ = τ + 1. Then we note the following properties:

deg Ẽ = d̃ �τ̃,d̃ = �τ,d
deg #̃ = deg#+ 1 Iτ̃ ,d̃ = Iτ,d
μ+(Ẽ) = μ+(E)+ 1 jτ̃ ,d̃ (δ) = jτ,d + 1

It follows easily that the inclusion respects the Harder-Narasimhan stratifica-
tion, i.e. for all δ ∈ �τ,d ,Bδ ↪→ B̃δ ,Xδ ↪→ X̃δ , andX′δ ↪→ X̃′δ , where the tilde’s
have the obvious meaning. In particular, if we fix τmax = d − ε, for ε small,
then Bτmaxss ↪→ B̃τ̃maxss . Notice that while Bτmaxss gives the “last” moduli space in
the sense that there are no critical values between τmax and d (provided ε is
sufficiently small), B̃τ̃maxss gives the “second to last” moduli space in the sense
that there is precisely one critical value between τ̃max and d̃ .

Lemma 8.3.23 The inclusion Bτmaxss ↪→ B̃τ̃maxss induces a surjection in G-
equivariant rational cohomology.

Proof Since τ is generic, it suffices to prove the result on the level of moduli
spaces, i.e. that the inclusion ı : Mτmax ,d ↪→ M̃τ̃max ,d̃

induces a surjection in
cohomology. Consider the determinant map (E,#) �→ detE. We have the
following diagram

Mτmax ,d
ı ��

det

��

M̃τ̃max ,d̃

det

��
Jd (M)

j �� Jd̃ (M)

(8.40)

Now Mτmax ,d is the projectivization of a vector bundle (cf. [20]). Hence, by
the Leray–Hirsch theorem its cohomology ring is generated by the embedding
(det)∗(H ∗(Jd (M))), and a 2-dimensional class generating the cohomology of
the fiber. Since ı∗(det)∗ = (det)∗j ∗, and j ∗ is an isomorphism, it follows that ı∗
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is surjective onto (det)∗(H ∗(Jd (M))). It remains to show that the 2-dimensional
class is in the image of ı∗. But since ı is holomorphic and Mτ̃max ,d̃

is projective,
the Kähler class of Mτ̃max ,d̃

restricted to the image generates the cohomology
of the fiber. �

Lemma 8.3.24 Suppose δ ∈ �τmax,d , δ < τmax − d/2. Then the inclusion
Xδ ↪→ X̃δ induces a surjection in G-equivariant rational cohomology. The
same holds for X′τ−d/2 ↪→ X̃′

τ̃−d̃/2.

Proof By Lemma 8.3.23, the result holds for the semistable stratum. Fix
δ < τ − d/2, and let δ1 be its predecessor in �τmax,d . By induction, we may
assume the result holds for δ1. By Lemma 8.3.20 we have the following diagram:

0 �� Hp

G (X̃δ, X̃δ1 )

f

��

�� Hp

G (X̃δ) ��

g

��

H
p

G (X̃δ1 )

h

��

�� 0

0 �� Hp

G (Xδ,Xδ1 ) �� Hp

G (Xδ) �� Hp

G (Xδ1 ) �� 0

(8.41)

By the inductive hypothesis, h is surjective. On the other hand, by (8.26) and
(8.29), surjectivity of f is equivalent to surjectivity of the map H ∗

G(η̃δ) →
H ∗

G(ηδ). From the description of critical sets (cf. Proposition 8.3.2), this map
is induced by the inclusion Sj (δ)M ↪→ Sj (δ)+1M . Surjectivity then follows by
the argument in [8, Sect. 4]. Since both f and h are surjective, so is g. The
result for any δ < τ − d/2 now follows by induction. If d is even, the exact
same argument, with δ1 = the predecessor of τ − d/2, proves the statement for
X′τ−d/2 as well. �

Lemma 8.3.25 Suppose the inclusion X̃′
τ̃max−d̃/2 ↪→ X̃τ̃max−d̃/2 induces a sur-

jection in G-equivariant rational cohomology. Then the same is true for the
inclusion X′τmax−d/2 ↪→ Xτmax−d/2.

Proof Consider the diagram

H
p

G (X̃τ̃max−d̃/2) ��

��

H
p

G (X̃′
τ̃max−d̃/2)

h

��

�� 0

H
p

G (Xτmax−d/2) �� Hp

G (X′τmax−d/2) �� · · ·

(8.42)

By Lemma 8.3.24, h is surjective. The result then follows immediately. �

Lemma 8.3.26 Suppose the inclusionX′τ−d/2 ↪→ Xτ−d/2 induces a surjection
in G-equivariant rational cohomology for τ = τmax . Then the same is true for
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all τ ∈ (d/2, d). Moreover, dimHp

G (Xτ−d/2, X′τ−d/2) is independent of τ for
all p.

Proof The setsX′τ−d/2,Xτ−d/2 remain unchanged for τ in a connected compo-
nent of (d/2, d) \ Cd , whereCd is given in (8.6). Fix τc ∈ Cd , 2τc − d/2 = k ∈
Z, and let τl < τc < τr be in components (d/2, d) \ Cd containing τc in their
closures. Let δl,r = 2τc − d/2− τl,r . Note that δl,r ∈ �−τl,r ,d , δl > τl − d/2,
and δr < τr − d/2. Also, we claim

Xτr−d/2 = Xτl−d/2 ∪ Bτl
δl
, X′τr−d/2 = X′τl−d/2 ∪ Bτl

δl
(8.43)

To see this, we refer to Figure 8.1 and the discussion preceding it. Under
the map �τl,d → �τr,d , δ

l �→ δr and τl − d/2 �→ τr − d/2. The claim then
follows if we show that δr is the predecessor of τr − d/2 in �τr,d , and δl is
the successor of τl − d/2 in �τl,d (see Figure 8.1). So suppose δ ∈ �τr,d , δ <
τr − d/2. By Remark 8.2.7, we may assume δ ∈ �−τr ,d . Write δ + τr = � ∈ Z.
Then � ≤ 2τr − d/2, which implies � ≤ k, and δ ≤ δr . The reasoning is similar
for δl .

Now since the result holds by assumption for τmax , we may assume by
induction that the result holds for τ ≥ τr . Then we have

0 �� Hp

G (Xτr−d/2, X
′
τr−d/2)

f

��

�� Hp

G (Xτr−d/2) ��

g

��

H
p

G (X′τr−d/2)

h

��

�� 0

· · · �� Hp

G (Xτl−d/2, X
′
τl−d/2) �� Hp

G (Xτl−d/2) �� Hp

G (X′τl−d/2) �� · · ·
(8.44)

By (8.43) and the proof of Lemma 8.3.24, h is surjective. Hence, the lower long
exact sequence must split. Moreover, g is surjective as well, and ker g = ker h.
As a consequence, f must be an isomorphism. The result now follows by
induction. �

Proof of Theorems 8.3.11 and 8.1.2 We proceed by induction as follows.
First, if d > 4g − 4, then by Lemma 8.3.20, the hypothesis of Lemma 8.3.25
is satisfied. It then follows from Lemma 8.3.26 that the inclusion X′τ−d/2 ↪→
Xτ−d/2 induces a surjection in G-equivariant rational cohomology for any τ . In
particular, this is true for the value τ̃max corresponding to degree d − 2. Hence,
the inductive hypothesis holds, and the result is proven for all d. Kirwan
surjectivity follows immediately. �

Proof of Theorem 8.1.3 This follows from Kirwan surjectivity, but more gen-
erally we prove this on each stratum. Clearly it suffices to prove the result for
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k = 1. Since the gauge groups for E and Ẽ are canonically isomorphic, it suf-
fices by induction to show that if the result holds for the inclusion Xδ ↪→ X̃δ ,
then it also holds for Xδ1 ↪→ X̃δ1 , where δ1 is the predecessor of δ in �τ,d .
By Theorem 8.3.11, the diagram (8.41) holds for all δ. It follows that if g is
surjective, then so is h. This completes the proof. �

8.4 Cohomology of moduli spaces

8.4.1 Equivariant cohomology of τ -semistable pairs

The purpose of this section is to complete the calculation of the G-equivariant
Poincaré polynomial of Bτss . First we consider the case where τ is generic.
Choose an integer N , d/2 < N ≤ d, and let τ ∈ (max{d/2, N − 1}, N). Then
the different allowable values of δ for each type of stratum and the cohomology
are as follows (see Proposition 8.3.2).

(Ia) There is one stratum Id/2a corresponding to Ass (indexed by j = d/2),
and by Lemma 8.3.26 the contribution Id/2a (t) to the Poincaré polynomial
is independent of τ . For d > 4g − 4 it follows from (8.30) that

Id/2a (t) = t
2d+4−4g

(1− t2)
P G
t (Ass) (8.1)

whereG is defined in [1, p. 577]. We compute Id/2a (t) in general in Lemma
8.4.3 below. The remaining strata are indexed by integers j = j (δ) = μ+
such that d/2 < j ≤ N − 1 and δ = j − d + τ . The contribution to the
G-equivariant Poincaré polynomial is

Ija(t) =
t2(2j (δ)−d+g−1)

(1− t2)2
Pt
(
Jj (δ)(M)× Jd−j (δ)(M)

)
− t2j (δ)

1− t2Pt
(
Sj (δ)M × Jd−j (δ)(M)

)
− t

2(2j (δ)−d+g−1)

1− t2 Pt
(
Sd−j (δ)M × Jj (δ)(M)

)
(8.2)

(Ib) There are an infinite number of strata indexed by integers j = j (δ) = μ+
such that N ≤ j and δ = j − d + τ . The contribution is

Ijb(t) =
t2(2j (δ)−d+g−1)

(1− t2)2
Pt
(
Jj (δ)(M)× Jd−j (δ)(M)

)
− t

2(2j (δ)−d+g−1)

1− t2 Pt
(
Sd−j (δ)M × Jj (δ)(M)

) (8.3)
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(II+) These strata are indexed by integers j = j (δ) = deg# = degL1 such
that d −N + 1 ≤ j ≤ N − 1, and δ = j − d + τ . The contribution is

II+j (t) = t2j (δ)

1− t2Pt
(
Sj (δ)M × Jd−j (δ)(M)

)
(8.4)

(II−) These strata are indexed by integers j = d − j (δ) such that 0 ≤ j ≤
d −N , where δ = j (δ)− τ = d − j − τ , and the contribution is

II−j (t) = t
2(2j (δ)−d+g−1)

1− t2 Pt
(
Sd−j (δ)M × Jj (δ)(M)

)
(8.5)

Then we have

Theorem 8.4.1 For τ ∈ (max{d/2, N − 1}, N),

Pt (Mτ,d ) = P G
t (Bτss)

= Pt (BG)− Id/2a (t)−
N−1∑

j=!d/2+1"
Ija(t)−

∞∑
j=N

Ijb(t)

−
d−N∑
j=0

II−j (t)−
N−1∑

j=d−N+1

II+j (t)

Proof By Theorem 8.3.11 we have

P G
t (Bτss) = Pt (BG)−

∑
δ∈�τ,d\{0}

P G
t (Xδ,Xδ1 )

If δ �∈ �+τ,d ∩ (τ − d/2, τ ], then by the Morse–Bott lemma (8.26) and (8.29),

P G
t (Xδ,Xδ1 ) = t2σ (δ)

1− t2P
G
t (ηδ)

where σ (δ) is given in Corollary 8.3.14. If δ ∈ �+τ,d ∩ (τ − d/2, τ ] then by
Section 8.3.6,

P G
t (Xδ,Xδ1 ) = P G

t (Xδ,X
′′
δ )− P G

t (Xδ1 , X
′′
δ )

The first term on the right hand side is given by (8.35). For the second term,
we have

H ∗
G(Xδ1 , X

′′
δ ) =

{
H ∗

G(ν ′I,δ, ν
′′
I,δ) δ ∈ �+τ,d ∩ [2τ − d, τ ]

H ∗
G(ωδ, ν ′′I,δ) δ ∈ �+τ,d ∩ (τ − d/2, 2τ − d)
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and the latter cohomology groups have been computed in (8.20) and (8.25).
This completes the computation. �

When the parameter τ is non-generic (i.e. τ = N for some integer N ∈
[d/2, d]) then the same analysis as above applies, however now there are
split solutions to the vortex equations. These correspond to one of the critical
sets of type II, where E = L1 ⊕ L2 with φ ∈ H 0(L1) \ {0}, and degL2 = τ .
Therefore, the only difference the generic and non-generic case is that we do
not count any contribution from the critical set of type II− with j = d −N .
Therefore the Poincaré polynomial is

Theorem 8.4.2 For τ = N ,

P G
t (BNss) = Pt (BG)− Id/2a (t)−

N−1∑
j=!d/2+1"

Ija(t)−
∞∑
j=N

Ijb(t)

−
d−N−1∑
j=0

II−j (t)−
N−1∑

j=d−N+1

II+j (t)

Finally, using Theorem 8.4.1, we can give a computation of the remaining
term which is as yet undetermined in low degree.

Lemma 8.4.3 For all d ≥ 2,

Id/2a (t) = 1

1− t2P
G
t (Ass)−

!d/2"∑
j=0

t2j − t2(d+g−1−2j )

1− t2 Pt (S
jM × Jd−j (M))

−
⎧⎨⎩0 if d odd
t2g−2

(1− t2)
Pt (S

d/2M × Jd/2(M)) if d even

Remark 8.4.4 It can be verified directly that for d > 4g − 4, the expression
above agrees with (8.1). See the argument of Zagier in [20, pp. 336–7].

Proof of Lemma 8.4.3 Take the special caseN = d. Then Mτ,d is a projective
bundle over Jd (M), and so

Pt (Mτ,d ) = 1− t2(d+g−1)

1− t2 Pt (Jd (M))
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On the other hand, from Theorem 3.1 we have

Pt (Mτ,d )=Pt (BG)− Id/2a (t)−
d−1∑

j=!d/2+1"
Ija(t)−

∞∑
j=d

Ijb(t)− II−0 (t)−
d−1∑
j=1

II+j (t)

Now notice that the term II−0 (t) is cancelled by the second term in Idb . We
combine the remaining terms in the sum of Ijb with the sum of Ija . We
have

Pt (Mτ,d ) = Pt (BG)− Id/2a (t)−
∞∑

j=!d/2+1"

t2(2j−d+g−1)

(1− t2)2
Pt (Jj (M)× Jd−j (M))

+
d−1∑

j=!d/2+1"

t2j

(1− t2)
Pt (S

jM × Jd−j (M))

+
d−1∑

j=!d/2+1"

t2(2j−d+g−1)

(1− t2)
Pt (S

d−jM × Jj (M))

−
d−1∑
j=1

t2j

(1− t2)
Pt (S

jM × Jd−j (M))

= Pt (BG)− Id/2a (t)−
∞∑

j=!d/2+1"

t2(2j−d+g−1)

(1− t2)2
Pt (Jj (M)× Jd−j (M))

+
d−1∑

j=!d/2+1"

t2(2j−d+g−1)

(1− t2)
Pt (S

d−jM × Jj (M))

−
!d/2"∑
j=1

t2j

(1− t2)
Pt (S

jM × Jd−j (M))

Now make the substitution j �→ d − j in the second to the last sum, using

d − !d/2+ 1" =
⎧⎨⎩d/2− 1 = !d/2" − 1 if d even

d/2− 1/2 = !d/2" if d odd

The result now follows from this, [1, Thm. 7.14], and the fact that Pt (Mτ,d ) is
equal to the j = 0 term in the sum. �
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8.4.2 Comparison with the results of Thaddeus

In [20], Thaddeus computed the Poincaré polynomial of the moduli space
using different methods to those of this paper. The idea is to show that when
the parameter τ passes a critical value, then the moduli space Mτ,d undergoes
a birational transformation consisting of a blow-down along a submanifold and
a blow-up along a different submanifold (these transformations are known as
“flips”). By computing the change in Poincaré polynomial caused by the flips
as the parameter crosses the critical values, and also observing that the moduli
space is a projective space for one extreme value of τ , Thaddeus computed the
Poincaré polynomial of the moduli space for any value of the parameter. In this
section we recover this result from Theorem 8.4.1. In the Morse theory picture
we see that the critical point structure changes: As τ increases past a critical
value then a new critical set appears, and the index may change at existing
critical points.

Theorem 8.4.5 Let N ∈ Z, d/2 < N ≤ d − 1. Then for τ ∈
(max(d/2, N − 1), N),

Pt (Mτ+1,d )− Pt (Mτ,d ) = t
4N−2d+2g−2 − t2d−2N

1− t2 Pt
(
Sd−NM × JN (M)

)
(8.6)

As a consequence, the Poincaré polynomial of the moduli space has the
form

Pt (Mτ,d ) = (1+ t)2g

1− t2 CoeffxN
(
t2d+2g−2−4N

xt4 − 1
− t2N+2

x − t2
)(

(1+ xt)2g

(1− x)(1− xt2)

)
(8.7)

Remark 8.4.6 Let M0
τ,d denote the moduli space where the bundle has fixed

determinant (see [20]). The analysis in this paper applies in this case as well.
In particular, one obtains

Pt (M
0
τ+1,d )− Pt (M0

τ,d ) =
t4N−2d+2g−2 − t2d−2N

1− t2 Pt
(
Sd−NM

)
(8.8)

This exactly corresponds to Thaddeus’ results for Pt (PW
+
j )− Pt (PW−

j ) [20,
p. 336], where j = d −N .

Proof of Theorem 8.4.5 By Theorem 8.4.1,

Pt (Mτ+1,d )− Pt (Mτ,d ) = −INa (t)+ INb (t)+ II−d−N (t)− II+d−N (t)− II+N (t)
(8.9)
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Substituting in the results of (8.2), (8.3), (8.5), and (8.4) gives

Pt (Mτ+1,d )− Pt (Mτ,d ) = − t
2(2N−d+g−1)

(1− t2)2
Pt (JN (M)× Jd−N (M))

+ t2N

1− t2Pt
(
SNM × Jd−N (M)

)
+ t

2(2N−d+g−1)

1− t2 Pt
(
Sd−NM × JN (M)

)
+ t

2(2N−d+g−1)

(1− t2)2
Pt (JN (M)× Jd−N (M))

− t
2(2N−d+g−1)

1− t2 Pt
(
Sd−NM × JN (M)

)
+ t

2(d−2(d−N)+g−1)

1− t2 Pt
(
Sd−NM × JN (M)

)
− t

2(d−N)

1− t2 Pt
(
Sd−NM × JN (M)

)
− t2N

1− t2Pt
(
SNM × Jd−N (M)

)
= 1

1− t2Pt
(
Sd−NM×JN (M)

)(
t4N−2d+2g−2−t2d−2N)

as required. Using the results of [16] on the cohomology of the symmetric
product, and the fact that Pt (JN (M)) = (1+ t)2g , we see that the same method
as for the proof of [20, (4.1)] gives equation (8.7). �

Remark 8.4.7 For τ as above, Theorem 8.4.2 shows that the difference

P G
t (BNss)− Pt (Mτ,d ) = II−d−N (t) = t

4N−2d+2g−2

1− t2 Pt
(
Sd−NM × JN (M)

)
comes from only one critical set; the type II critical set corresponding to a
solution of the vortex equations when τ = N . The rest of the terms in (8.9),
corresponding to the difference

Pt (Mτ+1,d )− P G
t (BNss) = −INa (t)+ INb (t)− II+d−N (t)− II+N (t)

= − t2N

1− t2Pt
(
SNM × Jd−N (M)

)
come from a number of changes that occur in the structure of the critical
sets as τ increases past N : the term −II+d−N (t) corresponds to the type II
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critical point that no longer is a solution to the vortex equations, the term
−II+N (t) corresponds to the new critical point of type II+ that appears, and the
term−INa (t)+ INb (t) corresponds to the critical point that changes type from Ib
to Ia .

Therefore we see that the changes in the critical set structure as τ crosses
the critical value N are localized to two regions of B. The first corresponds to
interchanging critical sets of type II− and type II+. This is the phenomenon
illustrated in Figure 1. The second corresponds to critical sets of type Ia and
II+ that merge to form a single component of type Ib. The terms from the first
change exactly correspond to those in (8.6), i.e.

II−d−N (t)− II+d−N (t) = t
4N−2d+2g−2 − t2d−2N

1− t2 Pt
(
Sd−NM × JN (M)

)
= Pt (Mτ+1,d )− Pt (Mτ,d )

and the terms from the second change cancel each other, i.e. INb (t)− INa (t)−
II+N (t) = 0.
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Manifolds with k-positive Ricci curvature

jon wolfson

9.1 Introduction

Let (M,g) be an n-dimensional Riemannian manifold. We sayM has k-positive
Ricci curvature if at each point p ∈ M the sum of the k smallest eigenvalues of
the Ricci curvature at p is positive. We say that the k-positive Ricci curvature
is bounded below by α if the sum of the k smallest eigenvalues is greater than
α. Note that n-positive Ricci curvature is equivalent to positive scalar curvature
and one-positive Ricci curvature is equivalent to positive Ricci curvature. We
first describe some basic connect sum and surgery results for k-positive Ricci
curvature that are direct generalizations of the well known results for positive
scalar curvature (n-positive Ricci curvature). Using these results we construct
examples that motivate questions and conjectures in the cases of 2-positive and
(n− 1)-positive Ricci curvature. In particular:

Conjecture 1 IfM is a closed n-manifold that admits a metric with 2-positive
Ricci curvature then the fundamental group, π1(M), is virtually free.

We formulate an approach to solving this conjecture based, at least philo-
sophically, on the method used in the proof of the Bonnet–Myers theorem:
A closed n-manifold that admits a metric with positive Ricci curvature (1-
positive Ricci curvature) has finite fundamental group. The Bonnet-Myers
theorem proves a diameter bound for a manifold with positive Ricci curvature
bounded below and then uses covering spaces to conclude the result on the
fundamental group. In our approach to Conjecture 1 we describe a suitable
notion of “two-dimensional diameter bound”, namely, the notion of fill radius.
This idea was introduced in [G], [G-L2], [S-Y2]. We show that if a closed
manifold satisfies a curvature condition that implies a fill radius bound then the
fundamental group is virtually free. The proof of this statement uses covering
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space theory, like in the Bonnet–Myers argument, as well as some notions from
geometric group theory. See [R-W] for full details and Section 4 of this chap-
ter for an overview. However, the question: “Does a manifold with 2-positive
Ricci curvature bounded below by α satisfy an upper bound on its fill radius?”
remains open.

It is clear that k-positive Ricci curvature implies (k + 1)-positive Ricci
curvature, so results on n-manifolds with n-positive Ricci curvature hold for n-
manifolds with k-positive Ricci curvature, any k, 0 < k < n. As a result of the
surgery theorem we pose some interesting questions on the difference between
n-positive Ricci curvature and (n− 1)-positive Ricci curvature.

The author was partially supported by NSF grant DMS-0604759.

9.2 Manifolds with k-positive Ricci curvature

In this section we state some structure theorems for manifolds with k-positive
Ricci curvature and provide some examples. Throughout we assume that (M,g)
is an n-dimensional Riemannian manifold with n ≥ 3. Recall that n-positive
Ricci curvature is positive scalar curvature and one-positive Ricci curvature
is positive Ricci curvature. The following is a direct generalization of a well-
known result of Gromov–Lawson [G-L1] and Schoen–Yau [S-Y1] on con-
nect sum and surgeries of manifolds with positive scalar curvature (also see
[R-S]).

Theorem 9.2.1 Let M be a compact n-manifold with a metric of k-positive
Ricci curvature, 2 ≤ k ≤ n. Then any manifold obtained fromM by performing
surgeries in codimension q with q ≥ max{n+ 2− k, 3} also has a metric of
k-positive Ricci curvature. IfM1 andM2 are compact n-manifolds with metrics
of k-positive Ricci curvature, 2 ≤ k ≤ n, then their connect sum M1#M2 also
carries a metric with k-positive Ricci curvature.

Proof The proof follows easily from the procedure provided in the proof
in [G-L1] of the similar statement for positive scalar curvature (the case of
k = n). We note that this procedure fails when k = 1 (the case of positive Ricci
curvature). For the sake of completeness we will give the proof here of the
connect sum result following, sometimes verbatim, the method of Gromov–
Lawson. Suppose thatM is an n-manifold, n ≥ 3, and thatM has a metric with
Ricci curvature that is k-positive, for 2 ≤ k ≤ n (i.e., at each point the sum of
any k eigenvalues of the Ricci curvature is positive). Fix a point p ∈ M and
consider a normal coordinate ball D centered at p. Following [G-L1] we will
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change the metric in D preserving that the Ricci curvature is k-positive such
that the metric agrees with the original metric near ∂D and such that near p
the metric is the standard metric on S(n−1)(ε)× R, for any ε sufficiently small.
It follows from this that 1-handles can be added and connected sums taken
preserving that the Ricci curvature is k-positive, for any 2 ≤ k ≤ n.

The method of Gromov–Lawson proceeds as follows: We consider the Rie-
mannian productD × R with coordinates (x, t), where x are normal coordinates
on D. We define a hypersurface N ⊂ D × R by the relation

N = {(x, t) : (x, t) ∈ γ }

where γ is a smooth curve in the (r, t)-plane that is monotonically decreasing,
begins along the positive r-axis and ends as a straight line parallel to the t-
axis. The metric induced on N from D × R extends the metric on D near its
boundary and ends with a metric on Sn−1(ε)× R. If ε is sufficiently small then
by Lemma 1 of [G-L1] we can change the metric in this tubular piece to the
product metric on the product of the standard ε-sphere with R.

The key problem is to choose the curve γ so that the metric induced on N
has strictly k-positive Ricci curvature at all points. To do this we begin as in
[G-L1] by letting � be a geodesic ray in D beginning at the origin. Then the
surface �× R is totally geodesic in D × R and the normal to N along points
of N ∩ (�× R) lies in �× R. It follows that γ� = N ∩ (�× R) is a principal
curve on N and that the associated principal curvature at a point (r, t) ∈ γ is
the curvature κ of γ at that point. The remaining principal curvatures at such a
point are of the form (−1/r +O(r))× sin θ where θ is the angle between the
normal to the hypersurface and the t-axis.

Fix a point q ∈ γ� ⊂ N corresponding to a point (r, t) ∈ γ . Let {e1, . . . , en}
be an orthonormal basis of Tq(N ) such that e1 is the tangent vector to γ�
and {e2, . . . , en} (which are tangent vectors to D) are principal vectors for
the second fundamental form of N . The Gauss curvature equation relates the
curvature tensor Rijlm of N with the curvature tensor Rijlm of D × R. In
particular, with respect to this basis, at q:

Rijij = Rijij − λiλj for i �= j
Rijlj = Rijlj for i �= l.

where λ1, . . . , λn are the principal curvatures corresponding to the directions
e1, . . . , en respectively. As above, λ1 = κ , the curvature of γ� in �× R and
λj = (−1/r +O(r)) sin θ for j = 2, . . . n. SinceD × R has the product metric
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we have:

Rijlj = RDijlj , for i, j, l = 2, . . . , n,
R1jij = RD∂

∂r
j ij

cos θ, for i, j = 2, . . . , n,

Ri1j1 = RDi ∂
∂r
j ∂
∂r

cos2 θ, for i, j = 2, . . . , n,

where RD is the curvature tensor of the metric on D. It follows that the Ricci
curvature of N at (x, t) with respect to the frame {e1, . . . , en} is given by:

Ric11 = RicD
(
∂
∂r
, ∂
∂r

)
cos2 θ + κ

n∑
j=2

λj (9.2.1)

Ric1j = RicD
(
∂
∂r
, ej

)
cos θ, for j = 2, . . . , n,

Ricij = RicDij −RDi ∂
∂r
j ∂
∂r

sin2 θ, for i, j = 2, . . . , n, i �= j,

Ricii = RicDii −RDi ∂
∂r
i ∂
∂r

sin2 θ + λi
⎛⎝ n∑
j=2,j �=i

λj + κ
⎞⎠ , for i = 2, . . . , n,

where RicD denotes the Ricci curvature of D.
The eigenvalues of a matrix depend continuously on the entries of the matrix.

Therefore for θ sufficiently small, using that λi = (−1/r +O(r)) sin θ , for
i ≥ 2, the Ricci curvature at (x, t) in formula (9.2.1) is k-positive. In particular,
there is an θ0 > 0 such that for 0 ≤ θ ≤ θ0 the Ricci curvature at (x, t) is k-
positive. As in [G-L1] we bend γ to the angle θ0 and continue γ as a straight
line segment. Denote the straight line segment of γ by γ0. Along this curve N
has Ricci curvature that is k-positive. Since κ ≡ 0 along γ0, we see that as r
becomes small the Ricci curvature of N is of the form:

Ricij = O(1), for i �= j, (9.2.2)

Ricii = (n− 2) sin2 θ0

r2
+O(1), for i = 2, . . . , n,

Ric11 = O(1).

Choose r0 > 0 small. From (9.2.2) it follows that the the Ricci curvature of the
hypersurfaceN has (n− 1) positive eigenvalues and that each of these eigenval-
ues is larger in absolute value than the one remaining eigenvalue (corresponding
to the direction of e1). Therefore the Ricci curvature remains k-positive and, in
fact, becomes 2-positive. Consider the point (r0, t0) ∈ γ0. Bend γ0, beginning
at this point, with the curvature function κ(s) similar to the one used in [G-L1]:
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κ

s

sin θ0
2r0

1
2 r0

Here s is the arclength parameter. Since max κ = sin θ0
2r0

we see that:

λi

⎛⎝ n∑
j=2,j �=i

λj + κ
⎞⎠ >

∣∣∣∣∣∣κ
n∑
j=2

λj

∣∣∣∣∣∣ > 0, for i = 2, . . . , n.

Using (9.2.1) (and r0 sufficiently small) this implies that along the bend the
Ricci curvature ofN remains 2-positive. During this bending process the curve
will not cross the line r = r0/2 since the length of the bend is r0/2 and it
begins at height r0. The total amount of bending is:

�θ =
∫
κds � sin θ0

4
,

independent of r0.
Continue the curve with a new straight line segment γ1 at an angle θ1 =

θ0 +�θ . Repeat the above procedure now using θ1 where previously we used
θ0. The total bending of this procedure will then be sin θ1

4 > sin θ0
4 . By repeating

this procedure a finite number of times (depending on sin θ0) we can achieve a
total bend of π/2. This completes the proof of the connect sum result.

For the general case of surgeries we again explain the modification of the
Gromov-Lawson argument. Let Sp ⊂ M be an embedded sphere with trivial
normal bundle B of dimension q ≥ 3. Identify B with Sp × Rq . Define r :
Sp × Rq → R+ by r(y, x) = ||x||, and set Sp ×Dq(ρ) = {(y, x) : r(y, x) ≤
ρ}. Choose r̄ > 0 such that the normal exponential map exp : B → M is an
embedding on Sp ×Dq(r̄) ⊂ B. Lift the metric on M to Sp ×Dq(r̄) by the
exponential map. Then r is the distance function to Sp × {0} in Sp ×Dq(r̄),
and curves of the form {y} × �, where � is a ray in Dq(r̄) emanating from the
origin, are geodesics in Sp ×Dq(r̄).

We now consider hypersurfaces in the Riemannian product (Sp ×Dq(r̄))×
R of the form:

N = {(y, x, t) : (r(y, x), t) ∈ γ }
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where γ is, as above, a curve in the (r, t)-plane. As in the connect sum case
we must choose γ so that the metric on N has k-positive Ricci curvature at all
points. We first remark that γ� = N ∩ ({y} × �× R) is a principal curve on N
and the associated principal curvature at a point corresponding to (r, t) ∈ γ is
exactly the curvature κ of γ at that point.

Now fix a point q ∈ γ� ⊂ N corresponding to a point (r, t) ∈ γ . Let
{e1, . . . , en} be an orthonormal basis of Tq(N ) such that e1 is the tangent
vector to γ�, and e2, . . . , en are principal vectors for the second fundamen-
tal form of N . If the metric on Sp ×Dq(r̄) at q is the product metric
then the vectors e2, . . . , eq can be chosen to be tangent to {y} ×Dq(r̄) and
the vectors eq+1, . . . , en to be tangent to Sp × {x}. The principal curvatures
λ2, . . . , λq are then of the form (− 1

r
+O(r)) sin θ , where θ is the angle

between the normal to the hypersurface and the t-axis and the principal cur-
vatures λq+1, . . . , λn are of the form O(1) sin θ (i.e., are independent of r).
In the general case such a simple description is not possible. However if r is
small the q − 1 largest principal curvatures are of the form (− c

r
+O(1)) sin θ ,

where c is a positive constant that can be bounded away from zero and the
remaining principal curvatures are of this form O(1) sin θ . (Since the prod-
uct of the principal curvatures grows like 1

rq−1 .) We will denote the q − 1
largest principal curvatures by λ2, . . . , λq corresponding to the directions
e2, . . . , eq and the remainder by λq+1, . . . , λn corresponding to the directions
eq+1, . . . , en.

The Gauss curvature equation relates the curvature tensor Rijlm of N with
the curvature tensor Rijlm of (Sp ×Dq(r̄))× R. In particular, with respect to
this basis, at q:

Rijij = Rijij − λiλj , for i �= j,
Rijlj = Rijlj , for i �= l,

where λ1, . . . , λn are the principal curvatures corresponding to the directions
e1, . . . , en respectively. As above, λ1 = κ , the curvature of γ� in �× R and
λj = (− c

r
+O(1)) sin θ for j = 2, . . . , q. The remaining principal curvatures

λq+1, . . . , λn are of the form O(1) sin θ . For this reason, unlike in the connect
sum case, they play no useful role in the following computation. Since (Sp ×
Dq(r̄))× R has the product metric in the second factor we have:

Rijlj = RSp×Dqij lj , for i, j, l = 2, . . . , n,
R1jij = RSp×Dq∂

∂r
j ij

cos θ, for i, j = 2, . . . , n,

Ri1j1 = RSp×Dqi ∂
∂r
j ∂
∂r

cos2 θ, for i, j = 2, . . . , n,
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where RS
p×Dq is the curvature tensor of the metric on Sp ×Dq . It follows that

the Ricci curvature of N at (y, x, t) with respect to the frame {e1, . . . , en} is
given by:

Ric11 = RicS
p×Dq

(
∂
∂r
, ∂
∂r

)
cos2 θ + κ

n∑
j=2

λj (9.2.3)

Ric1j = RicS
p×Dq

(
∂
∂r
, ej

)
cos θ, for j = 2, . . . , n,

Ricij = RicS
p×Dq
ij −RSp×Dq

i ∂
∂r
j ∂
∂r

sin2 θ, for i, j = 2, . . . , n, i �= j,

Ricii = RicS
p×Dq
ii −RSp×Dq

i ∂
∂r
i ∂
∂r

sin2 θ + λi
⎛⎝ n∑
j=2,j �=i

λj + κ
⎞⎠ , for i = 2, . . . , n,

where RicS
p×Dq denotes the Ricci curvature of Sp ×Dq .

Since λi = (− c
r
+O(1)) sin θ , for i = 2, . . . , q and λi = O(1) sin θ , for

i = q + 1, . . . , n, if θ is sufficiently small, the Ricci curvature at (y, x, t) in
formula (9.2.3) is k-positive. In particular, there is an θ0 > 0 such that for
0 ≤ θ ≤ θ0 the Ricci curvature at (y, x, t) is k-positive. As above we bend γ to
the angle θ0 and continue γ as a straight line segment. Denote the straight line
segment of γ by γ0. Along this curve N has Ricci curvature that is k-positive.
Since κ ≡ 0 along γ0, we see that as r becomes small the Ricci curvature of N
is of the form:

Ricij = O(1), for i �= j, (9.2.4)

Ricii = (q − 2)c2 sin2 θ0

r2
+O

(
1
r

)
, for i = 2, . . . , q,

Ricii = O
(

1
r

)
, for i = q + 1, . . . , n,

Ric11 = O(1).

(Note that since λq+1, . . . , λn are bounded for r small, we cannot conclude any
more than Ricii = O( 1

r
) for i = q + 1, . . . , n.) Therefore, provided q ≥ 3, for

r sufficiently small the Ricci curvature has q − 1 positive eigenvalues that
strongly dominate all other eigenvalues. In particular, provided k > n− q + 1
the Ricci curvature remains k-positive. We can then bend γ to a line parallel to
the t-axis and preserve k-positive Ricci curvature as above.

This construction of N determines a “tube” of k-positive Ricci curvature
with two boundary components. The initial boundary component has a collar
neighborhood isometric to a tubular neighborhood of Sp inM . The final bound-
ary component has a collar neighborhood isometric to ∂(Sp ×Dq(ε))× R =
Sp × Sq−1(ε)× R for the product metric with the R factor. This allows us to
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glue the initial end of N toM \ (Sp ×Dq(r)) to construct a manifoldM ′ with
k-positive Ricci curvature and with one boundary component Sp × Sq−1(ε).

As in [G-L1] we next observe that the metric on ∂(Sp ×Dq(ε)) = Sp ×
Sq−1(ε) can be homotoped through metrics with k-positive Ricci curvature
to the standard product metric of euclidean spheres on Sp × Sq−1(ε). The
argument that accomplishes this is the same as that in Gromov–Lawson: For
ε sufficiently small the metric on ∂(Sp ×Dq(ε)) can be homotoped through
metrics with k-positive Ricci curvature to a metric on Sp × Sq−1(ε) that is
a Riemannian submersion with totally geodesic fibers that have the euclidean
metric of curvature 1

ε2 . When ε sufficiently small the terms Ric(v, v) for vertical
vectors v strongly dominate all other terms of the Ricci curvature and therefore
we can deform this metric, preserving k-positive Ricci curvature (for k >
n− q + 1), through Riemannian submersions to one with the standard metric
on Sp.

Denote the induced metric on Sp × Sq−1(ε) by g0 and the product of the
standard metrics on Sp × Sq−1(ε) by g1. The final step of the Gromov-Lawson
argument shows that the homotopy constructed in the previous paragraph can be
used to find a metric of k-positive Ricci curvature on Sp × Sq−1(ε)× [0, a], for
some a > 0, whose restriction to a collar neighborhood of Sp × Sq−1(ε)× {0}
is g0 + dt2 and whose restriction to a collar neighborhood of Sp × Sq−1(ε)×
{a} is g1 + dt2. We will give a proof below in Proposition 9.2.2. Using this result
we can assume that the end of the manifoldM ′ is isometric to Sp × Sq−1(ε)× R

equipped with the product of the standard metrics on the spheres. From this the
surgery result follows immediately. �

To complete the proof of Theorem 9.2.1 we prove the following proposition
motivated by Proposition 3.3 of [R-S], Lemma 3 of [G-L] and [Ga].

Proposition 9.2.2 Let X be a compact n-manifold. Suppose that there is
a smooth family of Riemannian metrics on X, {gt }, 0 ≤ t ≤ 1, each with k-
positive Ricci curvature for some k, 2 ≤ k ≤ n. Then there is a Riemannian
metric g on X × [0, a], for some a > 0, with k-positive Ricci curvature such
that the restriction of g on a collar neighborhood of X × {0} is g0 + dt2 and
the restriction of g on a collar neighborhood of X × {a} is g1 + dt2.

Proof Consider the metric gf (t) + dt2 onX × [0, a], where f (t) is aC2([0, a])
function that is monotonically increasing from 0 to 1. We will explic-
itly determine f (t) below. We compute the curvature of gf (t) + dt2 at the
point (x0, t0) ∈ X × [0, a]. Let e0 be the unit normal along the hypersur-
face X × {t0} pointing in the direction ∂

∂t
. Let {e1, . . . , en} be an orthonor-

mal frame along X × {t0} near (x0, t0). Then {e0, . . . , en} is an orthonormal



190 J. Wolfson

frame along X × [0, 1] near (x0, t0). Let {ω0, . . . , ωn} be the dual coframe.
For notational convenience we use the index ranges α, β, γ = 0, 1, . . . , n and
i, j, k = 1, 2, . . . , n. The connection one-form for the coframe {ω0, . . . , ωn}
is {ωαβ}. The one-forms ωij depend only on the metric gf (t). However the
one-forms ω0i depend on f ′(t) so at (x0, t0) we have:

ω0i = O(|f ′|), (9.2.5)

dω0i = O(|f ′′|)+O(|f ′|)+O(|f ′|2).

The curvature two-form �αβ on X × [0, a] is determined by the structure
equation:

�αβ = dωαβ −
∑
γ

ωαγ ∧ ωγβ. (9.2.6)

Denote the curvature tensor of gf (t) + dt2 on X × [0, a] by R̄αβγ δ and the
curvature tensor of gf (t0) on X × {t0} by Rijkl . Then by the structure equation
(9.2.6) (or by the Gauss equation) at (x0, t0):

R̄ijkl = Rijkl +O(|f ′|2). (9.2.7)

By the structure equation and (9.2.5)

R̄0jkl = O(|f ′′|)+O(|f ′|)+O(|f ′|2),

R̄0j0l = O(|f ′′|)+O(|f ′|)+O(|f ′|2).

Denote the Ricci curvature of gf (t) + dt2 on X × [0, a] by Ric and the Ricci
curvature of gf (t0) on X × {t0} by Ric. Then

Ricij = Ricij +O(|f ′′|)+O(|f ′|)+O(|f ′|2),

Rici0 = O(|f ′′|)+O(|f ′|)+O(|f ′|2), (9.2.8)

Ric00 = O(|f ′′|)+O(|f ′|)+O(|f ′|2).

Given constants, 0 < ε, λ( 1, choose a > 0 sufficiently large so that there
is a C2 function f : [0, a] → [0, 1] satisfying:

(i) f is monotonically increasing,
(ii) f (t) = 0, for 0 ≤ t ≤ ε,

(iii) f (t) = 1, for a − ε ≤ t ≤ a,
(iv) |f ′(t)|, |f ′′(t)| < λ, for all t .

Using (9.2.8) since (X, gt ) has k-positive Ricci curvature for all t ∈ [0, 1], the
compactness of X and [0, 1] allow that λ can be chosen sufficiently small to
ensure that the metric gf (t) + dt2 (for f as given above) has k-positive Ricci
curvature everywhere on X × [0, a]. The result follows. �
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Let X be a compact Riemannian manifold with positive Ricci curvature.
Then the manifold X × S1 has a metric of 2-positive Ricci curvature (and of
non-negative Ricci curvature). Therefore, by Theorem 9.2.1, ifXi , i = 1, . . . , l,
are compact Riemannian (n− 1)-manifolds with positive Ricci curvature, the
manifolds:

#li(Xi × S1), l ≥ 2, (9.2.9)

admit metrics with 2-positive Ricci curvature. From this we see that compact
manifolds with 2-positive Ricci curvature can have large fundamental groups.
In fact the fundamental groups of the examples (9.2.9) are virtually free. This
implies that the manifolds (9.2.9), when l ≥ 2, do not admit metrics of non-
negative Ricci curvature since the universal covers of (9.2.9) have infinitely
many ends. In contrast the universal cover of a compact manifold with non-
negative Ricci curvature splits isometrically as a productN × Rp, whereN is a
compact manifold, and therefore has one or two ends. Many other topologically
distinct examples of compact manifolds that admit metrics of 2-positive Ricci
curvature can be constructed by taking the connect sum of manifolds of positive
Ricci curvature with the manifolds of (9.2.9).

Consider the round metric on the sphere of radius r , Sn−2
r , and the hyperbolic

metric on the Riemann surface�g of genus g ≥ 2. When r is sufficiently small
the manifolds Sn−2

r ×�g admit metrics of 3-positive Ricci curvature but not
of 2-positive Ricci curvature. Examples of this type indicate that 3-positive
Ricci curvature when n ≥ 4 imposes much weaker restrictions on π1(M) than
2-positive Ricci curvature.

The surgery results of Theorem 9.2.1 do not allow any surgeries preserving
2-positive Ricci curvature (except connect sum). When k > 2 and n > 3, q =
n− 1-surgeries preserve the curvature condition. This suggests a difference
between k = 2 and k > 2 in the rigidity of the fundamental group for manifolds
with k-positive Ricci curvature.

Conjecture 1 IfM is a closed n-manifold that admits a metric with 2-positive
Ricci curvature then its fundamental group, π1(M), is virtually free.

The first interesting case of this conjecture occurs when n = 4. When n = 3
the condition of positive scalar curvature is strictly weaker than 2-positive Ricci
curvature. In the case of positive scalar curvature the conjecture can be answered
in the affirmative. In fact, by the results of [S-Y1] and [G-L2] much more can
be said about the topology of 3-manifolds of positive scalar curvature. We
remark that the conjecture requires a positive curvature assumption. Requiring
only 2-non-negative Ricci curvature is not sufficient. For example that manifold
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S2 × T 2, where S2 is the round 2-sphere and T 2 is the flat 2-torus, has 2-non-
negative Ricci curvature and fundamental group isomorphic to Z⊕ Z.

The surgery statement of Theorem 9.2.1 shows that if k = n− 1 then surgery
is possible provided q ≥ 3. This is the same condition as in the positive scalar
curvature case. The surgery result is used by Gromov-Lawson [G-L1] to prove
that if n ≥ 5 then every compact simply-connected non-spin n-manifold carries
a metric of positive scalar curvature and by Stolz [Sz] to prove that for n ≥ 5
every compact simply-connected spin n-manifold with vanishing α invariant
carries a metric of positive scalar curvature. Gromov-Lawson prove their result
for non-spin manifolds using oriented bordism. Stolz proves his result for spin
manifolds using spin bordism. Since n− 1 positive Ricci curvature implies
positive scalar curvature any necessary condition for positive scalar curvature
is a necessary condition for n− 1 positive Ricci curvature. In light of the
surgery result for n− 1 positive Ricci curvature exactly the same arguments
apply to prove:

Theorem 9.2.3 Let n ≥ 5. Every compact simply-connected non-spin n-
manifold carries a metric with n− 1 positive Ricci curvature. Every compact
simply-connected spin n-manifold with vanishing α invariant carries a metric
with n− 1 positive Ricci curvature.

To prove the theorem, all that needs to be checked is that the generators of
oriented bordism described in [G-L1] and the HP2 bundles used in [Sz] admit
metrics with n− 1 positive Ricci curvature. In particular for compact simply-
connected n-manifold with n ≥ 5 there is no distinction between positive scalar
curvature and n− 1 positive Ricci curvature.

Question 1 Is there a compact n-manifold, n ≥ 5, that admits a metric of
positive scalar curvature but does not admit a metric with n− 1 positive Ricci
curvature?

9.3 Fill radius and an approach to Conjecture 1

In this section we will describe an approach to Conjecture 1. In the Introduction
we recalled that the Bonnet-Myers theorem on the fundamental group of a
closed manifold with positive Ricci curvature is proved by deriving a diameter
bound on such manifolds. The 2-positive Ricci curvature condition implies a
positive lower bound on the sum of any two eigenvalues of Ricci. Accordingly
we seek to derive a “two-dimensional diameter bound” for such manifolds. The
notion we use for “two-dimensional diameter bound” is that of fill radius [G],
[G-L2], [S-Y2].
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Let γ be a smooth simple closed curve inM which bounds a disk inM . Set
Nr (γ ) = {x ∈ M : d(x, γ ) ≤ r}. We define the fill radius of γ to be:

fillrad(γ ) = sup{r : dist(γ, ∂M) > r and γ does not bound a disc in Nr (γ )}
We say a Riemannian manifold (M,g) has its fill radius bounded by C if every
smooth simple closed curve γ which bounds a disk inM satisfies,

fillrad(γ ) ≤ C.
Clearly if the diameter of (M,g) is bounded so is its fill radius. In particular,
if for all p ∈ M each eigenvalue λi, i = 1, . . . , n of Ric(p) satisfies λi ≥ α,
where α is a positive constant, then there is a constant C = C(α) such that the
fill radius ofM is bounded by C.

In [G-L2] and [S-Y2] versions of the following result on positive scalar
curvature and fill radius are proved.

Theorem 9.3.1 Let (M,g) be a complete Riemannian three dimensional man-
ifold with bounded geometry and with positive scalar curvature S that satisfies
S ≥ α > 0, for a constant α. Then if γ is a smooth simple closed curve in M
which bounds a disk inM:

fillrad(γ ) ≤
√

8

3

π√
α
.

The statements of the results and the details of the proofs in [G-L2] and
[S-Y2] differ but the essential ideas of the proof are the same. Initially observe
that if γ is a simple closed curve in M that bounds a disc � (more generally,
� can be taken to be a Riemann surface with boundary) then:

fillrad(γ ) ≤ sup
x∈�
d(x, γ ),

where d(−,−) is the distance inM . Clearly,

sup
x∈�
d(x, γ ) ≤ sup

x∈�
d�(x, γ ),

where d�(−,−) denotes the distance on � in the induced metric. Thus the
fill radius of γ can be bounded above by an upper bound on the diameter
of � in the induced metric. For arbitrary � spanning γ such a bound is, of
course, impossible. However in [G-L2] and [S-Y2], � is taken to be an area
minimizer among discs spanning γ (i.e., a solution of the Plateau problem). In
particular, � is a stable, minimal immersion. After perturbing γ inward along
� the minimal surface is strictly stable for normal variations vanishing on the
boundary. In [S-Y1] the second variation of area for a minimal surface � in a
three manifoldM is given. Let f ν be a compactly supported normal variation,
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where f ∈ C∞0 (�) and ν is a unit normal. Then the second variation formula
can be written:

d2|�|
dt2 |t=0

=
∫
�

|∇f |2 + f 2

(
K − S − 1

2
||A||2

)
da. (9.3.1)

Here |�| = Area(�), S is the scalar curvature ofM , K is the Gauss curvature
of� andA is the second fundamental form. It follows then that if� is a strictly
stable minimal surface the second order linear elliptic operator:

L(f ) = �f + f (K − S) (9.3.2)

is a positive operator on f ∈ C∞0 (�). Denote the first eigenfunction of (9.3.2)
for the Dirichlet problem by k. Then k is positive on � and vanishes on the
boundary. It is the positivity of (9.3.2) that is used in both [G-L2] and [S-Y2]
to derive a diameter bound on �. In [S-Y2] the argument proceeds as follows.
The argument in [G-L2] is somewhat different.

Let� be a strictly stable minimal surface with boundary ∂�. Fix x ∈ � and
consider the family F of curves on � from x to ∂�. For σ in F consider the
functional F (σ ) = ∫

σ
k(σ (t))|σ ′(t)|dt , where k is the eigenfunction of (9.3.2).

Minimize F over F . A smooth minima can be found by the direct method
(as with geodesics). Denote the minimizer by τ . Since F (σ ) is invariant under
reparameterization of the curve σ , we can suppose that τ is parameterized by
arclength. Set the length of τ to be �. Since τ is a minimizer it is stable under
normal variations fixing the end points. Letμ be a unit normal vector field along
τ in�. The normal vector fieldX = ψμ, whereψ is a function of the arclength
parameter s that vanishes at its endpoints, is an admissible variational vector
field. The second variation of the functional F at τ determines a quadratic form
I given by:

I (ψ,ψ) =
−
∫ �

0

((
ψ ′′+k−1ψ ′

dk

ds
+ψ(K+k−1�k+k−1 d

2k

ds2 )

)
ψ+ 2

k2
(∇k · ν)2ψ2

)
kds

(9.3.3)

where � is the Laplace-Beltrami operator on � and K is the Gauss curvature
of�. (This expression uses that ψ vanishes at its endpoints. In the general case
there is a boundary term.) Set

L0(ψ) = −
[
ψ ′′ + k−1ψ ′

dk

ds
+ ψ

(
K + k−1�k + k−1 d

2k

ds2

)]
. (9.3.4)
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Then,

I (ψ,ψ) =
∫ �

0

(
L0(ψ)ψ − 2

k2
(∇k · ν)2ψ2

)
kds (9.3.5)

On a minimizer I (ψ,ψ) ≥ 0 and hence, since the term 2
k2 (∇k · ν)2ψ2 ≥ 0,∫ �

0
L0(ψ)ψkds ≥ 0 (9.3.6)

for all functions ψ on [0, �] vanishing at the endpoints.
Using that k is the first eigenfunction of L (9.3.4) becomes:

L0(ψ) = −
[
ψ ′′ + k−1ψ ′

dk

ds
+ ψ

(
k−1L(k)+ S + k−1 d

2k

ds2

)]
. (9.3.7)

Choose a function g ∈ C∞([0, �]) that is a first eigenfunction of L0 on [0, �]
for the Dirichlet problem. Then g > 0 on (0, �), g vanishes at the endpoints
and L0(g) ≥ 0. Hence,

g′′ + k−1g′k′ + g(k−1L(k)+ S + k−1k′′) ≤ 0.

Since k−1L(k) > 0, this implies,

g−1g′′ + g−1k−1g′k′ + S + k−1k′′ ≤ 0, (9.3.8)

on [0, �]. Let ϕ be any smooth function on [0, �] vanishing at the endpoints and
multiply (9.3.8) by ϕ2 to give:∫ �

0
(g−1g′′ϕ2 + g−1k−1g′k′ϕ2 + k−1k′′ϕ2 + Sϕ2)ds ≤ 0

Integrate by parts to give,∫ �

0

(
1
2 [(g−1g′)2 + (k−1k′)2]ϕ2 + 1

2

(
d

dt
ln(gk)

)2

ϕ2 + Sϕ2

)
ds

≤ 2
∫ �

0
ϕϕ′

(
d

dt
ln(gk)

)
ds (9.3.9)

Note that,∣∣∣∣2ϕϕ′ ( ddt ln(gk)

)∣∣∣∣ ≤ 4
3 (ϕ′)2 + 3

4ϕ
2

(
d

dt
ln(gk)

)2

≤ 4
3 (ϕ′)2 + 1

2ϕ
2((g−1g′)2 + (k−1k′)2)+ 1

2ϕ
2

(
d

dt
ln(gk)

)2

,

(9.3.10)
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where the second inequality follows from,

1
4

(
d

dt
ln(gk)

)2

≤ 1
2 ((g−1g′)2 + (k−1k′)2)

Combining (9.3.9) and (9.3.10) we have:

1
2α

∫ �

0
ϕ2ds ≤ 4

3

∫ �

0
(ϕ′)2ds, (9.3.11)

where 0 < α ≤ S. Thus,∫ �

0

(
− ϕ′′ − 3

8αϕ
)
ϕds ≥ 0,

and so the operator:

− d
2

ds2
− 3

8
α

has nonnegative first eigenvalue on [0, �]. Hence,

� ≤
√

8

3

π√
α

This inequality holds for any x ∈ �. Therefore,

sup
x∈�

dist�(x, ∂�) ≤ �.

From this the theorem follows.
A fill radius bound has strong geometric implications. To illustrate this we

describe two results. The first, due to [S-Y1], [G-L2], concerns closed three
manifolds with positive scalar curvature. According to Milnor [Mi] any closed
three manifoldM has a connect sum decomposition:

M = S1# . . . #Sk#(S2 × S1)# . . . #(S2 × S1)#K1# . . . #Kj

where the Si are spherical space forms (this uses the solution of the Poincare
conjecture) and the Ki are K(π, 1) manifolds (a K(π, 1) manifold is a closed
manifold with contractible universal cover and fundamental group isomorphic
to a group π .) Using the fill radius bound it can be shown that if, in addition,M
has positive scalar curvature then noK(π, 1) summands occur in this direct sum
decomposition (see [G-L2 ] for a proof). In particular, this implies that ifM is a
closed three manifold with positive scalar curvature then the fundamental group
ofM is virtually free. This verifies Conjecture 1 in the three dimensional case
since 2-positive Ricci curvature implies 3-positive Ricci curvature (positive
scalar curvature).
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The second result is due to Gromov-Lawson [G-L2]:

Theorem 9.3.2 Let (M,g) be a closed n-manifold with fill radius bounded
above by β. Then there is a distance decreasing map φ : M → " onto a metric
graph, such that, for each p ∈ ",

diameter(φ−1(p)) ≤ C(β).

Proof The theorem follows from the proof of Corollary 9.11 in [G-L2]. Also
see [G] Appendix 1. �

The theorem implies that closed n-manifolds with fill radius bounded above
and large diameter are “long” and “thin”, exactly like compact 3-manifolds
with positive scalar curvature and large diameter.

We have already observed that in three dimensions 2-positive Ricci curvature
implies 3-positive Ricci curvature (positive scalar curvature). Therefore closed
three manifolds with 2-positive Ricci curvature bounded away from zero by α
satisfy a fill radius bound depending on α. This partly motivates the following
conjecture:

Conjecture 2 If M is a closed four manifold that admits a metric with 2-
positive Ricci curvature bounded below by α > 0 thenM satisfies a fill radius
bound depending on α.

There is another “motivation” for this conjecture: Let (�, ∂�) be a stable
minimally immersed surface with boundary in a Riemannian four-manifold
(M,g). Using an averaging technique, the Gauss equation and an appropriate
choice of variational vector field, the second variation formula for area and
stability can be used to show that for any smooth function of compact support
f ∈ C∞0 (�) we have the inequalities:∫

�

(
|∇f |2 + f 2

(
K −Kν − 1

2
(Ric11+Ric22)

))
eσ da ≥ 0 (9.3.12)

and∫
�

(
|∇f |2 + f 2

(
K +Kν − 1

2
(Ric11+Ric22)

))
e−σ da ≥ 0. (9.3.13)

HereK is the Gauss curvature on� (in the induced metric),Kν is the curvature
of the normal bundle, Ric is the Ricci curvature onM , {e1, e2} is an orthonormal
frame on � and σ is a function on � that satisfies �σ = Kν . Suppose that
(M,g) has 2-positive Ricci curvature bounded below by α > 0. Then,

Ric11+Ric22 ≥ α.
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In the case that the normal bundle is flat or, more generally, that the function σ
has suitably small oscillation, equations (9.3.12) and (9.3.13) imply:∫

�

|∇f |2 + f 2

(
K − 1

2
(Ric11+Ric22)

)
da ≥ 0. (9.3.14)

Then (9.3.14) can be used in the above argument from [S-Y2] to prove a
diameter bound on � in the induced metric. This implies a fill radius bound
and hence Conjecture 2. However, it can be shown that this line of reasoning
does not, in general, hold, the obstruction being the normal curvature. This
does not mean that a stable minimally immersed surface in a Riemannian
four-manifold (M,g) with 2-positive Ricci curvature bounded below does not
satisfy a diameter bound. Rather that the above reasoning does not apply. It
remains an interesting, if unexploited, fact that the 2-positive Ricci curvature
occurs in an averaged version of the second variation formula.

In the next section we will show that Conjecture 2 implies Conjecture 1 (in
the four dimensional case).

9.4 The fundamental group and fill radius bounds

The main theorem on the relation between fill radius and the fundamental group
can be stated:

Theorem 9.4.1 Let M be a closed Riemannian n-manifold. Suppose that the
universal cover π : M̃ → M is given the Riemannian metric g̃ such that π is
a local isometry. If (M̃, g̃) has bounded fill radius then the fundamental group
ofM is virtually free.

Note, in particular, if a curvature condition implies a fill radius bound then
a closed Riemannian manifold, satisfying this curvature condition, satisfies the
hypotheses of the theorem. The proof of Theorem 9.4.1 is somewhat technical
and is done in [R-W]. In this survey we describe the main ideas and give a
complete proof under the additional hypothesis that π1(M) is torsion free.

One of the main ideas in the proof of Theorem 9.4.1 concerns the number
of ends of a group.

Definition 9.4.2 Given a group G we define the number of ends, e(G), of G
to be the number of geometric ends of K̃ , where K̃ → K is a regular covering
of the finite simplicial complex K by the simplicial complex K̃ and G is the
group of covering transformation.
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In particular, ifG is the fundamental group of a closed manifoldM then the
number of ends of G is the number of ends of the universal cover M̃ of M . It
is clear that a group G with no ends is virtually trivial and hence finite. It can
be shown [E] that a group with two ends is virtually infinite cyclic. A group
with three ends, in fact, has infinitely many ends. This can be seen by using the
Deck transformations on the universal cover. Thus a groupG can have 0,1,2 or
infinitely many ends.

Our first result is on the fill radius and the number of ends of subgroups of
the fundamental group. We assume that π1(M) is torsion free though the result
holds without this assumption [R-W]. We begin with a lemma.

Lemma 9.4.3 LetM be a closed manifold. Suppose thatN → M is a covering
of M such that N has fundamental group G that is finitely generated and has
exactly one end. Let γ be a simple closed curve in N that represents an infinite
order generator [γ ] of G. Let M̃ → N be the universal cover and let γ̃ be the
lift of γ to M̃ . Then the two ends of γ̃ lie in the same end of M̃ .

Proof There is a finite simplicial complex K with regular covering K̃ such
that G acts as the group of covering transformations. There is an imbedding
ı : K → N that induces an epimorphism of fundamental groups. In particular,
the generators of G all lie in K . Then there is an imbedding ı̃ : K̃ → M̃ . If
B ⊂ M̃ is compact then ı̃−1(B) ⊂ K̃ is compact.

Let γ be a simple closed curve inN that represents an infinite order generator
[γ ] of G. After a homotopy the lift γ̃ can be assumed to lie in K̃ . Since G has
exactly one end, any two points on γ̃ , not in ı̃−1(B), can be joined by a curve
α in K̃ \ ı̃−1(B). The curve ı̃(α) then lies in M̃ \ B and joins points on γ̃ not
in B. Since this is true for any compact set B the conclusion follows. �

Proposition 9.4.4 Let M be a closed Riemannian manifold with torsion free
fundamental group. Suppose that the universal cover M̃ofM has the property
that the fill radius of every null homotopic simple closed curve is uniformly
bounded above. Then no finitely generated subgroup of π1(M) has exactly one
end.

Proof Assume, by way of contradiction, that a finitely generated subgroup G
of π1(M) has exactly one end. Let N be a covering of M with fundamental
group π1(N ) isomorphic to G. Since π1(M) is torsion free every element of G
is of infinite order. Let g ∈ G be a generator.

Denote by γ a closed minimal geodesic inN that represents g. Let p : M̃ →
N be the universal cover and let γ̃ be the geodesic line that is a lift to M̃ of
γ . Let x ∈ γ̃ and BR(x) ⊂ M̃ be the metric ball of radius R, center x. Then
because G has exactly one end by Lemma 9.4.3 both ends of γ̃ in M̃ \ BR(x)
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lie in the same end of M̃ . The geodesic line γ̃ consists of two geodesic rays
γ̃1 and γ̃2 beginning at x. For i = 1, 2, choose a point pi ∈ M̃ \ BR(x) along
γ̃i and denote the segment of γ̃i from x to pi by τi . Since p1 and p2 lie in the
same end there is a curve β ⊂ M̃ \ BR(x) joining p1 and p2. Denote the closed
curve τ1 ∪ β ∪ τ2 by η. Since M̃ is simply connected η is null homotopic and
has fill radius greater than R

2 . For sufficiently large R this contradicts the fill
radius bound. �

To illustrate the use of Proposition 9.4.4 we prove the following special case
of Theorem 9.4.1.

Theorem 9.4.5 Let M be a closed Riemannian manifold with torsion free
fundamental group. Suppose that the universal cover M̃of M has uniformly
bounded fill radius. Then π1(M) is a free group of finite rank.

We will need the following theorem of Stallings [St]: If G is a torsion-free,
finitely generated group with infinitely many ends then G is a non-trivial free
product.

Proof Applying Stallings’ theorem to G = π1(M), we have G � G1 ∗G2,
where each Gi is finitely generated (by Grushko’s Theorem, see [Ma]). Each
Gi has either two or infinitely many ends (by Theorem 9.4.4). Then apply
Stallings theorem to eachGi with infinitely many ends and iterate. By Grushko’s
Theorem, this process terminates after finitely many steps resulting in G �
G1 ∗ · · · ∗Gk , where each Gi is finitely generated and has two ends. Since
a torsion-free, finitely generated group with two ends is infinite cyclic, we
conclude that G = π1(M) is a free group of finite rank. �
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